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Introduction

This book deals with algorithmic problems concerning binary quadratic forms
f(X,Y ) = aX2 + bXY + cY 2 with integer coefficients a, b, c, the mathemat-
ical theories that permit the solution of these problems, and applications to
cryptography. A considerable part of the theory is developed for forms with
real coefficients and it is shown that forms with integer coefficients appear in
a natural way.

Much of the progress of number theory has been stimulated by the study
of concrete computational problems. Deep theories were developed from the
classic time of Euler and Gauss onwards to this day that made the solutions
of many of these problems possible. Algorithmic solutions and their properties
became an object of study in their own right.

This book intertwines the exposition of one very classical strand of number
theory with the presentation and analysis of algorithms both classical and
modern which solve its motivating problems. This algorithmic approach will
lead the reader, we hope, not only to an understanding of theory and solution
methods, but also to an appreciation of the efficiency with which solutions
can be reached.

The computer age has led to a marked advancement of algorithmic re-
search. On the one hand, computers make it feasible to solve very hard prob-
lems such as the solution of Pell equations with large coefficients. On the
other, the application of number theory in public-key cryptography increased
the urgency for establishing the complexity of several computational prob-
lems: many a computer system stays only secure as long as these problems
remain intractable.

Thus, number theory has become a research area not only in mathematics
but also in computer science. This book tries to combine both worlds. It talks
about mathematical theory, algorithms, and complexity.

The material presented is suitable as an introduction to many areas of
(algorithmic) number theory for which the theory of binary quadratic forms
is a starting point. We illustrate this for the areas Diophantine equations,
geometry of numbers, and algebraic number theory.
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Diophantine equations are of the form f(x1, . . . , xn) = 0 where f is a
polynomial with integer coefficients and the goal is to find integers x1, . . . , xn

that satisfy this equation. In 1900 Hilbert proposed the problem of finding an
algorithm that decides the solvability of any given Diophantine equation as
the tenth of his celebrated problems. Seventy years later Juri V. Matijasevič
[Mat70] proved that there cannot be such an algorithm. It is therefore nec-
essary to develop algorithms that solve subclasses of Diophantine equations.
The easiest Diophantine equations are linear. They can be solved using the
Euclidean algorithm. Next, univariate quadratic Diophantine equations can
be solved using algorithms for extracting square roots. Thus, the first really
difficult Diophantine equation is bivariate quadratic. Solving those equations
can be reduced to solving Diophantine equations ax2 + bxy + cy2 = n with
integers a, b, c, n, see [Mat61]. This type of Diophantine equation is discussed
in this book.

One of the most difficult algorithmic problems in the geometry of numbers
is the computation of shortest vectors in lattices. The shortest vector problem
(SVP) is known to be NP-hard [Ajt98], i.e. an algorithm solving it can be used
to solve any problem for all of whose solutions exist polynomial size proofs. The
intractability of the shortest vector problem is the security basis for many new
cryptographic systems. As explained in Chapter 5, the reduction algorithm for
positive definite binary quadratic forms solves the shortest vector problem for
two-dimensional lattices. This algorithm is the basis for the LLL algorithm
[LLL82] and many other reduction algorithms that find short vectors in higher
dimensional lattices.

Key computational problems in algebraic number theory are the compu-
tation of fundamental units and the class group of a number field. This book
solves these problems for quadratic number fields. The most efficient funda-
mental unit and class group algorithms for higher degree number fields are
generalizations of the algorithms described here.

This book can serve as a textbook for mathematics and computer science
students. It is based on courses that the first author taught in Saarbrücken and
Darmstadt at the mathematics and computer science departments. For the
most part only basic mathematical knowledge is required. In some parts, more
elaborate mathematics is used which is not treated here, for example results
from analytic number theory. In such cases the results are explained and other
treatments are referenced. The book emphasizes proofs of the properties of
the given algorithms, in particular their complexity. Possible optimizations
are sometimes omitted in order to maintain clarity.

This book is also a monograph on modern developments in the algorithmic
theory of binary quadratic forms and quadratic number fields. Here are a few
highlights. Chapter 9 describes the fastest deterministic algorithm for com-
puting the structure of a finite Abelian group from a generating system. That
chapter also explains a fast rigorous deterministic algorithm for computing a
generating system of the class group of a quadratic number field. Chapter 11
presents subexponential algorithms for class group and unit computation in
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quadratic number fields that are fully proved under the assumption of a certain
extended Riemann hypothesis (ERH). This chapter also introduces compact
representations of quadratic irrationalities which are crucial in many com-
plexity results. For example, the length of the standard representation of a
fundamental unit in a real quadratic field is typically exponential in the length
of the discriminant of that field. Thus, using the standard representation only
exponential fundamental unit algorithms are possible. The compact represen-
tation of the fundamental unit, however, requires only polynomial size. This
enables us to provide polynomial size proofs for the validity of a given class
number and regulator of a real quadratic order (assuming ERH). In other
words, the class number problem for quadratic fields is in NP.

Unavoidably, many interesting topics with close connection to the material
presented here had to be omitted. The most notable of these omissions are
perhaps genus theory and the theory of continued fractions the latter of which
could serve as yet another language in which to cast the reduction theory of
indefinite integral forms. We also refer the reader to the rich literatur on
the algebraic techniques which so profitably can be brought to bear in the
context. We mention two examples. Class field theory identifies class groups
with Galois groups of field extensions and permits among other things the
characterization of the set of primes represented by a given (positive definite)
form, see e.g. [Cox89]. Arakelov theory provides a natural and generalizable
group-theoretic basis for the study of infrastructure [Schar] which we have
chosen to introduce with a focus on its algorithmic usefulness.

We have not tried to trace the historical development of the ideas pre-
sented in this book, neither classical nor recent. Representative of many other
contributors we would like to mention (in alphabetical order and with no slight
intended to anybody omitted) Henri Cohen, James Hafner, Jeff Lagarias, Hen-
drik Lenstra, Kevin McCurley, Michael Pohst, René Schoof, Martin Seysen,
Daniel Shanks, Hugh Williams, and Hans Zassenhaus who have discovered
and analyzed fundamental algorithms for binary quadratic forms.

Content

The book starts by introducing basic notions and facts concerning binary
quadratic forms, for example the discriminant of a form and its meaning. Also,
important algorithmic problems are discussed, for example the representation
problem and the minimum problem. We say that a number r is represented by
a form f if there exist integers x and y such that f(x, y) = r. The pair (x, y)
is called a representation of r by f . Solving the minimum problem means
finding the smallest positive or the largest negative real number r that can be
represented by a given form f . The representation problem is the following:
given a form f with integer coefficients and an integer n, decide whether n can
be represented by f . If there is one such representation, find them all. This



4 Introduction

is the content of Chapter 1. That Chapter also explains naive methods for
solving the algorithmic problems, it demonstrates their difficulty, and shows
the relevance of the problems in other contexts.

Next, Chapter 2 discusses equivalence of forms. The notion of equivalence
is crucial for solving the algorithmic problems addressed in this book. The
chapter describes a strategy for solving representation problems f(x, y) = n.
This strategy consists of four steps. The first step reduces the representation
problem to finding all representations (x, y) with gcd(x, y) = 1. The second
step constructs all forms nX2 + BXY + CY 2 with the same discriminant
as f . The third step decides equivalence between those forms and f . When
such an equivalence is discovered, a representation is found. In the fourth step
the automorphism group of f is computed and applied to the representations
found in the third step. This strategy gives rise to three algorithmic problems:
how to construct the forms (n,B,C), how to decide equivalence of forms, and
to find appropriate transformations, and how to find the automorphism group
of a form. This chapter also partially answers the last question. The connection
between the automorphisms of a form and the solution of the Pell equation
x2 −∆y2 = ±4 is explained and the automorphism group of positive definite
forms is determined.

Chapter 3 solves the construction problem that arises in the strategy from
the previous chapter. The existence of forms (n,B,C) with given discriminant
can be decided by evaluating Kronecker symbols. The algorithm for evaluating
Kronecker symbols is based on the law of quadratic reciprocity. The forms
are actually constructed using algorithms that extract square roots modulo a
positive integer.

The theory of binary quadratic forms can be presented in several ways.
This theory can also be explained using point or lattices in the plane or even
continued fractions. Chapter 4 describes the correspondence between forms
on the one hand and points and lattices in the plane on the other. This cor-
respondence permits the use of geometric arguments in subsequent chapters,
for example in the proof of the periodicity of the cycle of reduced forms in
Chapter 6 and in the characterization of composable forms in Chapter 7. The
lattices that correspond to integral forms will later turn out to be fractional
ideals of orders in quadratic number fields. This way of looking at the theory
of binary quadratic forms permits the translation into the theory of quadratic
number fields in Chapter 8.

Chapter 5 explains reduction theory for positive definite forms. It shows
that the reduction algorithm for positive definite forms efficiently solves the
problem of deciding equivalence between such forms and finds the minimum
of a positive definite form.

Reduction theory for indefinite forms is treated in Chapter 6. This theory
also decides equivalence of forms and solves the minimum problem. However,
the results in reduction theory for indefinite forms are quite different from
those obtained in reduction theory for positive definite forms. Instead of a
unique reduced form there may be many reduced forms in each equivalence
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class of forms. The reduction algorithm finds the so called cycle of reduced
forms in an equivalence class which contains all reduced forms in that class.
This result is proved using geometric arguments. Also, the automorphism
group of an integral indefinite form is determined.

Chapters 3, 5, and 6 solve the main algorithmic problems. However, the
efficiency of the solution is not optimal. To obtain more efficient algorithms,
additional theory is required. This theory is developed in the next chapters.
In Chapter 7 composition of forms is discussed in the language of lattices. The
product of two lattices is defined and the class of lattices whose product is
again a lattice are characterized. That characterization leads to fundamental
notions from the theory of quadratic number fields: rings of multipliers of
lattices, quadratic orders, and maximal quadratic orders. It is shown that the
product of two lattices is a lattice if and only if their ring of multipliers is in
the same maximal order. An efficient algorithm for calculating the product of
two such lattices is explained and it is proved that the set of all lattices with
the same ring of multipliers forms an Abelian group.

Chapter 8 studies quadratic number fields, the fields of fraction of
quadratic orders. It is shown that such a number field F contains a unique
maximal order, the ring of algebraic integers in F . The group of lattices
whose ring of multipliers is a fixed order O in F turns out to be the group
of invertible O-ideals. Unique factorization of O-ideals into prime ideals is
proved and the structure of the unit group of O is deduced from the structure
of the automorphism group of forms whose discriminant is the discriminant
of O. The multiplicativity of invertible O-ideals induces a group structure on
the equivalence classes of primitive integral forms. The corresponding groups
are called class groups.

Chapter 9 introduces those groups in the language of ideals and explains
algorithms for computing their structure. Those algorithms consist of two
parts. First, a generating system for the class group is computed. Then generic
algorithms are developed and analyzed that compute the structure of a finite
Abelian group from a generating system. It is shown that assuming the ERH
the structure of the class group of an imaginary quadratic order of discriminant
∆ can be computed in time |∆|1/4+o(1).

To prove this result for real quadratic orders, a faster equivalence test
is required that does not need to compute the cycle of all reduced ideals
in an equivalence class. Such an algorithm is presented in Chapter 10. The
algorithm also computes the fundamental unit of an order from which all
units of that order can be obtained. The running time is again ∆1/4+o(1) both
for fundamental unit computation and equivalence testing of reduced forms.
This can be proved without reliance on a Riemann hypothesis. The running
times of the class group, fundamental unit, and equivalence testing algorithms
are faster than those of the algorithms obtained in classical reduction theory.
However, they are still exponential.

Chapter 11 presents subexponential algorithms for class group and unit
computation and equivalence testing. They are index calculus algorithms
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which again depend for their correctness and run time bound on the ERH. A
key ingredient for unit computation is the compact representation of elements
in quadratic fields.

Finally, Chapter 12 shows how the intractability of computational prob-
lems in quadratic fields such as the discrete logarithm in the class group of
imaginary quadratic orders and equivalence testing of ideals of real quadratic
orders can be used as the security basis for many cryptographic algorithms.

The appendix collects results and algorithms for linear algebra problems
over the integers needed in Chapters 9 and 11.
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The second author owes Reinhard Bölling his first acquaintance with the the-
ory of quadratic number fields. In many conversations, Henri Cohen, Hendrik
Lenstra, Hugh Williams, and many other colleagues contributed their ideas.
Hugh Williams also contributed the presentation of a number of algorithms
and several numerical examples in this book. The books of Eric Bach and
Jeffrey Shallit, [BS96], Duncan Buell [Bue89] and Henri Cohen [Coh00] have
been most influential for us. Several results that are presented here are from
the PhD theses of Christine Abel, Stephan Düllmann, Safuat Hamdy, Detlef
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1

Binary Quadratic Forms

In this book we study binary quadratic forms

f(X,Y ) = aX2 + bXY + cY 2

with integer coefficients a, b, c, or, more generally, with real coefficients a, b,
c, where not all three coefficients a, b, and c are zero. We write

f = (a, b, c) ,

and call f a form. If the coefficients a, b, c are integers then we call f an integral
form.

1.1 Computational problems

We describe difficult computational problems concerning the values f(x, y)
where x, y are integers. Those problems will be solved in this book. Mostly,
the solutions will be given in algorithmic form. For background reading on al-
gorithm complexity and basic number-theoretic algorithms we refer to [BS96].

1.1.1 Finding representations

The first computational problem is to find solutions (x, y) ∈ Z
2 of the Dio-

phantine equation
ax2 + bxy + cy2 = n (1.1)

where n is an integer. Such a solution (x, y) is called a representation of
n by f . If such a representation exists, then we say that f represents n. If
gcd(x, y) = 1, then (x, y) is called a proper representation of n by f . Otherwise,
(x, y) is called an improper representation of n by f .
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Example 1.1.1. We consider the Diophantine equation

x2 − y2 = 113 , (1.2)

that is, we try to find the representations of 113 as the difference of two integer
squares. If (x, y) is such a representation, then so are (±x,±y). Both x and y
are non-zero since 113 is not a square in Z. We may, therefore, assume that
x ≥ y > 0. Now (1.2) can be written as

(x− y)(x + y) = 113 .

Since 113 is a prime number and because there is unique factorization in Z,
it follows that

x + y = 113 and x− y = 1 . (1.3)

From (1.3) we obtain 2x = 114 or x = 57 and y = 113− 57 = 56. Hence, the
set of all solutions of (1.2) is {

(±57,±56)
}

.

We were able to find those solutions because the polynomial X2 − Y 2 is the
product of two linear polynomials with integer coefficients and because there
is unique factorization in Z.

Example 1.1.2. We consider the Diophantine equation

x2 + y2 = 100049 , (1.4)

that is, we try to represent 100049 as the sum of two squares. If (x, y) is a
solution of that equation, then x2 ≤ 100049 and y2 ≤ 100049. Hence, we can
determine all solutions of (1.4) by trying a finite number of possibilities. We
find that the set of all solutions is{

(±215,±232), (±232,±215)
}

.

The method for solving (1.4) can also be used to solve any Diophantine
equation of the form

x2 + y2 = n (1.5)

with a positive integer n. However, this naive algorithm is very slow since it
tests roughly n pairs (x, y). The algorithm receives n as the only input. The
length of the binary expansion of n is �log2 n� + 1. Therefore, the running
time of the algorithm is exponential.

Example 1.1.3. Consider the Diophantine equation

x2 − 2y2 = 1 . (1.6)

Trying a few small values for x and y, we find that (±3,±2) are solutions
of (1.6). But those are not the only solutions. For, if (x, y) is any solution
of (1.6), then 1 = (x2 − 2y2)2 = x4 − 4x2y2 + 4y4 = (x2 + 2y2)2 − 2(2xy)2.
Hence,

(
±(x2 + 2y2),±2xy

)
is also a solution of (1.6). This shows that (1.6)

has infinitely many solutions.
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In Example 1.1.3, no general method for solving a Diophantine equation
of the form x2 − dy2 = 1 for a positive integer d has been presented. Also,
it is not clear whether all solutions of the Diophantine equation (1.6) have
been found. In Chapter 6 we will present an algorithm that finds all solutions
of such a Diophantine equation. To show that this is a difficult problem, we
present another example.

Example 1.1.4. Consider the Diophantine equation

x2 − 11101y2 = −4 . (1.7)

A solution of this equation is (x, y) = (18253909681995, 173250639377). This
is the solution with the smallest positive y.

Example 1.1.5. Consider the Diophantine equation

x2 − 5y2 = 2 . (1.8)

Trying many possible values for x and y we do not find a solution of (1.8). In
fact, there is no solution of (1.8). To see this, we consider (1.8) modulo 5. We
obtain x2 ≡ 2 (mod 5). The following table lists the squares modulo 5.

x 0 1 2 3 4

x2 mod 5 0 1 −1 −1 1

From this table we see that 2 is not a square mod 5. Therefore, (1.8) cannot
have a solution.

Concluding the discussion of this section, we formulate the representation
problem for integral binary quadratic forms.

Problem 1.1.6 (Representation problem). Given an integer n and an
integral form f .

1. Decide whether or not f represents n.
2. Determine the number of representations of n by f .
3. Determine all representations of n by f .

1.1.2 Finding the minimum

Let f = (a, b, c) be a form. We call

λ1(f) = inf
{
|f(x, y)|1/2 : (x, y) ∈ Z

2, (x, y) �= (0, 0)
}

(1.9)

the minimum of f .
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Example 1.1.7. Consider the form

f(X,Y ) = 269X2 + 164XY + 25Y 2 . (1.10)

It can be written as

f(X,Y ) = (10X + 3Y )2 + (13X + 4Y )2 . (1.11)

This is the sum of two squares. If we are able to find integers x, y such that
10x + 3y = 0 and 13x + 4y = 1, then f(x, y) = 1. For x = −3 and y = 10 this
is true. Hence, the minimum of f is 1.

We formulate the minimum problem.

Problem 1.1.8 (Minimum problem). Given an integral form f . Find its
minimum.

1.2 Discriminant

1.2.1 Definition

In Example 1.1.7 we were able to find the minimum of f because f can be
written as the sum of two squares. In general, we can write

4af(X,Y ) = (2aX + bY )2 −∆Y 2 , (1.12)

where
∆ = b2 − 4ac . (1.13)

We can also write

4cf(X,Y ) = (2cY + bX)2 −∆X2 . (1.14)

We give a name to the quantity ∆.

Definition 1.2.1. The discriminant of f is ∆(f) = b2 − 4ac.

Example 1.2.2. We have ∆(X2 − Y 2) = ∆(1, 0,−1) = 4, ∆(X2 + Y 2) =
∆(1, 0, 1) = −4, ∆(X2 − 2Y 2) = ∆(1, 0,−2) = 8, ∆(X2 − 5Y 2) =
∆(1, 0,−5) = 20, and ∆(269X2 + 164XY + 25Y 2) = −4.

Proposition 1.2.3.
1. If f is an integral form, then ∆(f) is an integer with ∆(f) ≡ 0 (mod 4) or

∆(f) ≡ 1 (mod 4).
2. Any integer ∆ with ∆ ≡ 0 (mod 4) or ∆ ≡ 1 (mod 4) is the discriminant

of an integral binary quadratic form.
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Proof. The first assertion follows from (1.13) and from the fact that a square
of an integer is either 0 or 1 modulo 4. To prove the second assertion, we note
that for any integer ∆ with ∆ ≡ 0, 1 (mod 4) the form

(
1,∆ mod 4, (∆ mod 4−∆)/4

)
(1.15)

is an integral form of discriminant ∆. �	

We also obtain the following statement.

Proposition 1.2.4. If f = (a, b, c) is integral, then b ≡ ∆(f) (mod 2).

Proof. We have ∆(f) = b2 − 4ac. So b is even if and only if the right hand
side of this equation is even. �	

1.2.2 The matrix of a form

We introduce the matrix of f . It will be useful to prove properties of the
discriminant of f .

Definition 1.2.5. The matrix of f = (a, b, c) is

M(f) =

(
a b/2

b/2 c

)
.

Using its matrix the form f can be written as

f(X,Y ) = (X,Y )M(f)(X,Y ) . (1.16)

Also, we have
∆(f) = −4 det M(f) . (1.17)

Example 1.2.6. The matrix of the form 2X2 + 6XY + 5Y 2 is

(
2 3
3 5

)
.

1.2.3 Solving the representation problem for ∆(f) < 0

Let ∆ = ∆(f) < 0 and let n be an integer. We show how the Diophantine
equation

ax2 + bxy + cy2 = n (1.18)

can be solved. Since b2 − 4ac = ∆ < 0 it follows that ac > 0. By (1.12) and
(1.14) we have to solve one of the Diophantine equations

4an = (2ax + by)2 + |∆|y2 (1.19)
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or
4cn = (2cy + bx)2 + |∆|x2 . (1.20)

The right hand side of those equations is ≥ 0. Hence, they can only have a
solution if an ≥ 0 and cn ≥ 0.

For n = 0 we obtain x = 0 from (1.20) and y = 0 from (1.19). So in this
case, the only solution is (x, y) = (0, 0).

Assume that n �= 0. By (1.19) and (1.20) all solutions (x, y) ∈ Z
2 of the

Diophantine equation (1.18) satisfy

x2 ≤ 4cn/|∆| and y2 ≤ 4an/|∆| . (1.21)

This proves the following result.

Proposition 1.2.7. If ∆(f) < 0 and if n is a real number, then the Diophan-
tine equation ax2 + bxy + cy2 = n has only finitely many solutions.

To find all solutions of (1.18) we test for every solution (x, y) of (1.21)
whether it satisfies (1.18).

Example 1.2.8. We solve the Diophantine equation

3x2 + 2xy + 2y2 = 28 .

The discriminant of this form is −20. From (1.21) we obtain x2 ≤ 4·2·28/20 =
11.2. Hence |x| ≤ 3. Form (1.21) we also obtain y2 ≤ 4 ·3 ·28/20 = 16.8. Hence
|y| ≤ 4. Testing all possible pairs (x, y) we find that the representations of 28
by (3, 2, 2) are (2, 2), (−2,−2), (−2, 4), (2,−4).

We analyze this algorithm. The number of pairs (x, y) that satisfy (1.21)
is roughly 16

√
ac|n|/∆, hence, for fixed f , proportional to n. Since n is an

input to the algorithm, this algorithm is exponential. Nevertheless, we have
shown how to solve the representation problem for negative discriminants. For
positive discriminants this method cannot be applied.

1.2.4 Positive definite, negative definite, and indefinite forms

We introduce a classification of binary quadratic forms and we will show that
this classification depends on their discriminant.

Definition 1.2.9.
1. The form f is called positive definite if for any pair (x, y) �= (0, 0) of real

numbers the value f(x, y) is positive.
2. The form f is called positive semidefinite if for no pair (x, y) of real num-

bers the value f(x, y) is negative.
3. The form f is called negative definite if for any pair (x, y) �= (0, 0) of real

numbers the value f(x, y) is negative.
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4. The form f is called negative semidefinite if for no pair (x, y) of real num-
bers the value f(x, y) is positive.

5. The form f is called indefinite if there is a pair (x, y) of real numbers with
f(x, y) < 0 and a pair (x′, y′) of real numbers with f(x′, y′) > 0.

If a form is positive definite or negative definite we call it definite. If a
form is positive semidefinite or negative semidefinite we call it semidefinite.
The next theorem explains how to distinguish between those classes of forms.

Proposition 1.2.10.
1. The form f is positive definite if and only if ∆(f) < 0 and a > 0.
2. The form f is negative definite if and only if ∆(f) < 0 and a < 0.
3. The form f is positive semidefinite if and only if ∆(f) ≤ 0 and (a > 0 or

c > 0).
4. The form f is negative semidefinite if and only if ∆(f) ≤ 0 and (a < 0 or

c < 0).
5. The form f is indefinite if and only if ∆(f) > 0.

Proof. Let ∆ = ∆(f). We prove the “if” part of all assertions.
3. and 4. Let ∆ ≤ 0. If a > 0 then (1.12) implies f(x, y) =(

(2ax + by)2 + |∆|y2
)
/(4a) ≥ 0 for all x, y ∈ R. Hence, f is positive

semidefinite. Likewise, if a < 0, then f is negative semidefinite. Also, (1.14)
implies that f is positive semidefinite for c > 0 and negative semidefinite for
c < 0.

1. and 2. We assume that ∆ < 0. We show that f(x, y) �= 0 for (x, y) �=
(0, 0). Then 1. and 2. follow from 3. and 4. We have 4ac = b2 + |∆| > 0. Let
(x, y) ∈ R

2. If y �= 0 then f(x, y) �= 0 by (1.12). If x �= 0 then f(x, y) �= 0 by
(1.14).

5. Let ∆ > 0. If a �= 0, then f(1, 0) · f(b,−2a) = −∆a2 < 0 by (1.12).
Hence f is indefinite. If c �= 0 then f(0, 1)f(−2c, b) = −∆c2 < 0 by (1.14).
Hence, f is indefinite. If a = c = 0, then f = bxy and b �= 0, since f is
non-zero. Hence, f is indefinite.

The “only if” part of 3., 4., and 5. follows from the fact that a (non-zero)
form is either positive semidefinite or negative semidefinite or indefinite. The
“only if” parts of 1. and 2. follow from Exercise 1.5.8. �	
Example 1.2.11. The form f(X,Y ) = −2X2 +3XY −2Y 2 is negative definite
since ∆(f) = −7 and a = −2 < 0.
The form f(X,Y ) = 2X2 − 3XY + 2Y 2 is positive definite since ∆(f) = −7
and a = 2 > 0.
The form f(X,Y ) = X2 + 3XY + Y 2 is indefinite since ∆(f) = 5 > 0.

1.3 Reducible forms with integer coefficients

Let f = (a, b, c) be an integral form and let ∆ = ∆(f) be the discriminant of
f . In Example 1.1.1 we have found the representations of 113 by factoring f
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into two linear factors with integer coefficients. In this section we answer the
question when this is possible.

A binary linear form is a polynomial l(X,Y ) = dX +cY . If the coefficients
c, d are rational numbers then the form is called rational. If the coefficients are
integers then the form is called integral. If the form is integral and gcd(d, c) =
1, then the form is called primitive.

In this section we will prove the following theorem:

Theorem 1.3.1. Let f = (a, b, c) be an integral binary quadratic form. Then
the following statements are equivalent:

1. The discriminant of f is a square of an integer.
2. The form f is the product of two rational binary linear forms.
3. The form f is the product of two integral binary linear forms.
4. There is (x, y) ∈ Z

2 with (x, y) �= (0, 0) and f(x, y) = 0.

Proof. If a = 0, then ∆ = b2 and f(X,Y ) = Y (bX + cY ). Hence, f has all
the properties described in Theorem 1.3.1. In the remainder of this proof we
assume that a �= 0.

If ∆ = d2 with d ∈ Z, then (1.12) yields the factorization

f(X,Y ) =
(
2aX + (b + d)Y

)(
2aX + (b− d)Y

)
/(4a) . (1.22)

Hence, f is the product of two rational linear forms.
Now we assume that f is the product of two rational linear forms. Then

we can write
f(X,Y ) =

n

d
p1(X,Y )p2(X,Y )

with n, d ∈ Z, d > 0, gcd(n, d) = 1, and two primitive integral binary linear
forms p1 and p2. This implies

df(X,Y ) = np1(X,Y )p2(X,Y ) . (1.23)

From Lemma A.3.2 we obtain

d cont(f) = n .

Since gcd(n, d) = 1, this implies d = 1. By (1.23) f is the product of two
integral binary linear forms.

Assume that f(X,Y ) = (dX +eY )(gX +hY ) with integers d, e, g, h. Then
not all of those integers are zero and 0 = f(e,−d) = f(h,−g).

Finally, assume that (x, y) ∈ Z
2, (x, y) �= (0, 0) and f(x, y) = 0. Since a �= 0

we have y �= 0 since f(x, 0) = ax2. Hence, (1.12) implies ∆ = ((2ax + by)/y)2.
So ∆ is an integer which is the square of a rational number. This means, that
∆ is the square of an integer. �	

Definition 1.3.2. If f has the properties of Theorem 1.3.1 then we call f
reducible.
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We explicitly determine the factorization of primitive reducible forms f =
(a, b, c) with a �= 0. (For a = 0 the factorization of f is trivial.) From (1.22)
we obtain

4af(X,Y ) =
(
2aX + (b + d)Y

)(
2aX + (b− d)Y

)
. (1.24)

It follows from Lemma A.3.2 that 4a = gcd(2a, b + d) gcd(2a, b − d). From
Proposition 1.2.4 we obtain gcd(2a, b+d) = 2 gcd(a, (b+d)/2) and gcd(2a, b−
d) = 2 gcd(a, (b− d)/2). Therefore, a factorization of f is

f(X,Y ) =
aX + (b + d)/2Y

gcd
(
a, (b + d)/2

) aX + (b− d)/2Y

gcd
(
a, (b− d)/2

) . (1.25)

If f is not primitive, then f/ cont(f) is primitive and can be factored as
in (1.25). If we multiply this factorization with cont(f), then we obtain a
factorization of f as a product of two integral binary linear forms.

Example 1.3.3. Consider the form f(X,Y ) = 4X2 + 4XY − 15Y 2. It is prim-
itive. Its discriminant is ∆ = 162. Hence ∆ = d2 with d = 16. The linear
factors of f are

4X + 10Y

2
= 2X + 5Y ,

4X − 6Y

2
= 2X − 3Y .

Hence, we have found the factorization

4X2 + 4XY − 15Y 2 = (2X + 5Y )(2X − 3Y ) .

1.4 Applications

The computational problems concerning forms that we have described in Sec-
tion 1.1 are of great importance in many areas of computational mathematics.
In this section, we present a few examples.

1.4.1 Lattice vectors of short and given length

We present geometric versions of the representation and minimum problem.
For a brief introduction to lattices, see A.4. Let

b = (b1, b2), c = (c1, c2) ∈ R
2

be two linearly independent vectors. Consider the lattice

L = {xb + yc : x, y ∈ Z} .

The square of the Euclidean length of a lattice vector



18 1 Binary Quadratic Forms

v = xb + yc, x, y ∈ Z

is

||v||2 = (xb1+yc1)2+(xb2+yc2)2 = x2(b2
1+b2

2)+2xy(b1c1+b2c2)+y2(c2
1+c2

2) .

If we set
a = b2

1 + b2
2, b = 2(b1c1 + b2c2), c = c2

1 + c2
2

and
f = (a, b, c) ,

then
||v||2 = f(x, y) .

Finding a vector of length l in L means finding a representation of l2 by f .
Also, finding the length of a shortest non-zero vector in L means finding the
minimum of f . We denote that minimum by λ1(L).

Note that the discriminant of f is

∆(f) = −4(d(L))2 . (1.26)

Here d(L) denotes the determinant of L, that is, the absolute value of the
determinant of any basis of L (see Definition A.4.1).

Example 1.4.1. Let b = (3, 4) and c = (5, 6). Then ||xb + yc||2 = 25x2 +
78xy + 61y2. Finding the square of the length of a shortest non-zero vector in
L = {xb + yc : x, y ∈ Z} means finding the minimum of the form (25, 78, 61).

1.4.2 Lattice packings

Let b, c, L, and f be as in the last section. We cover the plane R
2 with

nonintersecting discs of equal radius r. For each lattice point, there is one
circle centered in this lattice points. The circles have maximum size. We are
looking for a lattice such that the area covered by all circles is as large as
possible. The fraction of the plane covered by the spheres is (π/4)γ(L) with

γ(L) =
λ1(f)
d(L)

=
2λ1(f)√
|∆(f)|

. (1.27)

Finding a densest lattice packing means finding a lattice such that γ(L) is
maximum.

Example 1.4.2. Consider the lattice L = Z
2. We have M(L) = M(1, 0, 1) = 1

and d(L) = 1 = −∆(1, 0, 1)/4. So γ(L) = 1.
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Fig. 1.1. Two-dimensional sphere packing

1.4.3 Factoring with ambiguous forms

We define ambiguous forms which can be used to factor discriminants of in-
tegral forms.

Definition 1.4.3. An integral form f is called ambiguous if f = (a, ka, c)
with integers a, k, c.

If f = (a, ka, c) is an ambiguous form, then ∆(f) = a(k2a − 4c) which is
a factorization of ∆. We obtain a factorization of ∆(f) which is non-trivial if
a �= ±1 and k2a− 4c �= ±1.

Example 1.4.4. The form (a, b, c) = (1, 1,−1) is an ambiguous form of dis-
criminant 5 and we have 5 = a(a− 4c) = 1 ∗ 5. This is a trivial factorization
of 5.

The form (a, b, c) = (1009, 0, 1511) is an ambiguous form of discriminant
∆ = −6098396 and we have ∆ = −4ac = −4 ·1009 ·1511 which is a non-trivial
factorization of −6098396.

Example 1.4.4 shows that finding an ambiguous form can mean finding
non-trivial factorizations of integers. In fact, there are efficient integer factor-
ing algorithms that use this fact.

1.4.4 Diophantine approximation

For any real number r the form f(X,Y ) = X2 − r2Y 2 can be written as
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f(X,Y ) = (X − rY )(X + rY ) . (1.28)

This implies that we can write
∣∣∣∣
X

Y
− r

∣∣∣∣ =
∣∣∣∣

f(X,Y )
Y (X + rY )

∣∣∣∣ . (1.29)

If r is positive and x, y are positive integers such that f(x, y) is small, then x/y
is a good rational approximation to r. This means that finding small values
of f helps finding good rational approximations to r.

Example 1.4.5. Consider the form f(X,Y ) = X2 − 2Y 2. From Exercise 1.5.5
we know that this form represents ±1 infinitely often. Such representations are
(3, 2), (17, 12), and (577, 408). Those representations yield the approximations
3/2, 17/12, and 577/408 to

√
2. Note that

|
√

2− 3
2
| < 10−1 , |

√
2− 17

12
| < 3 ∗ 10−3 , |

√
2− 577

408
| < 3 ∗ 10−6 .

1.5 Exercises

Exercise 1.5.1. Determine the discriminant of all integral positive definite
forms and all integral irreducible indefinite forms (a, b, c) with a, b, c ∈ {0,±1}.

Exercise 1.5.2. Determine all representations of 199 by the form
f = (3, 5, 7).

Exercise 1.5.3. Prove that the form f(X,Y ) = 6X2−5XY −6Y 2 is reducible
in Z[X,Y ] and determine its factorizations.

Exercise 1.5.4. Prove that the Diophantine equation x2 − 5y2 = 1 has infi-
nitely many solutions.

Exercise 1.5.5. Prove that the Diophantine equation x2 − 2y2 = −1 has
infinitely many solutions.

Exercise 1.5.6. Prove that the Diophantine equation x2 − 5y2 = 3 has no
solution.

Exercise 1.5.7. Find a shortest non-zero vector in the lattice L = Z(1, 0) +
Z(1/2,

√
3/2).

Exercise 1.5.8. Prove that a form is semidefinite and not definite if and only
if its discriminant is zero.

Chapter references and further reading

[BS96] Eric Bach and Jeffrey Shallit, Algorithmic number theory, MIT Press, Cam-
bridge, Massachusetts and London, England, 1996.
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Equivalence of Forms

In Example 1.1.7, we were able to find the minimum of the form f using
a transformation of variables. In this section, we generalize this approach.
We introduce transformations that do not change the minimum of a form.
Also, the numbers that can be represented by f remain the same. Those
transformations will enable us to simplify the representation problem and the
minimum problem.

We let f = (a, b, c) be a form with real coefficients.

2.1 Transformation of forms

For

U =

(
s t

u v

)
∈ R

(2,2) (2.1)

we define
U(X,Y ) = (sX + tY, uX + vY ) . (2.2)

Then

f
(
U(X,Y )

)
= f(s, u)X2 +

(
2(ast+ cuv)+ b(sv + tu)

)
XY + f(t, v)Y 2 . (2.3)

If det U �= 0, then we set

(fU)(X,Y ) = (det U)f
(
U(X,Y )

)
. (2.4)

Note that the matrix of fU is

M(fU) = det(U)UT M(f)U . (2.5)

Example 2.1.1. Let f(X,Y ) = −13X2 − 36XY − 25Y 2 and U =

(
−4 3
3 −2

)
.

Then f
(
U(X,Y )

)
= f(−4, 3)X2 +

(
2((−13) · (−4) · 3− 25 · 3 · (−2))− 36(4 ·

2 + 3 · 3)
)
XY + f(3,−2)Y 2 = −X2 − Y 2 and (fU)(X,Y ) = X2 + Y 2.
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The map that sends a pair (f, U) to fU , where f is a form and U is an
element of the group GL(2, R) of all 2 by 2 matrices with real entries and non-
zero determinant, defines a right action of GL(2, R) on the set of all forms (see
Section A.2). That is, we have fI2 = f and f(UV ) = (fU)V for any form f
and all matrices U, V ∈ GL(2, R).

2.2 Equivalence

Let U ∈ Z
(2,2) with detU �= 0, let g = fU , and let n ∈ R. If (x, y) is a

representation of (detU)n by g then (det U)f
(
U(x, y)

)
= (det U)n. Hence,

U(x, y) is a representation of n by f . The linear map

Z
2 → Z

2 , (x, y) �→ U(x, y) (2.6)

sends representations of (det U)n by g to representations of n by f .

Example 2.2.1. We use the notation from Example 2.1.1 and set g = fU . The
vector (1, 0) is a representation of −1 by g. We have det U = −1. Therefore,
U(1, 0) = (−4, 3) is a representation of 1 by f .

If the map (2.6) is a bijection, that is, if U is invertible in Z
(2,2), then all

representations of n by f can be found by determining all representations of
(det U)n by g.

We describe the group GL(2, Z) of matrices in Z
(2,2) that have a multi-

plicative inverse in Z
(2,2). Let U be as in (2.1). The multiplicative inverse of

U is

U−1 =
1

det U

(
v −t

−u s

)
, (2.7)

that is, we have UU−1 = U−1U = I2 where I2 is the 2 by 2 identity matrix. In
general, U−1 has rational entries. The inverse U−1 has integral entries if and
only if detU ∈ {±1}. Hence GL(2, Z) consists of the matrices in Z

(2,2) with
determinant ±1 and is a group with respect to matrix multiplication. The
subgroup of GL(2, Z) that contains all matrices of determinant 1 is denoted
by SL(2, Z).

Example 2.2.2.

If U =

(
3 4
4 5

)
, then detU = −1. Hence U ∈ GL(2, Z) \ SL(2, Z). Also, U−1 =

(
−5 4
4 −3

)
.

Equation (2.4) defines a right action of the groups GL(2, Z) and SL(2, Z)
on the set of forms. Therefore, equivalence and proper equivalence of forms,
as defined below, are equivalence relations.
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Definition 2.2.3.
1. Two forms f and g are called equivalent if g = fU with U ∈ GL(2, Z).

The GL(2, Z)-orbit of a form is called the equivalence class of that form.
2. Two forms f and g are called properly equivalent if g = fU with U ∈

SL(2, Z). The SL(2, Z)-orbit of a form is called the proper equivalence class
of that form.

We note that two forms f and g are equivalent if and only if their GL(2, Z)-
orbit is the same. Likewise, f and g are properly equivalent if and only if if
their SL(2, Z)-orbit is the same.

Example 2.2.4. As we have seen in Example 2.1.1, the forms f(X,Y ) =
−13X2 − 36XY − 25Y 2 and g(X,Y ) = X2 + Y 2 are equivalent. But is is
not clear whether they are properly equivalent.

The equivalence problem for binary quadratic forms is an important com-
putational problem.

Problem 2.2.5 (Equivalence problem).
1. Given two forms. Decide whether they are equivalent or even properly equiv-

alent.
2. Given two equivalent forms f and g. Find U ∈ GL(2, Z) with g = fU .
3. Given two properly equivalent forms f and g. Find U ∈ SL(2, Z) with

g = fU .

2.3 Invariants of equivalence classes of forms

An invariant of an equivalence class of forms is a quantity that is the same
for all forms in that equivalence class. We will show in this section that the
minimum, the content and the discriminant of a form are invariants of its
equivalence class.

We first show that properly equivalent forms represent the same numbers.

Proposition 2.3.1. Let U ∈ SL(2, Z), let n be a real number, and let M be the
set of all representations of n by fU . Then UM =

{
U(x, y) : (x, y) ∈ M

}
is

the set of all representations of n by f and the map M → UM, (x, y) �→ U(x, y)
is a bijection that maps proper representations to proper representations.

Proof. Since U ∈ GL(2, Z), the map M → UM, (x, y) �→ U(x, y) is a bijection.
Also , if (x, y) is a representation of n by fU then f

(
U(x, y)

)
= n. Hence,

U(x, y) is a representation of n by f . So UM is the set of all representations
of n by f . Finally, by Exercise 2.9.3 proper representations are mapped to
proper representations. �	

An immediate consequence of Proposition 2.3.1 is the following result:
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Corollary 2.3.2. Two equivalent forms have the same minimum.

Proposition 2.3.3. The content of two equivalent integral forms is the same.

Proof. Let f be an integral form and let U ∈ GL(2, Z). It follows from (2.3)
that the gcd of the coefficients of f divides the coefficients of fU . Since
f = (fU)U−1, it follows that the gcd of the coefficients of fU divides the
coefficients of f . This proves the assertion. �	

Next, we show that the discriminant is an invariant of the equivalence
classes of forms.

Proposition 2.3.4. The discriminant of two equivalent forms is the same.

Proof. Let U ∈ GL(2, Z) and g = fU . It follows from (1.17) and (2.5)
that ∆(fU) = −4 det M(fU) = −4 det

(
(det U)UT M(f)U

)
= −4(det U)4 det

M(f). Since (detU)2 = 1 we have ∆(fU) = ∆(f). �	

It follows from Proposition 2.3.4 and Theorem 1.2.10 that all forms in the
equivalence class of an indefinite form are indefinite and that all forms in the
proper equivalence class of a positive definite form are positive definite. More
precisely, we obtain the following.

Proposition 2.3.5. The equivalence class of a positive definite form f is the
disjoint union of the proper equivalence class of f and the proper equivalence
class of fU where U is any matrix in GL(2, Z) with det U = −1.

Proof. We have already seen that the forms in the proper equivalence class of
a positive definite form are positive definite and the forms in the proper equiv-
alence class of a negative definite form are negative definite. Since GL(2, Z)
contains matrices with determinant −1, there is a negative definite form in the
equivalence class of any positive definite form. Hence, this equivalence class
has the asserted structure. �	

As a consequence of Proposition 2.3.3 and Proposition 2.3.5 we obtain the
following equivalence relations.

Corollary 2.3.6.
1. Proper equivalence is an equivalence relation on the set of all integral prim-

itive positive definite forms.
2. Equivalence is an equivalence relation on the set of all integral primitive

indefinite forms.

2.4 Two special transformations

We introduce two special elements of SL(2, Z) that will be used frequently
later.
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We set

S =

(
0 −1
1 0

)
. (2.8)

Then, for any form f = (a, b, c), we have

(a, b, c)S = (c,−b, a) . (2.9)

Also

S2 =

(
−1 0
0 −1

)
, S3 = S−1 =

(
0 1
−1 0

)
, S4 = I2 . (2.10)

Hence, S generates a subgroup of order 4 in SL(2, Z). We also set

T =

(
1 1
0 1

)
. (2.11)

Then, by Exercise 2.9.8, we have

T s =

(
1 s

0 1

)
, s ∈ Z . (2.12)

Therefore, T generates the infinite subgroup

Γ =

{(
1 s

0 1

)
: s ∈ Z

}
(2.13)

of SL(2, Z). Multiplying U ∈ Z
(2,2) from the right by T s means leaving the

first column of U unchanged and adding the first column s times to the sec-
ond column. In Exercise 2.9.1 we prove that the matrices T and S generate
SL(2, Z). It is easy to find out whether two forms are in the same Γ-orbit,
where Γ is the subgroup of SL(2, Z) from (2.13). We explain how this can be
done. For s ∈ Z we have

fT s = f

(
1 s

0 1

)
= (a, b + 2as, as2 + bs + c) . (2.14)

Therefore, we can check whether f = (a, b, c) and f ′ are in the same Γ-
orbit by testing whether f ′ = (a, b+ 2as, as2 + bs + c) for some integer s. The
next proposition modifies this criterion slightly.

Proposition 2.4.1. Let f = (a, b, c) with a �= 0. Then f ′ = (a′, b′, c′) is in
the same Γ-orbit as f if and only if

1. ∆(f ′) = ∆(f),
2. a′ = a, and
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3. b′ = b + 2as with s ∈ Z.

If those conditions are satisfied, then f ′ = fT s.

Proof. If fΓ = f ′Γ, then the assertions follow from (2.14).
Conversely, suppose that the three conditions are satisfied. We must show

that c′ = as2 + bs + c. We have b2− 4ac = ∆(f) = (b′)2− 4ac′ = (b + 2as)2 −
4ac′ = b2 + 4asb + 4a2s2 − 4ac′. This implies 4a(as2 + bs + c) = 4ac′. Since
a �= 0, this proves the assertion. �	
Example 2.4.2. Let f = (253,−110, 12) and f ′ = (253, 2420, 5787). We have
2420 = −110 + 2 · 5 · 253 and ∆(f) = ∆(f ′) = −44. Hence, f ′ = fT 5 by
Proposition 2.4.1.

2.5 Automorphisms of forms

In this section we study transformations in GL(2, Z) that, when applied to a
form f , leave that form unchanged.

Definition 2.5.1. A matrix U ∈ GL(2, Z) with fU = f is called an au-
tomorphism of f . A matrix U ∈ SL(2, Z) with fU = f is called a proper
automorphism of f .

Example 2.5.2. For any form f we have fI2 = f(−I2) = f . Therefore, I2 and
−I2 are automorphisms of any form.

The set of automorphisms of f is a subgroup of GL(2, Z). It is called the
automorphism group of f and it is denoted by Aut(f). The set of proper
automorphisms of f is a subgroup of SL(2, Z) and of Aut(f). That subgroup
is called the proper automorphism group of f and it is denoted by Aut+(f).
The proper automorphism group of f always contains the elements I2 and
−I2. If those transformations are the only automorphisms of f , then we say
that the automorphism group of f is trivial. If those transformations are the
only proper automorphisms of f , then we say that the proper automorphism
group of f is trivial. Note that by Proposition 2.3.5, every automorphism of
a positive definite form is a proper automorphism of that form.

In order to find all representations of a real number n by f it is useful
to determine the proper automorphism group of f . If (x, y) is a (proper)
representation of a real number n by f , then for any proper automorphism
U of f the vector U(x, y) is also a (proper) representation of n by f . In
other words, the proper automorphism group Aut+(f) acts on the set of all
representations of n by f and also on the set of all proper representations of
n by f .

Definition 2.5.3. Two representations (x, y) and (x′, y′) of a real number n
by f are called equivalent if there is a proper automorphism U of f with
(x′, y′) = U(x, y).

Equivalence of representations is an equivalence relation.
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2.5.1 Non-integral forms

If r is a non-zero real number then the automorphism group of rf is the same
as the automorphism group of f . We give a necessary condition for a form to
have a non-trivial automorphism group.

Theorem 2.5.4. If Aut(f) is nontrivial, then there is a positive integer r
such that the form rf has integer coefficients.

Proof. Let U ∈ GL(2, Z) such that fU = f . Then M(f) = (det U)UT M(f)U .
First assume that det U = 1. Then

(UT )−1M(f) = M(f)U . (2.15)

Let U be as in (2.1). Then

M(f)U =
1
2

(
2as + bu 2at + bv

2cu + bs 2cv + bt

)
(2.16)

and

(UT )−1M(f) =
1
2

(
2av − bu −2cu + bv

−2at + bs 2cs− bt

)
. (2.17)

From (2.15), (2.16), and (2.17) we obtain

at = −cu , bu = a(v − s) , bt = c(s− v) . (2.18)

If U �= ±I2 then u �= 0 or t �= 0 or s − v �= 0. If u �= 0 then (2.18) im-
plies (a, b, c) = (a/u)(u, (v − s),−t). If t �= 0 then (2.18) implies (a, b, c) =
(c/t)(−u, (s − v), t). If s − v �= 0 then (a, b, c) = (b/(v − s))(u, v − s,−t). If
det U = −1 the proof is analogous. �	

2.5.2 Integral forms

We describe the connection between the automorphism group of a primitive
integral form f = (a, b, c) of discriminant ∆ and the Pell equation

x2 −∆y2 = ±4 . (2.19)

For two real numbers x, y we define the matrix

U(f, x, y) =

(
(x− yb)/2 −cy

ay (x + yb)/2

)
. (2.20)

The connection between the Pell equation and Aut(f) is described in the next
theorem.
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Theorem 2.5.5. Let f be a primitive form.

1. The map that sends a solution (x, y) ∈ Z
2 of the Pell equation x2 −∆y2 =

±4 to the matrix U(f, x, y) is a bijection between the set of those solutions
and the automorphism group of f .

2. The map that sends a solution (x, y) ∈ Z
2 of the Pell equation x2−∆y2 = 4

to the matrix U(f, x, y) is a bijection between the set of those solutions and
the proper automorphism group of f .

Proof. By Exercise 2.9.6, the map from the theorem sends solutions of the
Pell equation to automorphisms of f . The map is clearly injective. To prove
the surjectivity, we let U be an automorphism of f , U as in (2.1). If a �= 0,
then gcd(a, b, c) = 1 and (2.18) imply that a divides u. Let x = s + v and
y = u/a. Then U = U(f, x, y) by (2.18). Hence, x2 −∆y2 = 4 det U ∈ {±4}
which means that (x, y) is a solution of the Pell equation. The case a = 0 and
the second assertion are left to the reader as an exercise. �	

Note that the proof of Theorem 2.5.5 contains an explicit formula for the
inverse maps in the case where a �= 0.

Example 2.5.6. Let ∆ ≡ 0 (mod 4). Then the form f = (1, 0,−∆/4) has
discriminant ∆. If (x, y) is a solution of the Pell equation (2.19), then the
corresponding automorphism is

U(f, x, y) =

(
x/2 ∆y/4
y x/2

)
. (2.21)

Conversely, if (
s t

u v

)
∈ Aut(f) (2.22)

then (x, y) = (2s, u) is the corresponding solution of the Pell equation.
Let ∆ ≡ 1 (mod 4). Then the form f =

(
1, 1, (1−∆)/4

)
has discriminant

∆. If (x, y) is a solution of the Pell equation (2.19), then the corresponding
automorphism is

U(f, x, y) =

(
(x− y)/2 (∆− 1)y/4

y (x + y)/2

)
. (2.23)

Conversely, if (
s t

u v

)
∈ Aut(f) (2.24)

then (x, y) = (2s + v, u) is the corresponding solution of the Pell equation.

Here is another important observation.
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Theorem 2.5.7. The automorphism groups of all integral primitive forms of
a fixed discriminant are isomorphic.

Proof. Let f and g be two integral primitive forms of the same discriminant
∆. By Theorem 2.5.5, the map that sends the automorphism U(f, x, y) of
f to the automorphism U(g, x, y) of g, where (x, y) is a solution of the Pell
equation (2.19), is a bijection. Also, if (x′, y′) is another solution of the Pell
equation, then by Exercise 2.9.7 the pair

(
(xx′ + yy′∆)/2, (xy′ + x′y)/2

)
is

also such a solution and

U(f, x, y)U(f, x′, y′) = U
(
f, (xx′ + yy′∆)/2, (xy′ + x′y)/2

)
. (2.25)

This proves that our map is a homomorphism. �	

2.5.3 Positive definite forms

We can now determine the automorphism group of all integral positive definite
forms.

Example 2.5.8. We determine the automorphism group of the integral prim-
itive forms of discriminant −4. By Theorem 2.5.7, it suffices to consider the
form f = (1, 0, 1). The corresponding Pell equation is x2 + 4y2 = 4. The only
solutions of that equation are (±2, 0) and (0,±1). Theorem 2.5.5 implies

Aut(1, 0, 1) =

{
±
(

1 0
0 1

)
,±

(
0 1
−1 0

)}
. (2.26)

This automorphism group is the cyclic group of order four generated by S
from (2.8).

Example 2.5.9. We determine the automorphism group of the integral prim-
itive forms of discriminant −3. By Theorem 2.5.7, it suffices to consider the
form f = (1, 1, 1). Its automorphism group is the cyclic group generated by

(
0 −1
1 1

)
.

It is of order 6. This is shown in Exercise 2.9.9.

Finally, we determine the remaining automorphism groups.

Theorem 2.5.10. If f is an integral primitive positive definite form of dis-
criminant ∆ �= −3,−4, then the automorphism group of f is trivial.

Proof. The corresponding Pell equation is x2 + |∆|y2 = 4. Since |∆| ≥ 7
the only solutions of that equation are (x, y) = (±2, 0). Hence, the assertion
follows from Theorem 2.5.5. �	
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2.5.4 Indefinite forms

If f is indefinite, that is, if ∆ > 0, then the solution of the Pell equation and
the computation of the automorphism group of f are more difficult. We will
prove in Section 6.12 that the automorphism group of an integral irreducible
form of positive discriminant is

{
±T k : k ∈ Z

}
, where T is an automorphism

of infinite order, the so called fundamental automorphism of f . Here, we only
give an example.

Example 2.5.11. Consider the indefinite form (1, 0,−2). The corresponding
Pell equation is x2 − 8y2 = ±4. A solution of that equation is (2, 1). An
automorphism of this form is

U =

(
1 2
1 1

)
.

The first few powers of U are

U2 =

(
3 4
2 3

)
, U3 =

(
7 10
5 7

)
, U4 =

(
17 24
12 17

)
.

This shows that the automorphism group of this form is infinite. We will see
in Section 6.12 that U is the fundamental automorphism of the form (1, 0,−2)
that is, Aut(1, 0,−1) =

{
±Uk : k ∈ Z

}
.

2.6 A strategy for finding proper representations

Let n be a real number. In this section we will show that the proper repre-
sentations of n by a form f correspond to the forms (n,B,C) in the proper
equivalence class of f . Based on this observation, we will explain a strategy
for finding all proper representations of n by f .

Let (s, u) ∈ Z
2 be a proper representation of n by f . By Exercise 2.9.4

there is a matrix U ∈ SL(2, Z) with first column (s, u). By (2.3) we have
fU =

(
f(x, y), B,C

)
= (n,B,C) with real coefficients B,C.

Example 2.6.1. Consider the form f(X,Y ) = 3X2 + 4XY + 5Y 2. The pair
(4, 5) is a proper representation of 253 by f . For

U =

(
4 −1
5 −1

)
,

we have det U = 1 and fU = (253,−110, 12).

From a proper representation of n by f we have constructed a form
(n,B,C) that is properly equivalent to f . This construction is not unique,
since for any V ∈ Γ we have (n,B,C)V = (n,B′, C ′). We will now precisely
describe the correspondence between proper representations of n by f and the
forms (n,B,C).
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Proposition 2.6.2. The map that sends the equivalence class of a proper rep-
resentation (s, u) of n by f to the Γ-orbit of the form fU , where U is any
matrix in SL(2, Z) with first column (s, u), defines a bijection between the
equivalence classes of proper representations of n by f and the Γ-orbits of
forms (n,B,C) in the proper equivalence class of f .

Proof. We prove that the map from the proposition is well defined. Let (x, y)
and (x′, y′) be equivalent proper representations of n by f . Then there is a
proper automorphism V of f with V (x′, y′) = (x, y). Let U,U ′ ∈ SL(2, Z)
such that the first column of U is (x, y) and the first column of U ′ is (x′, y′).
We must show that fU ′Γ = fUΓ. The first column of V U ′ is (x, y). By
Exercise 2.9.4, we have UΓ = V U ′Γ. Since V is an automorphism of f , we
have fUΓ = fV U ′Γ = fU ′Γ. This shows that the map is well defined.

Next, we prove that the map is surjective. Suppose that (n,B,C) is prop-
erly equivalent to f . Let U ∈ SL(2, Z) such that fU = (n,B,C) and let (x, y)
be the first column of U . Then, as we have seen above, the image of (x, y) is
the Γ-orbit of f .

Finally, we prove the injectivity. Suppose that (x, y) and (x′, y′) are proper
representations of n by f whose image is the same Γ-orbit of forms. Then there
are U ∈ SL(2, Z) with first column (x, y) and U ′ ∈ SL(2, Z) with first column
(x′, y′) such that fU = fU ′. Hence V = U ′U−1 is a proper automorphism of
f of determinant 1 with V (x′, y′) = (x, y). This shows that (x, y) and (x′, y′)
are equivalent. �	

Example 2.6.3. The pair (2, 3) is a proper representation of 13 by f = X2+Y 2.
In Example 2.5.8 we have shown that the proper automorphism group of f
is

{
I2, S, S2, S3

}
. Hence, the equivalence class of the representation (2, 3) is{

±(2, 3),±(−3, 2)
}
. The map from Proposition 2.6.2 sends this equivalence

class to the Γ-orbit of (13,−36, 25).

Theorem 2.6.2 reduces the problem of finding proper representations of n
by f to the following three problems:

1. Find all Γ-orbits of forms (n,B,C) of discriminant ∆(f).
2. For each Γ-orbit of forms (n,B,C) of discriminant ∆(f), decide whether

its elements are properly equivalent to f . If the elements of such a Γ-orbit
are properly equivalent to f find U ∈ SL(2, Z) such that fU is in that
orbit. The first column of U is a proper representation of n by f . Collect
all those representations.

3. Determine the proper automorphism group Aut+(f) and the Aut+(f)-orbit
Aut+(f)(x, y) for each proper representation found in step 2.

If (a, b, c) is an integral form, then in the first step it suffices to find all Γ-
orbits of forms (n,B,C) that have the same content as f . In particular, if f is
primitive, it suffices to find the primitive forms (n,B,C) of discriminant ∆.

Example 2.6.4. We determine all proper representations of 1 by f = X2 +Y 2.
The discriminant of f is ∆(f) = −4. So we compute all Γ-orbits of forms
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(1, B,C) of discriminant −4. By (2.14) any such Γ-orbit contains a form
(1, B,C) with 0 ≤ B ≤ 1. Hence we must find all pairs (B,C) ∈ {0, 1} × Z

such that B2 − 4C = −4. Any such B must be even. Hence, B = 0
and C = 1. So (1, 0, 1)Γ = fΓ is the only Γ-orbit of forms (1, B,C).
Since f = fI2 belongs to that Γ-orbit. The first column of I2 is (1, 0). So
(1, 0) is a proper representation of 1 by f . By Example 2.5.8 the automor-
phism group of f is Aut(f) =

{
I2, S, S2, S3

}
. The Aut(f)-orbit of (1, 0) is{

(1, 0), (0, 1), (−1, 0), (0,−1)
}
. These are all proper representations of 1 by f .

2.7 Determining improper representations

In the previous section, we have explained how to find proper representations
of a real number n by f . If (x, y) is a representation of n by f and if d =
gcd(x, y) then (x/d, y/d) is a proper representation of n/d2 by f . If f is an
integral form and n is a non-zero integer, this observation can be used to find
all representations of n by f as follows:

1. Find all positive integers d whose square divides n.
2. For each d with d2 | n determine all proper representations (x, y) of n/d2

by f . Collect all (dx, dy).

2.8 Ambiguous classes

We define ambiguous equivalence classes of forms.

Definition 2.8.1. An equivalence class of integral indefinite irreducible forms
is called ambiguous if (a, b, c) is equivalent to (a,−b, c) for every form (a, b, c)
in that equivalence class.

We give simple characterizations for ambiguous classes. Let f = (a, b, c)
be an integral irreducible indefinite form.

Lemma 2.8.2. The following statements are equivalent:

1. The equivalence class of (a, b, c) is ambiguous.
2. The form (a, b, c) is equivalent to (a,−b, c).
3. The form (a, b, c) is equivalent to (c, b, a).

Proof. If the equivalence class of (a, b, c) is ambiguous, then, by definition,
(a, b, c) is equivalent to (a,−b, c). Also, if (a, b, c) is equivalent to (a,−b, c)
then (a, b, c) is equivalent to (c, b, a) since (a,−b, c) and (c, b, a) are equivalent.
Also, for the same reason, if (a, b, c) is equivalent to (c, b, a), then (a, b, c) is
equivalent to (a,−b, c).
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Finally, let (a, b, c)U = (c, b, a) with U ∈ GL(2, Z). We show that the
equivalence class of (a, b, c) is ambiguous. For this purpose, let the form F =
(A,B,C) be equivalent to f , say F = fV with some V ∈ GL(2, Z). We must
show that (A,B,C) is equivalent to (C,B,A).

Let

W =

(
0 1
1 0

)
.

Denote (c, b, a) by fw and (C,B,A) by Fw. Then fw = −fW , and Fw =
−FW . Hence

Fw = −FW = −fV W = fwWV W = fUWV W = FV −1UWV W. �	

Proposition 2.8.3. The equivalence class of an ambiguous form is ambigu-
ous.

Proof. If a form f = (a, b, c) is ambiguous, then f is equivalent to (a, 0, C)
or to (a, a, C) for some integer C. By Lemma 2.8.2 the equivalence classes of
those forms are ambiguous since (a, 0, C) is equal to (a,−0, C) and (a, a, C)
is in the same Γ-orbit as (a,−a,C). �	

2.9 Exercises

Exercise 2.9.1. Prove that for each U ∈ SL(2, Z) there exists k ∈ Z≥0 and
exponents si, ti ∈ Z, 1 ≤ i ≤ k such that

U = T s1St1T s2St2T s3 · · ·StkT sk .

Exercise 2.9.2. Determine the representation of

U =

(
6 11
13 24

)

as a power product of S and T as in Exercise 2.9.1.

Exercise 2.9.3. Prove that gcd(x, y) = gcd
(
U(x, y)

)
for (x, y) ∈ Z

2 and
U ∈ GL(2, Z).

Exercise 2.9.4. Show that for any pair (x, y) of integers with (x, y) �= (0, 0)
there is a matrix U ∈ Z

(2,2) with first column (x, y) and determinant gcd(x, y).
Also show that the set of all such matrices is the Γ-orbit of any such matrix
U .

Exercise 2.9.5. Prove that the map that sends a pair (r, f) consisting of a
real number r and a form f to their product rf defines an action of the set
R>0 of all positive real numbers on the set of positive definite forms. Also
show that this map defines an action of R on the set of all indefinite forms.
Show in both cases that the number of orbits is infinite.
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Exercise 2.9.6. Let f be an integral form of discriminant ∆ and let (x, y) be
integers such that x2 −∆y2 = ±4. Prove that U(f, x, y) is an automorphism
of f .

Exercise 2.9.7. Let ∆ be an integer, ∆ ≡ 0, 1 (mod 4). Let (x, y) ∈ Z
2 and

(x′, y′) ∈ Z
2 be solutions of the Pell equation x2 − y2∆ = ±4. Prove that

(xx′ + yy′∆, xy′ +x′y) is also such a solution and that U(f, x, y)U(f, x′, y′) =
U
(
f, (xx′ + yy′∆)/2, (xy′ + x′y)/2

)
for any integral primitive form f of dis-

criminant ∆.

Exercise 2.9.8. Prove (2.12)

Exercise 2.9.9. Verify Example 2.5.9.

Exercise 2.9.10. Determine the first three primes that are represented by
f = (1, 1, 1). For any of those primes p determine a form (p, b, c) that is
equivalent to (1, 1, 1).

Exercise 2.9.11. Determine all proper representations of 3 by f = (1, 1, 1).

Exercise 2.9.12. Prove that for any discriminant there is exactly one Γ-orbit
(1, b, c)Γ of forms of discriminant ∆. Construct this Γ-orbit

Exercise 2.9.13. Show that the automorphism group of the form (1, 0,−5)
is infinite.
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Constructing Forms

In Chapter 2 we have explained a strategy for finding primitive representations
of an integer a by an integral form f . In this strategy, the first step is to
determine all integral forms (a, b, c) of discriminant ∆(f). In this chapter, we
explain how those forms can be found.

In this chapter, a form is always an integral form. We fix an integer a and a
discriminant ∆. Except for Section 3.2 the integer a is assumed to be positive.
We set

F(∆, a) =
{

(a, b, c)Γ : b, c ∈ Z,∆(a, b, c) = ∆
}

. (3.1)

We will see that this set is finite and we will determine its cardinality

R(∆, a) =
∣∣F(∆, a)

∣∣ . (3.2)

We also set

F∗(∆, a) =
{

(a, b, c)Γ : b, c ∈ Z, gcd(a, b, c) = 1, ∆(a, b, c) = ∆
}

. (3.3)

and
R∗(∆, a) =

∣∣F∗(∆, a)
∣∣ . (3.4)

3.1 Reduction to finding square roots of ∆ modulo 4a

If (a, b, c) is a form of discriminant ∆ then ∆ = b2 − 4ac. This implies that

∆ ≡ b2 (mod 4a) . (3.5)

Hence, ∆ is a square modulo 4a. In the next proposition, we show how to find
F(∆, a) by determining the square roots of ∆ modulo 4a.
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Proposition 3.1.1. The map

F(∆, a) → {b + 2aZ : b ∈ Z, b2 ≡ ∆ (mod 4a)} , (a, b, c)Γ �→ b + 2aZ

is a bijection.

Proof. By (2.14) and (3.5), the map is well defined and injective. Also, if b ∈ Z

with b2 ≡ ∆ (mod 4a), then we can write ∆ = b2 − 4ac for some integer c.
Hence b + 2aZ is the image of (a, b, c)Γ. �	

By Proposition 3.1.1, we have

R(∆, a) = |{b ∈ Z : b2 ≡ ∆ (mod 4a),−a < b ≤ a}|. (3.6)

Hence, we obtain the following corollary.

Corollary 3.1.2. The sets F(∆, a) and F∗(∆, a) are finite.

In the next example, we use Proposition 3.1.1 to determine F(∆, a) and
F∗(∆, a).

Example 3.1.3. Let a = 3. The squares modulo 4a = 12 in {0, 1, . . . , 11}
are 0, 1, 4, 9. Hence, a discriminant ∆ is a square modulo 4a if ∆
(mod 12) ∈ {0, 1, 4, 9}. We determine the square roots of those squares
in M = {−2,−1, . . . , 3}. The only square root of 0 in M is 0 and the only
square root of 9 in M is 3. The square roots of 1 in M are ±1 and the square
roots of 4 in M are ±2.

If ∆ = −3, then ∆ ≡ 9 (mod 12). Hence ∆ is a square modulo 12 and since
the only square root of 9 in M is 3 it follows that F(−3, 3) = F∗(−3, 3) ={
(3, 3, 1)Γ

}
and R(−3, 3) = R∗(3,−3) = 1.

If ∆ = −4, then ∆ ≡ 8 (mod 12). Hence, there is no form (3, b, c) of
discriminant −4 and R(−4, 3) = 0.

If ∆ = 5, then again, there is no form (3, b, c) of discriminant ∆ and
R(5, 3) = 0.

If ∆ = 13, then ∆ ≡ 1 (mod 12). Hence, F(13, 3) = F∗(13, 3) ={
(3,±1,−1)Γ

}
and R(13, 3) = R∗(13, 3) = 2.

If ∆ = −12, then ∆ ≡ 4 (mod 8). Hence F(−12, 2) =
{
(2, 2, 2)

}
, and

F∗(−12, 2) = ∅, R(−12, 2) = 1, and R∗(−12, 2) = 0.

3.2 The case a < 0

We have

F(∆, |a|) = {
(
|a|, b, sign(a)c

)
Γ : (a, b, c)Γ ∈ F(∆, a)}

and
F∗(∆, |a|) = {

(
|a|, b, sign(a)c

)
Γ : (a, b, c)Γ ∈ F∗(∆, a)}.
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Hence, we have

R(∆, a) = R(∆, |a|) , R∗(∆, a) = R∗(∆, |a|) .

It follows that it suffices to compute R∗(∆, a) for non-negative integers a. In
the sequel, we assume that a > 0. The case a = 0 is treated in Exercise 3.7.1.

3.3 Fundamental discriminants and conductor

We introduce a few important notions. By a discriminant we mean an integer
∆ �= 0 with ∆ ≡ 0 (mod 4) or ∆ ≡ 1 (mod 4).

Example 3.3.1. The first few discriminants are 1, 4, 5, 8, 9, 12, 13 and
−3,−4,−7,−8,−11,−12.

Definition 3.3.2.
1. The conductor of a discriminant ∆ is the largest positive integer f such

that ∆/f2 is a discriminant. We denote it by f(∆).
2. A fundamental discriminant is a discriminant ∆ that has conductor 1.

We give a more explicit formula for the conductor of a discriminant ∆. Let

|∆| =
∏
p|∆

pe(p)

be the prime factorization of |∆|. Then

f =
∏
p|∆

pe′(p)

where

2e′(2) =

{
e(2)− (e(2) mod 2) if ∆/2e(2) ≡ 1 (mod 4) ,
e(2)− (e(2) mod 2)− 2 if ∆/2e(2) ≡ 3 (mod 4) ,

(3.7)

and
2e′(p) = e(p)− (e(p) mod 2) (3.8)

for all odd primes. Note that if ∆ is a non-zero discriminant, then f(∆) is
the uniquely determined positive integer f such that ∆/f2 is a fundamental
discriminant.

Example 3.3.3. We have f(1) = 1, f(4) = 2, f(5) = 1, f(8) = 1, f(9) = 3,
f(12) = 1, f(13) = 1.

We describe the fundamental discriminants more explicitly. We call a non-
zero integer square free if it has no multiple prime divisors.
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Proposition 3.3.4. Let ∆ be an integer. Then ∆ is a fundamental discrimi-
nant if and only if

1. ∆ ≡ 1 (mod 4) and ∆ is square free, or
2. ∆ ≡ 0 (mod 4), ∆/4 ≡ 2, 3 (mod 4), and ∆/4 is square free.

Proof. Exercise 3.7.4.

Example 3.3.5. 12 is a fundamental discriminant since the only square that
divides 12 is 4 and 12/4 = 3 is not a discriminant.
−12 is not a fundamental discriminant since 4 divides −12 and −12/4 =

−3 is a discriminant.

3.4 The case of a prime number

Definition 3.4.1. A prime form is a form (p, b, c) where p is a prime number.

In this section, we determine all prime forms of discriminant ∆. Let p be
a prime number. By Proposition 3.1.1, such a prime form can only exist if ∆
is a square modulo 4p.

We define quadratic residues.

Definition 3.4.2. Let m be a positive integer and let x be an integer that is
coprime to m. Then x is called a quadratic residue modulo m if there is a
solution y ∈ Z of the congruence y2 ≡ x (mod m) and a quadratic nonresidue
modulo m otherwise.

We introduce the Legendre symbol. It will be used to give an easy formula
for R(∆, p) and for R∗(∆, p).

Definition 3.4.3. For an integer m and an odd prime p, the Legendre symbol(
m
p

)
is defined as follows:

1. If p divides m, then
(
m
p

)
= 0.

2. If p does not divide m, then

(
m

p

)
=

{
1 if m is a quadratic residue modulo p,
−1 if m is a quadratic nonresidue modulo p.

In addition, to treat the case p = 2 we set

(
m

2

)
=

{
0 if m is even,
(−1)(m

2−1)/8 if m is odd.
(3.9)

This is a special case of the Kronecker symbol that will be defined in Sec-
tion 3.4.3.
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Note that (
m

2

)
=

{
−1 if m ≡ 3, 5 (mod 8),
1 if m ≡ 1, 7 (mod 8).

Now we determine the set of square roots of ∆ mod 4p. It is empty if(
∆
p

)
= −1. If

(
∆
p

)
= 0, we define

b(∆, p) =





0 if p = 2 and ∆ ≡ 0 (mod 8),
2 if p = 2 and ∆ ≡ 4 (mod 8),
0 if p is odd and ∆ is even,
p if p is odd and ∆ is odd.

(3.10)

Lemma 3.4.4.
1. If

(
∆
p

)
= 0, then the set of square roots of ∆ mod 4p is b(∆, p) + 2pZ.

2. If
(
∆
p

)
= 1, then there is a uniquely determined square root b(∆, p) of ∆ mod

4p in {1, . . . p− 1}. Also, the set of square roots of ∆ mod 4p is ±b(∆, p) +
2pZ.

Proof. If p = 2, then b(∆, p) = 1.
Let p be an odd prime. Since

(
∆
p

)
= 1, there is a square root of ∆ mod p

in {1, . . . , p− 1}. Let r be such a square root. Set

b(∆, p) =

{
r if r ≡ ∆ (mod 2),
p− r otherwise.

Then b(∆, p) is a square root of ∆ mod 4p. Let b be any square root of ∆ mod
4p. Since Z/pZ is a field, the polynomial x2 −∆ has exactly two square roots
in Z/pZ. They are ±r + pZ. Hence b ≡ ±r (mod p). Also b ≡ ∆ (mod 2). It
follows that b ≡ ±b(∆, p) (mod 2p). �	

From the proof of Lemma 3.4.4 we obtain algorithm sqrtMod4P below.
It reduces the problem of finding b(∆, p) to the problem of computing square

Algorithm 3.1 sqrtMod4P (∆, p)
Input: A discriminant ∆ and a prime p such that ∆ is a square modulo p.
Output: The square root b(∆, p) of ∆ modulo 4p.

if p = 2 then
if ∆ is even then return 2(∆/4 mod 2)
if ∆ is odd then return 1

else
r ← sqrtModP(∆, p)
if r ≡ ∆ (mod 2) then return r
else return p − r
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roots modulo odd primes. The algorithm uses sqrtModP(∆, p) which computes
a square root of ∆ mod p in {0, . . . , p}. For example, the algorithm sqrtModP,
which is explained in Section 3.4.4, can be used for this purpose.

We can now present formulas for R(∆, p) and for R∗(∆, p). We also explain
how to compute F(∆, p) and F∗(∆, p). For

(
∆
p

)
�= −1 we define

c(∆, p) =
b(∆, p)2 −∆

4p
. (3.11)

Note, that c(∆, p) is an integer.

Proposition 3.4.5. 1. If
(
∆
p

)
= −1, then R(∆, p) = R∗(∆, p) = 0.

2. If
(
∆
p

)
= 0 and p does not divide the conductor of ∆, then R(∆, p) =

R∗(∆, p) = 1 and F(∆, p) = F∗(∆, p) =
{(

p, b(∆, p), c(∆, p)
)
Γ
}
.

3. If
(
∆
p

)
= 0 and p divides the conductor of ∆, then R(∆, p) = 1, R∗(∆, p) = 0

and F(∆, p) =
{(

p, b(∆, p), c(∆, p)
)
Γ
}
.

4. If
(
∆
p

)
= 1, then R(∆, p) = R∗(∆, p) = 2 and F(∆, p) = F∗(∆, p) ={(

p,±b(∆, p), c(∆, p)
)
Γ
}
.

Proof. The formulas for R(∆, p) and F(∆, p) follow from Lemma 3.4.4 and
Proposition 3.1.1.

We determine the primitive forms. If
(
∆
p

)
= 0, then the form

(p, b(∆, p), c(∆, p)) is primitive if and only if p does not divide the con-
ductor of ∆ (see Exercise 3.7.5). Also, if

(
∆
p

)
= 1, then b(∆, p) is not divisible

by p. Hence all forms (p, b, c) of discriminant ∆ are primitive. �	

Note that

R(∆, p) =
(

∆
p

)
+ 1. (3.12)

Algorithm numberOfPrimeForms calculates R(∆, p) as described in
Proposition 3.4.5. For

(
∆
p

)
≥ 0, Algorithm primeForm calculates the form

(p, b(∆, p), c(∆, p)) as described in that proposition.

Example 3.4.6. By Proposition 3.4.5, we have F(29, 7) = F∗(29, 7) ={
(7,±1,−1)Γ

}
since

(
29
7

)
= 1 and b(29, 7) = 1.

Algorithm 3.2 numberOfPrimeForms (∆, p)
Input: A discriminant ∆ and a prime number p
Output: R(∆, p)

return
(
∆
p

)
+ 1
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Algorithm 3.3 primeForm (∆, p)
Input: A discriminant ∆ and a prime number p with R(∆, p) > 0
Output: The form

(
p, b(∆, p), c(∆, p)

)

b ← sqrtMod4P(∆, p)
return

(
p, b, (b2 − ∆)/(4p)

)

3.4.1 The Euler criterion

Here is a simple formula for the Legendre symbol. If fast exponentiation tech-
niques are used (see [Buc04]), then this formula can be used to efficiently
evaluate the Legendre symbol.

Theorem 3.4.7 (Euler criterion). If p is an odd prime and if y is an integer
which is not divisible by p, then

(
y
p

)
≡ y(p−1)/2 (mod p)

Proof. Let g be a primitive root modulo p and let u = g(p−1)/2. Then u2 ≡ 1
(mod p) and u �≡ 1 (mod p). So u is a zero of the polynomial X2 − 1 mod p.
The only zeros mod p of this polynomial are ±1. Hence,

g(p−1)/2 ≡ −1 (mod p)

Also, there is k ∈ {0, 1, . . . , p− 1} with

y ≡ gk (mod p) .

Now y is a quadratic residue modulo p if and only if k is even. Also

y(p−1)/2 ≡ gk(p−1)/2 ≡ (−1)k (mod p) .

This implies the assertion. �	

Example 3.4.8. Let p = 1237 and ∆ = 17. We compute ∆(p−1)/2 mod p by
fast exponentiation. We have p − 1/2 = 618 = 29 + 26 + 25 + 23 + 2. We
compute the successive squares and find 172 ≡ 289 (mod 1237), 1723 ≡ 243
(mod 1237), 1725 ≡ 547 (mod 1237), 1726 ≡ 1092 (mod 1237), 1729 ≡ 256
(mod 1237). Also 289 · 243 · 547 · 1092 · 256 ≡ 1 (mod 1237). The computation
requires 9 squarings and four multiplications modulo p. The result shows that
17 is a quadratic residue modulo 1237. But we do not know a square root of 17
modulo 1237 yet. From Proposition 3.4.5 we also know that R∗(17, 1237) = 2.

Evaluating the Legendre symbol by the Euler criterion requires O(log p)
multiplications in Z/pZ. If we use standard arithmetic, then the bit complexity
of this algorithm is O((log p)3). Below we will see how the law of quadratic
reciprocity can be used to evaluate the Legendre symbol even faster.
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3.4.2 The law of quadratic reciprocity

We formulate the law of quadratic reciprocity. For the proof we refer to [IR82].

Theorem 3.4.9. Let p and q be odd primes. Then the following are true:

1.
(−1

p

)
= (−1)(p−1)/2.

2.
(
2
p

)
= (−1)(p

2−1)/8.
3.

(
p
q

)
= (−1)(p−1)(q−1)/4

(
q
p

)
.

Theorem 3.4.9 implies that
(−1

p

)
and

(
2
p

)
can be evaluated for any odd

prime p by checking congruence conditions modulo 4 and 8, respectively.

Corollary 3.4.10. Let p be an odd prime. Then the following are true.

1.
(−1

p

)
=

{
1 if p ≡ 1 (mod 4),
−1 if p ≡ −1 (mod 4).

2.
(
2
p

)
=

{
1 if p ≡ ±1 (mod 8),
−1 if p ≡ ±5 (mod 8).

Example 3.4.11. We have
( −1
1237

)
= 1 since 1237 ≡ 1 (mod 4). We have(

2
1237

)
= −1 since 1237 ≡ 5 (mod 8).

3.4.3 The Kronecker symbol

We introduce the Kronecker symbol. Its properties imply that R(∆, p) only
depends on the congruence class of p modulo |∆|. Quadratic reciprocity for
the Kronecker symbol will also allow us to compute the Legendre symbol very
efficiently. For the proofs of the results presented in this section see [IR82].

Definition 3.4.12. Let m and n be integers. Then the Kronecker symbol
(
m
n

)
is defined as follows.

1.
(
m
0

)
=

{
1 if m = ±1,

0 otherwise.

2.
(

m
−1

)
=

{
1 if m ≥ 0,

−1 if m < 0.

3. If n is a prime number then,
(
m
n

)
is the Legendre symbol.

4. If n = (−1)e(−1)
∏

p|n pe(p) is the prime factorization of n, then

(
m

n

)
=

(
m

−1

)e(−1) ∏
p|n

(
m

p

)e(p)

.

In particular,
(
m
1

)
= 1 for all integers m.
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We state important results concerning the Kronecker symbol. They can be
proved using the definition of the Kronecker symbol and the law of quadratic
reciprocity for the Legendre symbol.

Theorem 3.4.13. Let m,m′, n, n′ be integers, n, n′ odd and positive. Then
the following are true.

1.
(
m
n

)
= 0 if and only if gcd(m,n) > 1.

2. If m ≡ m′ (mod n), then
(
m
n

)
=

(
m′

n

)
.

3.
(
m
n

)(
m
n′

)
=

(
m

nn′

)
.

4.
(
m
n

)(
m′

n

)
=

(
mm′

n

)
.

5.
(−1

n

)
= (−1)(n−1)/2.

6.
(
2
n

)
= (−1)(n

2−1)/8.
7. If m,n are odd and positive, then

(
m
n

)
= (−1)(n−1)(m−1)/4

(
n
m

)
.

8. If m �= 0, m ≡ 0, 1 (mod 4) and n ≡ n′ (mod |m|), then
(
m
n

)
=

(
m
n′

)
.

Proof. The verification of these statements is deferred to Exercise 3.7.12.

Using the last assertion of Theorem 3.4.13 we can evaluate the Legendre
symbol

(
∆
p

)
for a fixed discriminant ∆ and many primes p as follows. We

compute the table of all values
(
∆
n

)
for 0 ≤ n < ∆. If we want to compute

(
∆
p

)

for a prime number p, then we can find the value
(
∆
p

)
=

(
∆

p mod |∆|
)

by a table
look-up.

Example 3.4.14. For ∆ = 5 we find the values
(
5
0

)
= 0,

(
5
1

)
= 1,

(
5
2

)
= −1,(

5
3

)
= −1, and

(
5
4

)
= 1. This implies that

(
5

45691

)
=

(
5
1

)
= 1,

(
5

45697

)
=

(
5
2

)
=

−1,
(

5
45763

)
=

(
5
3

)
= −1, and

(
5

45779

)
=

(
5
4

)
= 1.

Theorem 3.4.13 can be used to evaluate the Kronecker symbol
(
m
n

)
very

efficiently. We explain how this is done. Let m and n be integers.
First, let m = 0. We have

(
0
n

)
=

{
1 if n = ±1,
0 otherwise.

Now let m �= 0. We show how Theorem 3.4.13 can be used to reduce the
determination of

(
m
n

)
to the computation of

(
0
n′

)
for some n′. Write

n = (−1)x2yn′

with an odd positive n′ and x, y ≥ 0. Then the definition of the Kronecker
symbol tells us that

(
m

n

)
= (−1)x+y(m2−1)/8

(
m

n′

)
.
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So it suffices to explain the computation
(
m
n

)
with an odd and positive n. By

Theorem 3.4.13, we may replace m by m mod n. Hence, we assume that

0 ≤ m < n. (3.13)

Now Theorem 3.4.13 is used to reduce the evaluation of the Kronecker
symbol

(
m
n

)
to the evaluation of a Kronecker symbol

(
m′

n′

)
with 0 ≤ m′ < m.

If we iterate this reduction, then we will eventually have m′ = 0 and we can
evaluate the Kronecker symbol as described above. The reduction proceeds in
two steps. We write

m = 2ym0 ,

where y ≥ 0 and m0 is odd and positive. Then by Theorem 3.4.13 we have
(

m

n

)
= (−1)y(n2−1)/8

(
m0

n

)
.

It remains to evaluate
(
m0
n

)
. So assume that m is odd and positive. Theo-

rem 3.4.13 yields
(

m

n

)
= (−1)(m−1)(n−1)/4

(
n mod m

m

)
.

Hence, we replace m by n mod m and m by n. Note that the new m is non-
negative and less than the old m. This concludes the description of the reduc-
tion.

The algorithm kronecker that we have just described is very similar to
the Euclidean algorithm. The last value of n is the greatest common divisor
of the initial values of m and n.

Example 3.4.15. We explain how kronecker calculates
(
17
3

)
.

(
17
3

)
=

(
2
3

)
= −

(
1
3

)
= −

(
0
1

)
= −1.

Proposition 3.4.16. Algorithm kronecker(m,n) takes time O
(
size(m) size

(n)
)

to compute
(
m
n

)
.

Proof. Theorem 5.9.3 in [BS96]. �	

From Proposition 3.4.16 we also obtain an estimate for the running time
of Algorithm numberOfPrimeForms.

Corollary 3.4.17. Algorithm numberOfPrimeForms has running time
O
(
size(∆) size(p)

)
. �	
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Algorithm 3.4 kronecker (m, n)
Input: Integers m and n
Output:

(
m
n

)

if 2 | n and 2 | m then return 0.
if sign(m) = sign(n) = −1 then j ← −1 else j ← 1.
m ← |m|, n ← |n|.
while n is even do

if m ≡ 3, 5 (mod 8) then j ← −j
n ← n/2

m ← m mod n
while m �= 0 do

while m is even do
if n ≡ 3, 5 (mod 8) then j ← −j
m ← m/2

if m ≡ 3 (mod 4) and n ≡ 3 (mod 4) then j ← −j
interchange m and n
m ← m mod n

if n = 1 then return j
else return 0

3.4.4 Computing square roots modulo p

In order to determine prime forms, algorithm primeForm must find a square
root of a discriminant modulo a prime number. In this section we describe
how this is done.

Here is a first simple case:

Proposition 3.4.18. Let p ≡ 3 (mod 4) and let r be a quadratic residue
modulo p. Then s = r(p+1)/4 mod p is a square root of r modulo p.

Proof. Since r is a quadratic residue modulo p Theorem 3.4.7 implies

r(p−1)/2 ≡ 1 (mod p) .

It follows that (
r(p+1)/4

)2 ≡ r(p−1)/2r ≡ r (mod p) . �	

Example 3.4.19. Let p = 2347 and ∆ = 17. We have p ≡ 3 (mod 4). Using
the Euler criterion we verify that ∆ is a quadratic residue modulo p. Now
17(2347+1)/4 mod 2347 = 799. In fact, 7992 ≡ 17 (mod p).

Using Proposition 3.4.18 we obtain the following complexity result.

Proposition 3.4.20. Let p be a prime number with p ≡ 3 (mod 4) and let
r ∈ {0, . . . , p−1} be a square modulo p. Then a square root of r modulo p can
be computed in time O((size p)3).
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If we use this method for extracting square roots modulo p we obtain the
following running time estimate for primeForm.

Corollary 3.4.21. If p ≡ 3 (mod 4), then primeForm runs in time
O
(
size(p) size(∆) + (size p)3

)
.

Now we turn to the general case. We explain the algorithm of Tonelli for
extracting square roots in a finite cyclic group G of known order |G|. If we
apply this algorithm to the cyclic group (Z/pZ)∗, then we obtain an algorithm
for extracting square roots modulo p.

Let ρ be an element of G that is a square in G. We want to find a square
root of ρ. We write

|G| = 2tm , m odd. (3.14)

The algorithm is based on the following result.

Lemma 3.4.22. Assume that G has even order. Then half of the elements of
G are nonsquares in G. If γ is such a nonsquare, then there is an even integer
e ∈

{
0, 1, . . . , 2t − 1

}
such that ρm = γme and

(
ργ−e

)(m+1)/2
γe/2 (3.15)

is a square root of ρ.

Proof. In Exercise 3.7.16 it is shown that half of the elements in G are non-
squares.

Let γ be a nonsquare in G. The set

H =
{

αm : α ∈ G
}

is the subgroup of G of order 2t. We claim that γm is not a square in H. Let
γm = β2 and let x and y be integers with xm + y2t = 1. The integers x and
y exist because m and 2t are coprime. Then

γ = γxm+y2t

= β2xγy2t

=
(
βxγy2t−1)2

,

a contradiction since γ was assumed to be a nonsquare in G. Exercise 3.7.17
implies that γm generates H. It follows that there is e ∈ {0, 1, . . . , 2t−1} such
that

ρm = (γm)e .

Since ρ is a square in G it follows that ρm is a square in H. This implies that
e is even.

Thus
(
(
ργ−e

)(m+1)/2
γe/2)2 = ρ.

�	
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Algorithm sqrtModP shown on page 48 uses (3.15) to calculate a square
root of ρ. If G has odd order, then the algorithm sets γ = 1 and e = 0.
Otherwise the algorithm determines a nonsquare γ in G. For this purpose,
the algorithm selects a random element in G and tests whether γ is a square
or not. The chance of finding a non square is 1/2, since the number of squares
in G is |G|/2. The square test uses, for example, a generalization of Euler’s
criterion (see Exercise 3.7.16). If G = (Z/pZ)∗ for some prime number p, then
algorithm kronecker can also be used as a square test.

We explain how Algorithm sqrtModP finds e. First, we determine

ρm = ρm and γm = γm .

The exponent e is the discrete logarithm of ρm to the base γm. It can be
computed by the Pohlig-Hellman algorithm. We explain how this algorithm
works. Since e ∈ {0, 1, . . . , 2t − 1} we can write

e = b0 + 2b1 + 22b2 + · · ·+ 2t−1bt−1 , bi ∈ {0, 1}, 1 ≤ i < t .

Since e is even we have b0 = 0. We compute the coefficients bi, 1 ≤ i < t,
iteratively. Let 1 ≤ i < t and assume that we know

ei = b0 + b1 · 2 + · · ·+ bi−1 · 2i−1 .

and
αi = ρmγ−ei

m .

Then
αi = γb−i2i+bi+12

i+1+...+bt−12
t−1

m .

Since the order of H is 2t, we have

α2t−i−1

i = γbi2
t−1

m .

Therefore, bi = 0 if and only if α2t−i−1

i = 1.

Example 3.4.23. We use the algorithm of Tonelli to compute a square root of
a = 2 modulo p = 17. A quadratic nonresidue modulo 17 is c = 3. Hence we
have the following setup: m = 1, t = 4, rm = r = 2, cm = c−1 mod 17 = 6.
We now obtain the following intermediate results where each residue classes
is represented by an element in that class.

i 1 2 3

rm 2 4 16
cm 2 4 16
r2t−i−1

m −1 −1 16
e 2 6 14
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Algorithm 3.5 sqrtModP (r, p)
Input: A prime p and a square r modulo p
Output: A square root s of r modulo p or nil

m ← p − 1, t ← 0
while m is even do

t ← t + 1
m ← m/2

Choose a random element c ∈ {1, . . . , p − 1}
if

(
c
p

)
= 1 then return nil

rm ← rm mod p
cm ← c−m mod p
e ← 0, i ← 0
while rm �= 1 do

i ← i + 1
cm ← c2

m

if r2t−i−1

m mod p �= 1 then
e ← e + 2i

rm ← rmcm mod p
a ← rc−e mod p
return ce/2a(m+1)/2 mod p

We obtain a = 1. The square root is 37 mod 17 = 11. In fact, 112 ≡ 2
(mod 17).

Proposition 3.4.24. The algorithm sqrtModP has the following properties.
It fails with probability 1/2. If it does not fail, then it returns a square root of
r mod p provided that r is a square mod p. Its running time is O((log p)4).

Proof. See [BS96].

No deterministic polynomial time algorithm for extraction square roots
mod p is known. Therefore, we formulate the following problem.

Problem 3.4.25. Find a deterministic polynomial time algorithm for extract-
ing square roots modulo p.

It should be noted, however, that René Schoof gave an algorithm using
the arithmetic of elliptic curves which does extract square roots of a fixed x
modulo varying prime p in time O(log9 p), cf. [Sch85].

If we use sqrtModP(∆, p) to extract the square root in primeForm, then
we obtain the following result.

Corollary 3.4.26.
Algorithm primeForm has success probability 1/2 and running time
O
(
size(∆) size(p) + (size(p))4

)
. �	
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3.5 The case of a prime power

In this section we determine F(∆, pe) and F∗(∆, pe) for prime p and e > 1.

Proposition 3.5.1. Let e ∈ N, e ≥ 1.

1. If
(
∆
p

)
= −1, then R(∆, pe) = R∗(∆, pe) = 0.

2. If
(
∆
p

)
= 0, e ≥ 2, and p does not divide the conductor of ∆, then R(∆, pe) =

R∗(∆, pe) = 0.
3. If

(
∆
p

)
= 1, then R(∆, pe) = R∗(∆, pe) = 2. Also there is exactly one square

root b(∆, pe) of ∆ mod 4pe with b(∆, pe) ≡ b(∆, pe−1) (mod 2pe−1) and
−pe < b(∆, pe) < pe. The square roots of ∆ mod 4pe in {−pe+1, . . . , pe−1}
are ±b(∆, pe). They are not divisible by p.

Proof. If
(
∆
p

)
= −1, then ∆ is not a square mod p which implies that ∆ is not

a square mod 4pe. Proposition 3.1.1 implies that R(∆, pe) = R∗(∆, pe) = 0.
Let

(
∆
p

)
= 0. Then p divides ∆. Suppose that F(∆, pe) is not empty, ∆

is a square mod 4pe and that b is an integer with b2 ≡ ∆ (mod 4pe). Then
p divides b, hence p2 divides ∆ since e ≥ 2. This implies ∆/p2 ≡ (b/p)2

(mod 4pe−2). This shows that ∆/p2 is a discriminant. Hence p must divide
the conductor of ∆.

Let
(
∆
p

)
= 1. We use induction on e. By Proposition 3.4.5 the assertion is

true for e = 1. Assume that e > 1, and that the assertion holds for e− 1.
For any square root b of ∆ mod 4pe−1, we construct a square root b1 of ∆

mod 4pe with b1 ≡ b (mod 2pe−1) and |b1| < pe.
Write

b1 = b + 2kpe−1

with some integer k satisfying |k| ≤ (p − 1)/2. We must choose k such that
b2
1 ≡ ∆ (mod 4pe). Now

b2
1 = (b + 2kpe−1)2 = b2 + 4bkpe−1 + 4k2p2e−2 .

Since e ≥ 2 we have 2e− 2 ≥ e. Hence

b2
1 ≡ b2 + 4bkpe−1 (mod 4pe) .

This shows that b2
1 ≡ ∆ (mod 4pe) if and only if

k ≡ b−1 ∆− b2

4pe−1
(mod p) ,

where b−1 is the inverse of b mod p. It follows from the construction of k that
b1 is unique modulo 2pe.

By assumption, the numbers ±b(∆, pe−1) are the only two square roots of
∆ mod 4pe−1 in the interval {−pe−1 + 1, . . . , pe−1 − 1}.
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In the prior construction, we first set b = b(∆, pe−1). The resulting square
root b1 of ∆ mod 4pe satisfies |b1| ≤ pe − 1. We call it b(∆, pe). If we set
b = −b(∆, pe−1) we obtain b1 = −b(∆, pe).

Any square root of ∆ mod 4pe must also be a square root of ∆ mod 4pe−1,
and hence be congruent to ±b(∆, pe−1) mod 2pe−1, by assumption. It follows
that ±b(∆, pe) are the only square roots of ∆ mod 4pe in {−pe+1, . . . , pe−1}.
The claim of the induction is shown. �	

From the proof of Lemma 3.5.1 we obtain the part of algorithm sqrt-
Mod4PE on page 52 for computing b(∆, pe) which deals with discriminants ∆
prime to p. We illustrate this algorithm in the next example.

Example 3.5.2. Let p = 5 and ∆ = 21. Then
(
∆
p

)
= 1 since 21 ≡ 1 ≡ (±1)2

(mod 5). Using the construction in the proof of Lemma 3.5.1 we obtain
b(21, 25) = 11.

Assume that e ≥ 2 and p divides f(∆). This case is still open. It will be
discussed now. Let

n = max{k ∈ N : pk | f(∆), 2k ≤ e}.

Then n ≥ 1. Let
∆0 = ∆/p2n, e0 = e− 2n.

We reduce the problem of finding R(∆, pe) to the task of determining
R(∆0, p

e0). As we will explain now, this value has already been determined.
If e0 = 0, then R(∆0, p

e0) = R(∆0, 1) = 1. If e0 = 1 then R(∆0, p
e0) =

R(∆0, p) = 1+
(
∆0
p

)
by (3.12). If e0 > 1, then n equals the maximal exponent

k such that pk | f(∆), and, hence, p does not divide the conductor of ∆0.
Hence, by Proposition 3.5.1 we have R(∆0, p

e0) = 0 for
(
∆0
p

)
∈ {0,−1} and

R(∆0, p
e0) = 2 otherwise.

Proposition 3.5.3. Assume that p divides the conductor of ∆ and let
n, e0,∆0 be as described above. Then we have R(∆, pe) = pnR(∆0, p

e0) and

R∗(∆, pe) = R∗(∆0, p
e0) ·





pn−1(p−
(
∆0
p

)
− 1) if e0 = 0,

pn−1(p− 1) if e0 > 0 and p � ∆,
pn if e0 > 0 and p |∆.

Proof. For any form f = (pe, b, c) with discriminant ∆, we know that p2n

divides ∆− 4pec = b2. Thus we have a map

ψ : F(∆, pe) −→ F(∆0, p
e0) : (pe, pnb, c)Γ �−→ (pe0 , b, c)Γ .

If fi = (pe, pnbi, ci) for i = 1, 2, then ψ(f1Γ) = ψ(f2Γ) if and only if

b1 = b2 + 2kpe0 .



3.5 The case of a prime power 51

The forms f1 and f2 are Γ-equivalent if and only if pn | k. Hence, the map ψ
is pn-to-1. This proves the first assertion.

A form f = (pe, pnb, c) is primitive if and only if p � c. Let f ′ = (pe0 , b′, c′)
be a form in ψ(fΓ). Then b = b′ + 2kpe0 and

c =
p2nb2 −∆

4pe
=

b2 −∆0

4pe0
=

(b′ + 2kpe0)2 −∆0

4pe0
. (∗)

We determine for given b′ the number of k with 0 ≤ k < pn for which p � c.
We begin with the case that e0 = 0. Then p | c if and only if ∆0 is a square

modulo p (or modulo 8, if p = 2) and

k ≡ ±b(∆0, p)− b(∆0, 1)
2

(mod p) [ mod2 if p = 2.]

Thus there are (
(
∆0
p

)
+ 1)pn−1 such values of k. Using R(∆0, 1) = R∗(∆0, 1),

we obtain the first case of the second assertion of the proposition.
If e0 ≥ 1, we can simplify (∗). We get that p | c if and only if

p | (c′ + kb′). (∗∗)

We see that f is imprimitive if ψ(fΓ) is imprimitive. Assume ψ(fΓ) is prim-
itive. If p � ∆0, then also p � b′, and hence there are pn−1 values of k for
which (∗∗) is satisfied. If, however, p | ∆0, then p | b′ and p � c′ so that f is
primitive for any value of k. �	

With the preceding proposition and its proof we are ready to give an
algorithm which computes a form of the type (pe, b, c) for all discriminants
∆ for which it exists. Note that it follows from Proposition 3.5.3 and from
Proposition 3.5.5 that for any prime p and any positive integer e the values
R(∆, pe) and R∗(∆, pe) can be computed in polynomial time.

Example 3.5.4. Let ∆ = 117 = 32 · 13, p = 3, and e = 2. Then f(∆) = 3,
n = 1, ∆0 = 13, e0 = 0, and R(117, 9) = 3R(13, 1) = 3. The square roots
of 117 mod 4 ∗ 13 are 3, 3 ∗ 3 = 9, 3 ∗ 5 = 15. Hence, the Γ-orbits of forms
(9, b, c) of discriminant 117 are (9, 3,−3)Γ, (9, 9,−1)Γ, and (9, 15, 3)Γ. Also,
R∗(117, 9) = 3R(13, 1) − R(13, 3) = 1. In fact, (9, 9,−1)Γ is the only Γ-orbit
of primitive forms (9, b, c) of discriminant 117.

If R(∆, pe) > 0, then we set

c(∆, pe) =
b(∆, pe)2 −∆

4pe
.

Then it follows from Proposition 3.5.1 that

F(∆, pe) = F∗(∆, pe) = {
(
pe,±(b(∆, pe), c(∆, pe)

)
Γ}

provided
(
∆
p

)
= 1.

Algorithm primePowerForm on page 52 computes the form
(
pe, b(∆, pe),

c(∆, pe)
)
.
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Algorithm 3.6 sqrtMod4PE (∆, p ,e)
Input: A discriminant ∆, a prime p with R(∆, p) > 0, and e ≥ 1
Output: b(∆, pe)

if p | ∆ then
for (n ← 1, 2n + 2 ≤ e and p2n+2 | ∆, n ← n + 1)
if p = 2 and 2−2n∆ �≡ 0, 1 mod 4 then

n ← n − 2
∆0 ← ∆/p2n, e0 ← e − 2n
if e0 = 0 then

return pn(∆0 mod 2)
else return pnsqrtMod4PE(∆0, p

e0)
else

b ← sqrtMod4P(∆, p)
f ← 1
while f < e do

k ← b−1 ∆−b2

4pf mod p

b ← b + 2kpf mod 2pf+1

f ← f + 1
if b > pe then

return b − 2pe

else return b

Algorithm 3.7 primePowerForm (∆, p, e)
Input: A discriminant ∆, a prime p with R∗(∆, p) > 0, and e ≥ 1
Output: The form

(
pe, b(∆, pe), c(∆, pe)

)

b ← sqrtMod4PE(∆, p)

c ← b2−∆
4pe

return
(
pe, b, c

)

Proposition 3.5.5. Algorithms sqrtMod4PE(∆, p, e) and primePowerForm(∆,
p, e) have success probability 1/2 and running time O

(
size(∆) size(p) +

(size(p))4 + e2(size(p))2
)
.

Proof. We analyze Algorithm sqrtMod4PE. By Corollary 3.4.26, find-
ing the initial form (p, b, c) has success probability 1/2 and takes time
O
(
size(∆) size(p)+size(p)4

)
. Each iteration requires time O

(
e(size(p))2

)
. The

number of iterations is e− 1. This proves the assertion. �	

An algorithm for enumerating all elements of F(∆, pe) in the case that
p | f(∆) can be derived from Algorithm 3.6 and the proof of Proposition 3.5.3.
This is left to the reader as exercise 3.7.21.
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3.6 The case of a composite integer

We now determine R(∆, a) and R∗(∆, a) for arbitrary positive integers a. We
first prove that the functions R(∆, ·) and R∗(∆, ·) are multiplicative.

Lemma 3.6.1. If a1 and a2 are coprime positive integers, then R(∆, a1a2) =
R(∆, a1)R(∆, a2) and R∗(∆, a1a2) = R∗(∆, a1)R∗(∆, a2).

Proof. For an integer a let

S(∆, a) = {b + 2aZ : b2 ≡ ∆ (mod 4a)} .

The Chinese remainder theorem implies that the map

S(∆, a1a2) → S(∆, a1)× S(∆, a2)
b + 2a1a2Z �→ (b + 2a1Z, b + 2a2Z)

is a bijection. Proposition 3.1.1 implies that R(∆, a1a2) = R(∆, a1)R(∆,
a2).

We show that R∗(∆, ·) is also a multiplicative function. Let b be a square
root of ∆ mod 4a1a2. Let c = (b2 −∆)/(4a1a2), ci = (b2 −∆)/(4ai), i = 1, 2.
Since a1 and a2 are coprime, it follows that the form (a1a2, b, c) is primitive if
and only if both forms (a1, b, c1) and (a2, b, c2) are primitive. This proves our
assertion. �	

If a is a positive integer with prime factorization

a =
∏
p|a

pe(p), (3.17)

then by Lemma 3.6.1 we have

R(∆, a) =
∏
p|a

R
(
∆, pe(p)

)
(3.18)

and
R∗(∆, a) =

∏
p|a

R∗(∆, pe(p)
)

. (3.19)

Since for each prime factor p of a the values R(∆, pe(p)) and R∗(∆, pe(p)) can
be computed in polynomial time, the values R(∆, a) and R∗(∆, a) can be
computed in polynomial time, provided that the prime factorization of a is
known.

Example 3.6.2. Let ∆ = 540 and a = 126. The prime factorization of a is

a = 2 · 32 · 7 .

The conductor of ∆ is 3. So Proposition 3.4.5 implies R(∆, 2) = R∗(∆, 2) = 1.
Proposition 3.5.3 implies R∗(540, 9) = 2. Finally, since

(
540
7

)
= 1, Proposi-

tion 3.4.5 implies R∗(540, 7) = 2. So R∗(540, 126) = 4.
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In general, the computation of the F(∆, a) and F∗(∆, a) takes exponential
time since in the worst case, those sets have exponential cardinality. However,
if the number of prime factors of a is fixed, then those sets can be computed
in probabilistic polynomial time.

Example 3.6.3. Let a = 32 · 53 and ∆ = 61. Then ∆ ≡ 1 (mod 3) and
∆ ≡ 1 (mod 5). Hence,

(
∆
3

)
=

(
∆
5

)
= 1. So R(∆, a) = R∗(∆, a) =

R∗(∆, 32)R∗(∆, 53) = 2 · 2 = 4.
We first construct the forms (32, b, c) of discriminant 61. We start from

the form (3, 1,−5). Using the method from the proof of Proposition 3.5.1, we
obtain the form (32, 13, 3). Hence there are two Γ-orbits of forms (32, b, c) of
discriminant 61, namely (32,±13, 3)Γ.

We construct the forms (53, b, c) of discriminant 61. Again, we start from
the form (5, 1,−6). From this form we obtain the form (52, 31, 18). From this
form we obtain the form (53, 81, 26). Hence there are two Γ-orbits of forms
(53, b, c) of discriminant 61, namely (53,±81, 26)Γ.

Now we apply the Chinese remainder theorem. We solve

b ≡ 13 (mod 32) , b ≡ 81 (mod 53) , b ≡ 1 (mod 2) .

We obtain the form (32 · 53, 1831, 745). Next, we solve

b ≡ −13 (mod 32) , b ≡ 81 (mod 53) , b ≡ 1 (mod 2) .

We obtain the form (32 · 53, 581, 75). Hence

F(61, 32 · 53) = {(32 · 53,±581, 75)Γ, (32 · 53,±1831, 745)Γ}.

3.7 Exercises

Exercise 3.7.1. Find an algorithm that computes F(∆, 0).

Exercise 3.7.2. Determine F(∆, 5) for all discriminants ∆ with |∆| ≤ 10.

Exercise 3.7.3. Show that all integral forms (a, b, c) whose discriminant is a
fundamental discriminant are primitive.

Exercise 3.7.4. Prove Proposition 3.3.4.

Exercise 3.7.5. Let p be a prime number with
(
∆
p

)
≥ 0. Prove that the form

(p, b(∆, p), c(∆, p)) is primitive if and only if p does not divide the conductor
of ∆.

Exercise 3.7.6. Determine all primitive representations of 3 by a form of
discriminant −3 by the same method that was used in Example 3.1.3. .

Exercise 3.7.7. Let p = 2437. Use the Euler criterion to compute R∗(5, p)
and R∗(28, p).



3.7 Exercises 55

Exercise 3.7.8. Find F∗(21, 125).

Exercise 3.7.9. Determine R∗(588, 49), R∗(392, 3), F∗(588, 49), and
F∗(392, 3).

Exercise 3.7.10. Write a program that computes R∗(∆, a) for any quadratic
discriminant ∆ and any integer a.

Exercise 3.7.11. Determine R∗(540, 132) and F∗(540, 132).

Exercise 3.7.12. Prove Theorem 3.4.13.

Exercise 3.7.13. Prove that
(
m
n

)
= 0 if and only if gcd(m,n) �= 1.

Exercise 3.7.14. Determine
(
133
257

)
and

(
128
228

)
.

Exercise 3.7.15. Let p be an odd prime, p ≡ 3 mod 8, and r a quadratic
residue modulo p.

1. Prove that r(p−1)/4 ≡ ±1 (mod p).
2. Let r(p−1)/4 ≡ 1 (mod p). Show that r(p+3)/8 mod p is a square root of r

modulo p.
3. Let r(p−1)/4 ≡ −1 (mod p). Show that 2−1(4r)(p+3)/8 mod p is a square

root of r modulo p where 2−1 denotes the inverse of 2 modulo p.

Exercise 3.7.16. Let G be a finite cyclic group of even order.

1. Show that the number of squares in G is |G|/2.
2. Show that γ ∈ G is a square in G if and only if γ|G|/2 = 1.

Exercise 3.7.17. Let G be a finite cyclic group of order 2t for some positive
integer t. Prove that any non square in G generates G.

Exercise 3.7.18. Let G be a group of odd order. Prove that any element of
G is a square in G. Explain, how a square root of an element of G can be
found.

Exercise 3.7.19. Use the algorithm of Tonelli to compute a square root of
13 modulo 17.

Exercise 3.7.20. Implement the algorithm of Tonelli. Use the implementa-
tion to compute a square root of 2 modulo 12329.

Exercise 3.7.21. Let p be prime, e an integer larger than 1, and ∆ a dis-
criminant for which pe | f(∆). Use the proof of Proposition 3.5.3 to develop
algorithms that enumerate all elements of F(∆, pe) and F∗(∆, pe).
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4

Forms, Bases, Points, and Lattices

In this chapter we explain the correspondence between binary quadratic forms
with real coefficients and points, R-bases, and lattices in the real plane. This
correspondence will enable us to use quadratic number fields and the geometry
of numbers in the theory of forms.

4.1 Two-dimensional commutative R-algebras

4.1.1 Definition

We introduce commutative R-algebras.

Definition 4.1.1. A commutative R-algebra is a commutative ring A with
unit element which is an R-vector space and which satisfies

(rα + sβ)γ = r(αγ) + s(βγ)

for all r, s ∈ R and α, β, γ ∈ A. The dimension of a commutative R-algebra is
its dimension as an R-vector space.

Example 4.1.2. The field C of complex numbers is a two-dimensional commu-
tative R-algebra.

If A is a commutative R-algebra with unit element 1, then the map

R → A , r �→ r · 1 (4.1)

is an injective field-homomorphism. That map is used to embed R into A. The
real number r is identified with the element r · 1 of A.
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We define isomorphisms between commutative R-algebras.

Definition 4.1.3. Let A and A′ be commutative R-algebras. A map ϕ : A →
A′ is called a homomorphism between A and A′, if

ϕ
(
r(αβ + γ)

)
= r

(
ϕ(α)ϕ(β) + ϕ(γ)

)

for all r ∈ R and all α, β, γ ∈ A and if ϕ maps the unit element of A to the unit
element of A′. An isomorphism between A and A′ is a bijective homomorphism
between A and A′. An automorphism of A is an isomorphism between A and
A.

Example 4.1.4. The map that sends a complex number to its complex conju-
gate is an automorphism of the commutative R-algebra C.

We determine all two-dimensional commutative R-algebras up to isomor-
phism.

Lemma 4.1.5. Let A be a two-dimensional commutative R-algebra. Then ex-
actly one of the following three statements holds.

1. There is an R-basis (1, i) of A with i2 = 1.
2. There is an R-basis (1, i) of A with i2 = 0.
3. There is an R-basis (1, i) of A with i2 = −1.

Proof. There is an R-basis (1, α) of A and we have α2 = x+yα with x, y ∈ R.
This implies

(
α− (y/2)

)2 = x + y2/4. Set

i =

{ α−y/2√
|x+y2/4|

if x + y2/4 �= 0,

α− y/2 otherwise.

Then (1, i) is still an R-basis of A and i2 ∈ {0,±1} as asserted.
Assume that there is an R-basis (1, α) of A with α2 = 1 and another R-

basis (1, β) of A with β2 = −1. Then we can write α = x + yβ with x, y ∈ R.
Hence,

1 = α2 = x2 − y2 + 2xyβ. (4.2)

It follows that xy = 0. Since α and 1 are linearly independent, this implies
x = 0. By (4.2) we have 1 = −y2, a contradiction. In a similar way, it can
be shown that A cannot have two R-bases (1, α) and (1, β) with α2 = 1 and
β2 = 0 or α2 = −1 and β2 = 0. �	

We will now explicitly construct commutative R-algebras that have bases
as in Lemma 4.1.5.

The commutative R-algebra C contains a square root of −1. We fix such
a square root and denote it by i(−1) =

√
−1. Instead of C we also write A−1.

We note that that (1,
√
−1) is an R-basis of C. So any complex number α can

in a unique way be written as α = x + y
√
−1 with x, y ∈ R. The coefficient x
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is called the real part of α. It is denoted by �(α) = �α. The coefficient y is
called the imaginary part of α. It is denoted by �(α) = �α. So we can write

α = �α + �α
√
−1 .

We describe a two-dimensional commutative R-algebra that has an R-basis(
1, i(1)

)
where i(1)2 = 1. For α = (α1, α2) and β = (β1, β2) ∈ R

2 we define
the component-wise product

αβ = α · β = (α1β1, α2β2) . (4.3)

With this multiplication, R
2 is a two-dimensional commutative R-algebra with

unit element (1, 1). We set

i(1) = (1,−1) . (4.4)

Then i(1)2 = 1. We denote that commutative R-algebra by A1.

Example 4.1.6. We determine all square roots of 1 in A1. If α = (α1, α2) ∈ A1

with α2 = 1 then α2
1 = 1 and α2

2 = 1. Hence, 1 = (1, 1), −1 = (−1,−1),
(1,−1), and (−1, 1) are the square roots of 1 in A1. Two of those square
roots, 1 and −1, are real numbers. The other two, (1,−1) and (−1, 1) are not.

The construction of the two-dimensional commutative R-algebra A0 that
contains an R-basis (1, i(0)) with

i(0)2 = 0

is left to the reader as Exercise 4.7.1.

Theorem 4.1.7. Up to isomorphism, A1, A0, and A−1 are the only two-
dimensional commutative R-algebras. They are pairwise non-isomorphic.

Proof. It follows from Lemma 4.1.5 that the commutative R-algebras A1, A−1,
and A0 are pairwise non-isomorphic.

We show that up to isomorphism there are no other two-dimensional com-
mutative R-algebras. Let A be a such an R-algebra. By Lemma 4.1.5 there is
an element i ∈ A such that i2 ∈ {0, 1,−1}. Then (1, i) is an R-basis of A. The
map

A→ Ai2 , x + iy �→ x + yi(i2), x, y ∈ R

is an isomorphism of commutative R-algebras. �	

4.1.2 Notation

We will see, that positive definite forms are oriented norm forms of A−1 and
that indefinite forms are oriented norm forms of A1. Since we are mainly
concerned with positive definite and indefinite forms, we will concentrate on
A1 and A−1. We let j ∈ {±1}, i = i(j), and A = Aj . Recall that by virtue of
(4.1) we have R ⊂ A.
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4.1.3 Geometry of multiplication

We give a geometric interpretation of the multiplications in C and in A1.
Clearly, multiplication by α = (α1, α2) ∈ A1 is a scaling by the factor α1

in one direction and by the factor α2 in the other direction.
Next we consider multiplication in C. Any α ∈ C can be written as

α = |α|(cos ϕ +
√
−1 sin ϕ) (4.5)

where |α| is the absolute value of α and ϕ is a real number that is uniquely de-
termined mod 2π. The smallest such non-negative ϕ is called the argument of
α and is denoted by arg(α) = arg α. The argument of α is the counterclockwise
angle between 1 and α. If β is another complex number then

αβ = |α||β|(cos(arg α + arg β) +
√
−1 sin(arg α + arg β)) . (4.6)

This means that multiplication by α is a counterclockwise rotation by the
angle arg α and a scaling by the factor |α|.

4.1.4 Units and zero divisors

A unit of A is an element α in A that has a multiplicative inverse, that is,
there is β ∈ A with αβ = 1. It is easy to verify that the set of units of A is
a commutative group. It is called the unit group of A and is denoted by A∗.
Since A−1 = C is a field, all non-zero elements of A−1 are units of A−1.

A zero divisor of A is a non-zero element α in A such that there is a non-
zero β ∈ A with αβ = 0. Since A−1 is a field, A−1 contains no zero divisors.
We determine the unit group and the set of zero divisors of A1.

Proposition 4.1.8.
1. The unit group of A1 is A∗

1 =
{
(α1, α2) ∈ A1 : α1α2 �= 0

}
.

2. The set of zero divisors of A1 is
{
(α1, α2) ∈ A1 : (α1, α2) �= 0 and α1α2 =

0
}
.

3. A non-zero element of A1 is either a unit or a zero divisor of A1.

Proof. Exercise 4.7.1.

4.1.5 Automorphisms

We determine the automorphisms of A.

Lemma 4.1.9. If α ∈ A \ R with α2 = j, then α = ±i.

Proof. Write α = x + iy, x, y ∈ R. Then

j = α2 = x2 + jy2 + 2xyi . (4.7)

Since (1, i) is an R-basis of A and since j ∈ R, (4.7) implies 2xy = 0. Hence,
we have x = 0 or y = 0. Now y = 0 is impossible since α �∈ R. Hence x = 0.
From (4.7) we obtain jy2 = j, which implies y = ±1. �	
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We define the conjugation map

σ : Aj −→ Aj : x + i(j)y �−→ x− i(j)y . (4.8)

For a geometric interpretation of σ, see Figures 4.1 and 4.2.

−α

σ(−α)

�

α

�

σ(α)

Fig. 4.1. Geometric interpretation of σ in C

Proposition 4.1.10. Except for the identity, the map σ : A → A, α �→ σ(α)
is the only automorphism of A.

Proof. It is easy to verify that σ is an automorphism of A. Let ϕ be another
automorphism of A. If x, y ∈ R, then ϕ(x + iy) = x + yϕ(i). Also, ϕ(i)2 =
ϕ(i2) = ϕ(j) = j. Hence, Lemma 4.1.9 implies ϕ(i) = ±i, as asserted. �	

For α ∈ C we have σ(α) = �α − i�α. So the map σ : C → C sends a
complex number to its complex conjugate. This map is the reflection with
respect to the real axis (see Figure 4.1).

For α ∈ A1, α = (α1, α2), we have σ(α) = (α2, α1) (see Exercise 4.7.3).
Hence, the map σ : A1 → A1 is the reflection with respect to the real line R

(see Figure 4.2).
We show that the real numbers are the only elements of A that are fixed

by σ.

Lemma 4.1.11. Let α ∈ A. Then α = σ(α) if and only if α ∈ R.
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σ(α)

α

σ(−α)

−α

α1

α2
R

Fig. 4.2. Geometric interpretation of σ in A1

Proof. Let x, y ∈ R. Then x + iy = σ(x + iy) = x − iy if and only if y = 0.
This, in turn, is true if and only if x + iy ∈ R. �	

4.1.6 Norm, trace, and characteristic polynomial

We define norm, trace, and characteristic polynomial of elements of A.

Definition 4.1.12. Let α ∈ A.

1. The norm of α is N(α) = ασ(α).
2. The trace of α is Tr(α) = α + σ(α).
3. The characteristic polynomial of α is cα(X) = X2 − Tr(α)X + N(α).

Example 4.1.13. Since σ(i) = −i, the norm of i is N(i) = −i2 = −j, the trace
of i is Tr(i) = i−i = 0, and the characteristic polynomial of i is ci(X) = X2−j.

Proposition 4.1.14. Norm and trace of α ∈ A are real numbers.

Proof. We have σ
(
N(α)

)
= σ

(
ασ(a)

)
= σ(α)α = N(α) and σ

(
Tr(α)

)
=

σ
(
α + σ(α)

)
= σ(α) + α = Tr(α). Hence, Lemma 4.1.11 implies the assertion.

�	
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The norm is multiplicative, that is, we have

N(αβ) = N(α)N(β) , α, β ∈ A . (4.9)

The trace is additive, that is, we have

Tr(α + β) = Tr(α) + Tr(β) , α, β ∈ A . (4.10)

The characteristic polynomial of α ∈ A can be written as

cα(X) = (X − α)
(
X − σ(α)

)
. (4.11)

This implies that α and σ(α) are zeros of the characteristic polynomial of α.
Also note that

N(x + iy) = x2 − i2y2 , Tr(x + iy) = 2x , x, y ∈ R . (4.12)

For r ∈ R we have

N(r) = r2 , Tr(r) = 2r , cr(X) = (X − r)2 . (4.13)

If α ∈ C, then we have N(α) = (�α)2 + (�α)2. In this case, the norm
of α is the square of the length of the vector α in the complex plane. Also,
Tr(α) = 2�α. This is twice the length of the projection of α parallel to
the real line. This geometric interpretation of the norm and the trace in the
complex plane is illustrated in Figure 4.3. Since C is a field, the characteristic
polynomial of α has exactly two zeros, namely α and σ(α).

�

|N(α)|
α

1
2 Tr(α) R

Fig. 4.3. Geometric interpretation of norm and trace in C
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Example 4.1.15. Let α = 1 +
√
−2. Then N(α) = 1 + 2 = 3, Tr(α) = 2,

cα(X) = (X − 1 +
√
−2)(X − 1−

√
−2) = X2 − 2X + 3.

If α ∈ A1, α = (α1, α2), then N(α) = α1α2. So the absolute value of
the norm of α is the area of a rectangle (see Figure 4.4). The trace of α is
Tr(α) = α1 + α2. Also, the characteristic polynomial of α can be written as

cα(X) = (X − α1)(X − α2) . (4.14)

α1

R

α

Tr(α)

α2

|N(α)|

σ(α)

Fig. 4.4. Geometric interpretation of norm and trace in A1

That characteristic polynomial has four zeros, namely α, σ(α), α1, and α2.
Two of those zeros are real numbers. The other two are not. This is illustrated
in Figure 4.5.

Example 4.1.16. Let α = (1 +
√

2, 1 −
√

2). Then N(α) = −1, Tr(α) = 2 and
cα(X) = (X − 1 +

√
2)(X − 1−

√
2) = X2 − 2X − 1.

We characterize the characteristic polynomial of α ∈ A \ R.

Proposition 4.1.17. Let α ∈ A \R. Then the characteristic polynomial of α
is the only monic polynomial with real coefficients of degree ≤ 2 such that α
is a zero of this polynomial.

Proof. It follows from (4.11) that cα(α) = 0. So α is a zero of cα(X) and we
have

α2 = Tr(α)α−N(α) . (4.15)

Assume that b, c ∈ R with α2 − bα + c = 0. Since (1, α) is an R-basis of A, it
follows from (4.15) that b = Tr(α) and c = N(α). �	
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�

�α1

α

(α1, α1)

α2

α1

α2

σ(α)

(α2, α2)

Fig. 4.5. The four zeros of cα in A1

4.1.7 Orientation

We introduce the orientation of an R-basis of A. We need the following lemma.

Lemma 4.1.18. If (α, γ) = (1, i)T with T ∈ R
(2,2), then σ(α)γ − ασ(γ) =

2idet T .

Proof. Let T =

(
s t

u v

)
. Then σ(α)γ−ασ(γ) = (s−iu)(t+iv)−(s+iu)(t−iv) =

2i(sv − tu) = 2idet T . �	

It follows from Lemma 4.1.18 that
(
σ(α)γ−ασ(γ)

)
/i is a real number that

is non-zero if and only if (α, γ) is an R-basis of A. This justifies the following
definition.

Definition 4.1.19. The orientation of an R-basis B = (α, γ) of A is the sign
of

(
σ(α)γ − ασ(γ)

)
/i. It is denoted by o(B). The orientation of θ ∈ A \ R is

o(θ) = o(1, θ).

Example 4.1.20. The orientation of (1, i) is 1. The orientation of (1,−i) is −1.
The orientation of (i, 1) is = −1.

Let B be an R-basis of A. By Exercise 4.7.8 we have

o(BT ) = sign(detT )o(B) , T ∈ GL(2, R) , (4.16)
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�

�

Fig. 4.6. Points of positive orientation in A1

and
o(εB) = sign

(
N(ε)

)
o(B) , ε ∈ A∗ . (4.17)

We also have

o(x + iy) = sign(y) , x ∈ R, y ∈ R \ {0} . (4.18)

By (4.18), a complex number has positive orientation if and only if it lies in
the upper half plane

U =
{

θ ∈ C : �θ > 0
}

. (4.19)

It follows from (4.17) and the observations in Section 4.1.3 that the ori-
entation of an R-basis of C is invariant under rotation and scaling with some
real number. Therefore, the bases of C with positive orientation are exactly
the bases (α, γ) such that the counterclockwise angle from α to γ is between
0 and π.

Also, if θ = (θ1, θ2) ∈ A1, then

o(θ) = sign(θ1 − θ2) . (4.20)

This means that the points of positive orientation in A1 are below the real
line

{
(r, r) : r ∈ R

}
(see Figure 4.6).

Since the orientation of an R-basis of A1 is invariant under rotation and
scaling, it follows that the bases of A1 with positive orientation are exactly
the bases (α, γ) such that the clockwise angle from α to γ is between 0 and π.

4.1.8 Discriminant

Definition 4.1.21. The discriminant of a pair (α, γ) ∈ A2 is ∆(α, γ) =(
σ(α)γ − σ(γ)α

)2. The discriminant of θ ∈ A is ∆(θ) = ∆(1, θ).
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|∆(α, γ)|

�

γ

α

�

Fig. 4.7. Geometric interpretation of ∆(α, γ)

Example 4.1.22. We have ∆(i) = ∆(1, i) = Tr(i)2 − 4N(i) = 4j. We also have
∆(1 +

√
−2, 1−

√
−2) = −32.

From Lemma 4.1.18 we obtain the following formula for the discriminant.

∆((1, i)T ) = 4j(det T )2 , T ∈ R
(2,2). (4.21)

It follows that the absolute value of the discriminant of an R-basis B of A is
four times the square of the area of the parallelotope spanned by B.

Let B be an R-basis of A. Then it follows from (4.21) that

∆(BT ) = (det T )2∆(B) , T ∈ GL(2, R) , (4.22)

and
∆(εB) =

(
N(ε)

)2∆(B) , ε ∈ A∗ (4.23)

(see Exercise 4.7.8). We also have

∆(x + iy) = 4jy2 , x, y ∈ R . (4.24)

As shown in Exercise 4.7.12 equations (4.24), (4.12), and (4.18) yield

θ =
Tr(θ) + o(θ)i

√
|∆(θ)|

2
, θ ∈ A . (4.25)

4.2 Irrational forms, bases, points and lattices

We have seen in Example 1.1.1 that finding the representations of an integer n
by a reducible integral form f can be reduced to finding the representations of
the factors of n by the linear factors of f . Representations of integers by linear
forms can be found using the Euclidean algorithm. This is considered elemen-
tary. Here, we restrict our attention to integral forms that are irreducible in
Z[X,Y ]. More generally, we consider irrational forms that are defined now.
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Definition 4.2.1. A form f with real coefficients is called irrational, if
f(x, y) �= 0 for all (x, y) ∈ Z

2, (x, y) �= (0, 0).

Note that an integral form is irrational if it is irreducible in Z[X,Y ]. Also,
any positive definite form is irrational.

Example 4.2.2. The form X2 + Y 2 is irrational. The form F (X,Y ) = X2 +
(1− π)XY − πY 2 = (X − πY )(X + Y ) is not irrational since f(1,−1) = 0.

We also define irrational bases, points, and lattices. We will see that irra-
tional forms correspond to those objects.

Definition 4.2.3.
1. A two-dimensional lattice L in A is called irrational, if L contains no zero

divisors.
2. An R-basis B = (α, γ) of A is called irrational, if the lattice L(B) =
{xα + yγ : x, y ∈ Z} is irrational.

3. A point θ ∈ A \ R is called irrational, if the basis (1, θ) is irrational.

Since C contains no zero divisors, any R-basis, point, or two-dimensional
lattice in C is irrational. We determine the irrational lattices, bases and points
in A1 more explicitly.

Proposition 4.2.4.
1. A point θ = (θ1, θ2) ∈ A1 \R is irrational if and only if both coordinates θ1

and θ2 are irrational numbers.
2. An R-basis B = (α, γ) of A1 is irrational if and only if α is a unit in A1

and γ/α is an irrational point in A1 \ R.
3. A two-dimensional lattice L in A1 is irrational if and only if any two dif-

ferent points in L differ in both coordinates.

Proof. 1. If θ is not irrational, then the lattice Z + θZ contains a zero divisor.
By Proposition 4.1.8 there are integers x and y, y �= 0, such that exactly one
of the coordinates of the point x + yθ is zero. This implies that a coordinate
of θ is a rational number.

Conversely, if one of the coordinates of θ is x/y with integers x, y, y �= 0,
then x− yθ is a zero divisor in the lattice L(θ). Hence, θ is not irrational.

2. Let B be irrational. Since α ∈ L(B), it follows that α is not a zero
divisor of A1. Proposition 4.1.8 implies that α is a unit in A1. Also, the lattice
(1/α)L(B) is irrational. This means that γ/α is irrational.

Conversely, assume that α is a unit of A1 and that γ/α is irrational. Then
L(B) = αL(γ/α) is irrational which means that B is irrational.

3. Suppose that L is not irrational. Then L contains a zero divisor θ. By
Proposition 4.1.8 that zero divisor is of the form (r, 0) or (0, r) with a non-zero
real number r. Hence, that lattice contains the two points (0, 0) and θ that
differ in exactly one coordinate.

Suppose that L contains two points θ and θ′ that differ in exactly one
coordinate. Then L also contains the point θ − θ′ which is a zero divisor by
Proposition 4.1.8. So L is not irrational. �	
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4.3 Bases, points, and forms

4.3.1 Oriented norm forms

Let B = (α, γ) be an R-basis of A. Then

N(xα + yγ) = N(α)x2 + Tr
(
ασ(γ)

)
xy + N(γ)y2 , x, y ∈ R . (4.26)

This motivates the following definition.

Definition 4.3.1. Let B = (α, γ) be an R-basis of A. The oriented norm form
of B is

fB(X,Y ) = o(B)
(
N(α)X2 + Tr

(
ασ(γ)

)
XY + N(γ)Y 2

)
.

The oriented norm form of a point θ ∈ A \ R is

fθ = f(1,θ) .

Example 4.3.2. If B = (1, i), then fB(X,Y ) = X2 − i2Y 2 = X2 − jY 2. If
j = 1, then fB(X,Y ) = X2 − Y 2. If j = −1, then fB(X,Y ) = X2 + Y 2.

Example 4.3.3. Let θ = (1 +
√
−3)/2. Then o(θ) = sign(�θ) = 1, Tr(θ) =

θ + σ(θ) = 1, N(θ) = θσ(θ) = 1, hence fθ = (1, 1, 1).
Let θ =

(
(1 +

√
5)/2, (1 −

√
5)/2

)
∈ A1. Then o(θ) = sign(θ1 − θ2) = 1,

Tr(θ) = 1, N(θ) = −1, hence fθ = (1, 1,−1).

Let B be an R-basis of A. It is shown in Exercise 4.7.10 that for any R-basis
of A we have

∆(fB) = ∆(B) . (4.27)

Also, for a point θ ∈ A \ R we have

∆(fθ) = ∆(θ) . (4.28)

4.3.2 Main results

We present the main results that will be proved in this section.
The set

A∗(1) =
{

ε ∈ A : |N(ε)| = 1
}

.

is a subgroup of the unit group A∗ of A. It acts on the set of irrational R-bases
of A. The A∗(1)-orbit of an R-basis B of A is

A∗(1)B =
{

εB : ε ∈ A∗(1)
}

If B is an R-basis of C, then C
∗(1)B is the set of all bases which are obtained

from B by a rotation. If B is an R-basis of A1, then A∗
1(1)B is the set of all

bases which are obtained from B by a scaling with a factor whose norm has
absolute value 1.

The first result shows that irrational forms can be identified with A∗(1)-
orbits of irrational R-bases of A.
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Theorem 4.3.4.
1. The map

{
C

∗(1)B : B R-basis of C, o(B) > 0
}
→

{
f : f positive definite form

}
,

C
∗(1)B �→ fB

is a bijection.
2. The map

{
A∗

1(1)B : B irrational R-basis of A1

}
→

{
f : f irrational indefinite form

}
,

A∗
1(1)B �→ fB

is a bijection.
3. The maps from 1. and 2. commute with the action of GL(2, Z). More pre-

cisely, for any irrational R-basis B of A and any U ∈ GL(2, Z) we have
fBU = fBU .

The second result shows that irrational points in A \ R can be identified
with R>0-orbits of forms.

Theorem 4.3.5.
1. Let U be the upper half plane defined in (4.19). The map

U →
{
R>0f : f positive definite

}

θ �→ R>0fθ

is a bijection.
2. The map

{θ ∈ A1 \ R : θ irrational} →
{
R>0f : f irrational and indefinite

}

θ �→ R>0fθ

is a bijection.
3. The maps of 1. and 2. commute with the action of GL(2, Z), that is for

any irrational point θ in A \ R and any U ∈ GL(2, Z) we have R>0fθU =
R>0fθU .

4.3.3 Properties of oriented norm forms

We present important properties of oriented norm forms.

Proposition 4.3.6.
1. If B is an R-basis of C with positive orientation, then the form fB is positive

definite.
2. If θ is a point in the upper half plane, then the form fθ is positive definite.
3. If B is an R-basis of A1, then the form fB is indefinite.
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4. If θ is a point in A1 \ R, then the form fθ is indefinite.

Proof. This proposition follows from (4.27) and Proposition 1.2.10. �	
We show that irrational bases and points correspond to irrational forms.

Proposition 4.3.7.
1. Let B be an R-basis of A. Then B is irrational if and only if fB is irrational.
2. Let θ ∈ A \ R. Then θ is irrational if and only if fθ is irrational.

Proof. All R-bases of C and all points in C\R are irrational, since C does not
contain zero divisors. Also, all positive definite and negative definite forms
are irrational. This proves the assertion for A = C since by Proposition 4.3.6
the oriented norm forms of the R-bases of C are positive definite or negative
definite.

Let B be an R-basis of A. Then B = (α, γ) is irrational if and only if the
lattice L(B) does not contain zero divisors. The only zero divisors of A1 are
the non-zero points in A1 of norm zero. Therefore, B is irrational if and only if
the oriented norm form fB(x, y) is non-zero for all (x, y) ∈ Z

2, (x, y) �= (0, 0).
This means that fB is irrational. The analogous argument can be used to show
that for θ ∈ A1 \ R the form fθ is irrational if and only if θ is irrational. �	
Proposition 4.3.8. Let B be an R-basis of A. If ε ∈ A∗, then fεB = |N(ε)|fB.

Proof. Let B = (α, γ). Using (4.17) we obtain

fεB = o(εB)N(Xεα + Y εγ) = sign
(
N(ε)

)
N(ε)o(B)N(Xα + Y γ) = |N(ε)|fB .

�	
Proposition 4.3.9.
1. If θ and θ′ are irrational points of A\R, then fθ = fθ′ if and only if θ = θ′.
2. If B and B′ are irrational R-bases of A, then fB = fB′ if and only if

B′ = εB with ε ∈ A such that |N(ε)| = 1.

Proof. 1. If fθ = fθ′ , then trace, norm and orientation of θ and θ′ are the
same. Hence, θ = θ′ by (4.25).

2. Let B = (α, γ) and B′ = (α′, γ′). Comparing the coefficients of the
forms fB and fB′ we obtain

|N(α′)| = |N(α)|. (4.29)

Since B and B′ are irrational, the points α and α′ are units in A. Set

θ = γ/α , θ′ = γ′/α′ .

Then Proposition 4.3.8 implies

|N(α)|fθ = fB = fB′ = |N(α′)|fθ′ . (4.30)

It follows from (4.29) and (4.30) that fθ = fθ′ . Hence by 1. we have θ = θ′.
For ε = α′/α we have |N(ε)| = 1 and B′ = εB. �	
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4.3.4 Action of GL(2, Z)

We define an action of GL(2, R) on the set of irrational points in A \ R.

Definition 4.3.10. If θ ∈ A \ R is irrational and U =

(
s t

u v

)
∈ GL(2, R),

then we set

θU =
t + vθ

s + uθ
.

Example 4.3.11. Let θ ∈ C. For T =

(
0 −1
1 0

)
, we obtain θT = −1/θ. For

U = Ss =

(
1 s

0 1

)
, s ∈ Z, we obtain θU = θ + s.

Definition 4.3.12. Two irrational points in A \ R are called equivalent if
there is U ∈ GL(2, Z) with θ′ = θU . They are called properly equivalent if
there is U ∈ SL(2, Z) with θ′ = θU .

Proposition 4.3.13.
1. If B is an irrational R-basis of A and U ∈ GL(2, Z), then fBU = fBU .

2. If θ is an irrational point in A \ R and U =

(
s t

u v

)
∈ GL(2, Z), then

fθU =
(
1/|N(s + uθ|)

)
fθ.

Proof. 1. The matrix of the form fB can be written as

M(fB) =
o(B)

2

(
α σ(α)
γ σ(γ)

)(
σ(α) σ(γ)

α γ

)
. (4.31)

Since σ is a homomorphism, this implies

M(fBU ) =
o(BU)

2
UT

(
α σ(α)
γ σ(γ)

)(
σ(α) σ(γ)

α γ

)
U . (4.32)

By (4.16), we have o(BU) = sign(detU)o(B). Hence (4.31) and (4.32) imply

M(fBU ) = (det U)UT M(fB)U.

But by (2.5), this is the matrix of M(fBU). So we have proved that fBU =
fBU .

2. Using Proposition 4.3.8 and 1. we obtain fθU = f(
1/(s+uθ)

)
(1,θ)U

=

1/|N(s + uθ)|fθU . �	
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4.3.5 Bases and points associated to forms

We also define bases that are associated to irrational forms.

Definition 4.3.14. Let f = (a, b, c) be an irrational form, ∆ = ∆(f), j =
sign ∆, and i = i(j). Then a �= 0 and we set

B(f) =
(
a,

b + i
√
|∆|

2
)

and

θ(f) =
b + i

√
|∆|

2a
.

For an irrational form f = (a, b, c) we have

∆(B(f)) = a2∆(f) , ∆(θ(f)) = (1/a2)∆(f). (4.33)

Example 4.3.15. For f = (1, 1, 1) we have θ(f) = (1 +
√
−3)/2. For f =

(1, 1,−1) we have θ(f) =
(
(1 +

√
5)/2, (1−

√
5)/2

)
.

The following characterization of θ(f) is easy to verify.

Lemma 4.3.16. Let f = (a, b, c) be a form with a �= 0. Then the point θ(f)
is the zero of the polynomial f(X,−1) in A \ R whose orientation is the sign
of a.

Proof. Exercise 4.7.13. �	

Example 4.3.17. Let f = 2X2 + 3XY + 4Y 2 and U =

(
1 s

0 1

)
, s ∈ Z. Then

∆(f) = −23 and θ(f) = (3 +
√
−23)/4. Now, θ(f)U = θ(f) + s = (3 +

4s +
√
−23)/4, fU = 2X2 + (3 + 4s)XY + (2s2 + 3s + 4)Y 2, and θ(fU) =

(3 + 4s +
√
−23)/4 = θ(f)U .

Proposition 4.3.18. Let f = (a, b, c) be an irrational form, let B = (α, γ) be
an irrational R-basis of A and let θ ∈ A \ R be irrational. Then we have

1. θ(fθ) = θ,
2. θ(fB) = γ/α,
3. fθ(f) = (1/|a|)f ,

4. B(fB) = (N(α))2

α B,
5. fB(f) = |a|f .

Proof. 1. We have fθ = o(θ)
(
1,Tr(θ),N(θ)

)
and ∆(fθ) = ∆(θ). Hence, the

definition of θ(f) and (4.25) imply the assertion.
2. By Proposition 4.3.8 and 1. we have θ(fB) = θ

(
fα(1,γ/α)

)
=

θ(|N(α)|fγ/α) = γ/α.
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3. This assertion follows from the fact that o
(
θ(f)

)
= sign(a), Tr

(
θ(f)

)
=

b/a, and N
(
θ(f)

)
= c/a.

4. Let B = (1, θ). Then 1. implies B(fB) =
(
1, θ(fθ)

)
= (1, θ) = B. Let

B = (α, γ), θ = γ/α. We obtain from Proposition 4.3.8 B(fB) = B(fα(1,θ)) =
B(|N(α)|fθ) = (N(α))2B(fθ) =

(
(N(α))2/α

)
B.

5. We have fB(f) = fa(1,θ(f)) = a2fθ(f) = a2/|a|f = |a|f . �	
Proposition 4.3.19. Let f be an irrational form.

1. If f is positive definite, then B(f) is an R-basis of C with positive orienta-
tion and θ(f) is a point in U .

2. If f is indefinite, then B(f) is an irrational R-basis of A1 and θ(f) is an
irrational point in A1.

Proof. If a form f is irrational, then both B(f) and θ(f) are irrational.
If f is positive definite, then ∆(f) < 0 and a > 0 by Proposition 1.2.10.

By (4.33) this implies ∆(B(f)) < 0 and ∆(θ(f)) < 0. By (4.21), this shows
that B(f) is an R-basis of C and that θ(f) is a point in U . The orientation of
B(f) and θ(f) is sign(a) > 0.

If f is indefinite, then ∆(f) > 0 by Proposition 1.2.10. By (4.33) this
implies ∆(B(f)) > 0 and ∆(θ(f)) > 0. By (4.21), this shows that B(f) is an
R-basis of A1 and that θ(f) is a point in A1. �	
Proposition 4.3.20. If f = (a, b, c) and f ′ = (a′, b′, c′) are irrational forms,
then

1. B(f) = B(f ′) if and only if f = f ′ and
2. θ(f) = θ(f ′) if and only if |a′|f = |a|f ′.

Proof. 1. If f = f ′, then B(f) = B(f ′). If B(f) = B(f ′), f = (a, b, c), and
f ′ = (a′, b′, c′), then a = a′ and Proposition 4.3.18 implies |a|f = fB(f) =
fB(f ′) = |a|f ′, hence f = f ′.

2. If |a′|f = |a|f , then θ(f) = θ(f ′). If θ(f) = θ(f ′), then Proposi-
tion 4.3.18 implies (1/|a|)f = fθ(f) = fθ(f ′) = (1/|a′|)f ′. �	
Proposition 4.3.21. Let f = (a, b, c) be an irrational form and

U =

(
s t

u v

)
∈ GL(2, Z). Then we have

1. θ(fU) = θ(f)U and
2. B(fU) = det U

(
s + uσ(θ(f))

)
B(f)U .

Proof. 1. Using Propositions 4.3.13 and 4.3.18 we obtain θ(fU) = θ
(
fθ(f)U

)
=

θ
(
fθ(f)U

)
= θ(f)U .

2. From 1. we deduce

B(fU) = aN
(
s + uθ(f)

)
det U

(
1, θ(fU)

)

= aN
(
s + uθ(f)

)
det U

(
1, θ(f)U

)

= det U
(
s + uσ(θ(f))

)
B(f)U . �	
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4.3.6 Proof of the main results

The maps from Theorems 4.3.4 and 4.3.5 are well defined by Proposition 4.3.6.
They are injective by Proposition 4.3.9 and surjective by Proposition 4.3.9.
The maps commute with the action of GL(2, Z) by Proposition 4.3.13.

4.4 Lattices and forms

In this section we explain how to translate between the laguages of forms and
lattices.

4.4.1 Lattices that correspond to forms

We begin by defining how to associate lattices to bases, points and forms.

Definition 4.4.1.
1. With an R-basis B = (α, γ) of A we associate the lattice

L(B) = Zα + Zγ.

2. With a point in A \ R we associate the lattice

L(θ) = L(1, θ) = Z + Zθ.

3. With a form f we associate the lattice L(f) = L(B(f)).

Example 4.4.2. If f = (1, 0, 1), then L(f) = Z + Z
√
−1. This is the lattice of

Gaussian integers. If f = (1, 1, 1), then L(f) = Z+Z(1+
√
−3)/2. This is the

hexagonal lattice. Those lattices are illustrated in Figure 4.8 and Figure 4.9.

In Exercise 4.7.14 it is shown that the discriminant of a Z-basis of a two-
dimensional lattice L in A is an invariant of L. This justifies the following
definition.

Definition 4.4.3. The discriminant of a two dimensional lattice L in A is
the discriminant of any Z-basis of L. It is denoted by ∆(L).

4.4.2 Main result

Here is our main result.

Theorem 4.4.4.
1. The map

{fΓ : f positive definite form} �→ {L : L irrational lattice in C, L ∩ R �= ∅}
fΓ �→ L(f)

is a bijection.
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�

i

1 �

Fig. 4.8. The Gaussian integers

2. The map
{fΓ : f = (a, b, c) irr. indefinite , a > 0}

�→ {L : L irr. lattice in A1, L ∩ R �= ∅}
fΓ �→ L(f)

is a bijection.

We will also define equivalence of lattices and we will show that the equiv-
alence of forms implies the equivalence of lattices.

4.4.3 Properties of lattices associated to forms

We prove a few elementary properties of the lattice associated to a form and
show how the action of GL(2, Z) on the set of forms is translated to lattices.

Proposition 4.4.5. Let f = (a, b, c) be an irrational form and U =

(
s t

u v

)
∈

GL(2, Z). Then we have

1. L(f) = aL
(
θ(f)

)
,

2. ∆
(
L(f)

)
= a2∆(f),

3. |a| = min L(f) ∩ R>0,
4. L(fU) =

(
s + uσ(θ(f))

)
L(f).

Proof. 1. This is an easy computation.
2. By (4.27) and Proposition 4.3.18 we have ∆

(
L(f)

)
= ∆

(
B(f)

)
=

∆(fB(f)) = ∆(|a|f) = a2∆(f).
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�

1 �

Fig. 4.9. The hexagonal lattice

3. If r is a positive real number in L(f), then we can write r = xa+yaθ(f)
with x, y ∈ Z. Since θ(f) �∈ R, we have y = 0. Hence, the minimal positive r
is obtained for x = sign(a). This r is r = |a|.

4. From Proposition 4.3.21 we obtain L(fU) = L(B(fU)) = L
(
(s +

uσ
(
θ(f)

)
B(f)U

)
. Since

B(f)U

is another basis of L(f), this implies the assertion. �	

Example 4.4.6. Let f = (1, 0, 1) and f ′ = (2, 2, 1). Since (2, 2, 1) = (1, 0, 1)U

with U =

(
1 0
1 1

)
we have L(f’) = (1−

√
−1)L(f).

Proposition 4.4.7. Let f = (a, b, c) and f ′ = (a′, b′, c′) be irrational forms
with aa′ > 0. Then L(f) = L(f ′) if and only if the Γ-orbits of f and f ′ are
equal.

Proof. Let L(f) = L(f ′). Since aa′ > 0, it follows from Proposition 4.4.5 3.
that a = a′. Now B(f) = a

(
1, θ(f)

)
. Hence, θ(f ′) = θ(f)+m for some integer

m. It follows that θ(f ′) = θ(f)U with some U ∈ Γ. Proposition 4.3.21 1.
implies θ(f ′) = θ(fU). From Proposition 4.3.18 2. we obtain fU = |a|fθ(fU) =
|a′|fθ(f ′) = f ′.

Conversely, assume that f ′ = fU with U ∈ G. Then U ∈ Γ and Propo-
sition 4.3.21 2. imply L(f ′) = L

(
B(f ′)

)
= L

(
B(fU)

)
= L

(
B(f)U

)
=

L
(
B(f)

)
= L(f). �	

.
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4.4.4 Equivalence of lattices

We define equivalence of lattices.

Definition 4.4.8.
1. Two lattices L and L′ in A are called equivalent if there is α ∈ A∗ with

L′ = αL.
2. Two lattices L and L′ in A are called properly equivalent if there is α ∈ A∗

with N(α) > 0 and L′ = αL.

We show that this definition is compatible with the equivalence definition
for forms.

Proposition 4.4.9. Let f = (a, b, c) and f ′ = (a′, b′, c′) be forms. Then the
following statements are true:

1. If the forms f and f ′ are equivalent, then the lattices L(f) and L(f ′) are
equivalent.

2. If aa′ > 0 and the forms f and f ′ are properly equivalent, then the lattices
L(f) and L(f ′) are properly equivalent.

3. If the lattices L(f) and L(f ′) are equivalent, then the points θ(f) and θ(f ′)
are equivalent.

4. If aa′ > 0 and the lattices L(f) and L(f ′) are properly equivalent, then the
points θ(f) and θ(f ′) are properly equivalent.

Proof. 1. Assume that f ′ = fU with U =

(
s t

u v

)
∈ GL(2, Z). Then Proposi-

tion 4.4.5 4. implies
L(f ′) =

(
s + uθ(f)

)
L(f). (4.34)

Hence L(f) and L(f ′) are equivalent.
2. Assume that in the proof of 1. we have U ∈ SL(2, Z). Then B(f) and

B(f)U have the same orientation. Also, since aa′ > 0 the bases B(f) and
B(f ′) = B(fU) have the same orientation. It follows that

o
(
B(fU)

)
= o

(
B(f)U

)
. (4.35)

From Proposition 4.3.21 2. and (4.17) we obtain o
(
B(fU)

)
= sign

(
N
(
s +

σ(θ(f))
))

o
(
B(fU)

)
. So (4.35) implies that N

(
s + uθ(f)

)
> 0. Hence, L(f)

and L(f ′) are properly equivalent by (4.34).
3. Since θ(f) = θ((1/a)f), we may assume that a = a′ = 1, L(f) =

L(θ(f)), and L(f ′) = L(θ(f ′)). Assume that L(f) and L(f ′) are equivalent.
Then there is a unit ε in A such that L(f ′) = εL(f). It follows that ε(1, θ(f)) is
a Z-basis of L(f ′). Hence, there is U ∈ GL(2, Z) with ε(1, θ(f)) = (1, θ(f ′))U .
This implies θ(f) = θ(f ′)U . Hence, θ(f) and θ(f ′) are equivalent.
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4. Assume that aa′ > 0 and that in the proof of 3. we have N(ε) > 0.
Then from (4.17) we obtain o(ε(1, θ(f))) = sign(N(ε))o(θ(f)) = sign(a). But
since ε(1, θ(f)) = (1, θ(f ′))U , it follows from (4.16) that sign(a′) = sign(a) =
o((1, θ(f ′))U) = sign(detU)o(1, θ(f ′)) = sign(det U) sign(a′). So detU = 1
which means that θ(f) and θ(f ′) are properly equivalent. �	

4.4.5 Forms associated to lattices

We also associate forms with lattices in A.

Lemma 4.4.10. Let L be an irrational lattice that contains non-zero real
numbers. Let a = min(L∩R>0). Then there is an irrational form f = (a, b, c),
unique up to Γ-equivalence, satisfying L = L(f).

Proof. There exists a θ ∈ A such that (a, aθ) is a positively oriented basis
of L, cf. Exercise A.6.1. Set f = afθ. Then f = (a, b, c) with b = aTr(θ)
and c = aN(θ). Since the lattice L is irrational, so are the basis (a, aθ)
(by Definition 4.2.3), the point θ (by Proposition 4.2.4), and the form fθ

(by Proposition 4.3.7). Hence Proposition 4.3.18 implies L(f) = L(B(f)) =
L
((

a, aθ(fθ)
))

= L(a, aθ) = L.
Uniqueness follows from Proposition 4.4.7. �	

Definition 4.4.11. Let L be an irrational lattice that contains non-zero real
numbers. Then the form from Lemma 4.4.10 is denoted by fL.

By definition we have
L(fL) = L (4.36)

for any irrational lattice L.

4.4.6 Proof of the main result

We prove Theorem 4.4.4. The maps are well defined by Proposition 4.3.19. The
maps are injective by Proposition 4.4.7. The maps are surjective by (4.36).

4.5 Quadratic irrationalities and forms

In this section we characterize the points in A\R that correspond to irreducible
integral forms. Those points are the quadratic irrationalities.

Definition 4.5.1. A quadratic irrationality is an element of A which is a zero
of an irreducible quadratic polynomial in Q[X].

Note that quadratic irrationalities in A \ R are irrational.
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Example 4.5.2. The complex number
√
−3 is a quadratic irrationality. It is a

zero of the polynomial X2 + 3. Also,
√

3 is a quadratic irrationality. It is a
zero of X2 − 3. Another quadratic irrationality is (

√
3,−

√
3) which belongs

to A1 \ R and is also a zero of the polynomial X2 − 3.

Lemma 4.5.3. For any quadratic irrationality θ there is exactly one primitive
quadratic polynomial p ∈ Z[X] with p(θ) = 0 and positive leading coefficient.
This polynomial is irreducible in Q[X].

Proof. The existence of a polynomial with the asserted properties follows
from the definition of a quadratic irrationality. We prove the uniqueness. Let
p(X) = aX2 + bX + c and p′(X) = a′X2 + b′X + c′ be two such polyno-
mials. Then q = p/a − p′/a′ is a linear polynomial in Q[X] with q(θ) = 0.
Since θ is irrational, we must have q = 0. This implies that a′p = ap′. But
a = cont(ap′) = cont(a′p) = a′ since p and p′ are primitive. Hence p = p′, as
asserted. �	

We characterize the quadratic irrationalities in A \ R.

Proposition 4.5.4. Let θ ∈ A \ R. Then θ is a quadratic irrationality if
and only if the characteristic polynomial of θ has rational coefficients and no
rational zero.

Proof. If cθ ∈ Q[X] and cθ has no rational zero, then cθ is irreducible in
Q[X]. Also, we have cθ(θ) = 0 by (4.11). Hence, by definition, θ is a quadratic
irrationality.

Conversely, assume that θ is a quadratic irrationality. Then by definition,
θ is a zero of a monic polynomial in Q[X] without rational zeros. By Propo-
sition 4.1.17, this is the characteristic polynomial of θ. �	

It follows from Proposition 4.5.4 that norm and trace of quadratic irra-
tionalities in A \ R are rational numbers. In the next two examples we show
that Proposition 4.5.4 can be used to decide whether α ∈ A \R is a quadratic
irrationality.

Example 4.5.5. Let θ = (
√

3+
√

12,−
√

3−
√

12) ∈ A1. We have Tr(θ) = 0 and
N(θ) = −27. So cθ(X) = X2 − 27. We know from (4.14) that the real zeros
of that polynomial are

√
3 +

√
12 and −

√
3−

√
12. They are both irrational.

Hence, θ is a quadratic irrationality.

Example 4.5.6. Let θ = (
√

3 + 1,−
√

3 − 1) ∈ A1. We have Tr(θ) = 0 and
N(θ) = −4− 2

√
3. Hence, θ is not a quadratic irrationality.

We show that we can identify the quadratic irrationalities in A1 \ R with
the quadratic irrationalities in R.

Corollary 4.5.7. The map that sends a quadratic irrationality (θ1, θ2) in A1\
R to its first component is a bijection between the quadratic irrationalities in
A1 \ R and the quadratic irrationalities in R.
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Proof. Clearly, the map is well defined. We show that the map is surjective.
So let r be a quadratic irrationality in R. By Lemma 4.5.3, there is an integral
primitive irreducible polynomial p(X) = aX2 − bX + c such that p(r) = 0.
Set ∆ = b2 − 4ac. Then r = (b +

√
∆)/(2a) or r = (b −

√
∆)/(2a). Set

θ =
(
(b +

√
∆)/(2a), (b −

√
∆)/(2a)

)
. Then r is the image of θ or of σ(θ).

Finally, we prove the injectivity. Suppose that θ = (θ1, θ2) and θ′ = (θ′1, θ
′
2)

are two quadratic irrationalities in A1\R which have the same first component.
By Lemma 4.5.3, there are two primitive integral quadratic polynomials p and
p′ with p(θ) = p′(θ′) = 0. Since θ1 = θ′1 we also have p(θ1) = p′(θ1) = 0. Hence
Lemma 4.5.3 implies p = p′ and therefore, θ2 = θ′2 because θ2 is the second
real zero of p and θ′2 is the second real zero of p′. �	

We prove that quadratic irrationalities in A \ R and primitive integral
irreducible forms can be identified.

Theorem 4.5.8.
1. The map that sends an integral primitive positive definite form f to the point

θ(f) is a bijection between all those forms and the quadratic irrationalities
in the upper half plane.

2. The map that sends an integral irreducible primitive indefinite form f =
(a, b, c) to the point θ(f) is a bijection between all those forms and the
quadratic irrationalities in A1.

3. Let f and f ′ be integral primitive irreducible forms and let U ∈ GL(2, Z).
Then f ′ = fU if and only if θ(f ′) = θ(f)U .

Proof. 1. and 2. Let f = (a, b, c) be an integral irreducible form. Then a �= 0.
So θ(f) is a quadratic irrationality. Theorem 4.3.5 implies that the two maps
are well defined and injective.

We prove the surjectivity of the maps. Let θ be a quadratic irrationality
in A \ R. Let p(X) be the polynomial from Lemma 4.5.3 with p(θ) = 0. Set
f(X,Y ) = o(θ)Y 2p(−X/Y ). Then f(θ,−1) = 0 and Lemma 4.3.16 implies
θ(f) = θ.

3. We prove the third assertion. If f ′ = fU then θ(f ′) = θ(f)U by The-
orem 4.3.5. Conversely, assume that θ(f ′) = θ(f)U . Then θ(f ′) = θ(fU) by
Theorem 4.3.5. This theorem also implies that there is a positive real number
r with f ′ = rfU . But both f ′ and fU are integral primitive forms. So we have
r = 1. �	

By Theorem 4.5.8, any quadratic irrationality θ ∈ A \R has a unique rep-
resentation θ = θ(a, b, c) with some integral primitive form (a, b, c). We call
this the standard representation of θ . To determine the standard representa-
tion of θ, we compute the orientation o, the trace t, and the norm n of θ. We
also compute the least common denominator d of t and n. Then the standard
representation of θ is θ = θ(od, td, nd).

Example 4.5.9. Consider the complex number θ =
√
−3 +

√
−12. We show

that θ is a quadratic irrationality and determine its standard representation.
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The orientation of θ is 1, the trace of θ is 0 and the norm of θ is 27. It follows
that the standard representation of θ is θ = θ(1, 0, 27).

4.6 Quadratic lattices and forms

We now consider the lattices that are obtained from integral irreducible forms.
We will explain the correspondence between such forms and lattices.

Definition 4.6.1. If f is an integral irreducible form, then the lattice L(f) is
called a quadratic lattice.

The next proposition explains the correspondence between integral prim-
itive forms and lattices.

Proposition 4.6.2. Let f = (a, b, c) and f = (a′, b′, c′) be integral primitive
irreducible forms. Then the following are true:

1. If aa′ > 0, then the lattices L(f) = L(f ′) are equal if and only if f and f ′

belong to the same Γ-orbit.
2. If aa′ > 0, then the lattices L(f) and L(f ′) are equivalent if and only if the

forms f and f ′ are equivalent.
3. The lattices L(f) and L(f ′) are properly equivalent if and only if the forms

f and f ′ are properly equivalent.

Proof. 1. This is a consequence of Theorem 4.4.4.
2. If f and f ′ are equivalent, then L(f) and L(f ′) are equivalent by Propo-

sition 4.4.9. If L(f) and L(f ′) are equivalent, then again by Proposition 4.4.9
the points θ(f) and θ(f ′) are equivalent. Hence, f and f ′ are equivalent by
Theorem 4.5.8.

3. The proof of the third assertion is left to the reader as Exercise 4.7.15.
�	

As we see from Proposition 4.6.2 quadratic lattices and Γ-orbits of prim-
itive integral forms (a, b, c) with a > 0 can be identified. We also have the
following result.

Corollary 4.6.3.
1. The map that sends the proper equivalence class of an integral primitive pos-

itive definite form f = (a, b, c) to the proper equivalence class of the lattice
L(f) is a bijection between the proper equivalence classes of integral positive
definite forms and the proper equivalence classes of quadratic lattices in C.

2. The map that sends the equivalence class of an integral primitive irreducible
indefinite form f = (a, b, c) to the equivalence class of the lattice L(f) is
a bijection between the equivalence classes of integral primitive irreducible
forms and the equivalence classes of quadratic lattices in A1.

3. The map that sends the proper equivalence class of an integral primitive
irreducible indefinite form f = (a, b, c) with a > 0 to the equivalence class
of the lattice L(f) is a bijection between the proper equivalence classes of
such forms and the equivalence classes of quadratic lattices in A1. �	
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4.7 Exercises

For all exercises we fix j ∈ {−1, 1} and we set i = i(j) and A = Aj .

Exercise 4.7.1. Prove Proposition 4.1.8.

Exercise 4.7.2.
1. Construct A0. For this purpose, define a product on R

2 such that R
2 be-

comes a two-dimensional commutative R-algebra that contains an R-basis
(1, i(0)) with i(0)2 = 0.

2. Determine the group of units and the zero divisors of A0.

Exercise 4.7.3. Let α = (α1, α2) ∈ A1. Show that σ(α) = (α2, α1).

Exercise 4.7.4. Determine all complex numbers α with �α2 = �α and
�α2 = �α.

Exercise 4.7.5. Prove that A1 contains no square root of −1.

Exercise 4.7.6. Let ϕ be an automorphism of A.

1. Prove that ϕ(−α) = −ϕ(α) for all α ∈ A.
2. Let α ∈ A∗. Prove that ϕ(α) ∈ A∗ and that ϕ(α−1) = ϕ(α)−1.

Exercise 4.7.7. Which of the following points in C is a quadratic irrational-
ity:

√
−8 +

√
−2,

√
−4 +

√
−2 ?

Exercise 4.7.8.

1. Prove that o(εB) = sign(N(ε))o(B) and ∆(εB) =
(
N(ε)

)2∆(B) for any
R-basis B of A and any unit ε of A.

2. Prove that o(BT ) = sign(det T )o(B) and ∆(BT ) = (det T )2∆(B) for any
R-basis B of A and any T ∈ GL(2, R).

Exercise 4.7.9. Determine the forms fB for the bases B = (
√
−4, 1 +

√
−1)

and B =
(
1, 2 + (

√
5,−

√
5)
)
.

Exercise 4.7.10. Prove that ∆(fB) = ∆(B) for any R-basis B of A.

Exercise 4.7.11. Determine the orientation of the R-basis
(
(1, 0), (0, 1)

)
of

A1.

Exercise 4.7.12. Prove the formula (4.25).

Exercise 4.7.13. Prove Lemma 4.3.16.

Exercise 4.7.14. Let L be a two-dimensional lattice in A. Prove that the
discriminant of an R-basis of L is an invariant of L.

Exercise 4.7.15. Let f = (a, b, c) and f = (a′, b′, c′) be integral primitive
irreducible forms with aa′ > 0. Prove that the lattices L(f) and L(f ′) are
properly equivalent if and only if the forms f and f ′ are properly equivalent.
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Exercise 4.7.16. Prove that σ
(
L(a, b, c)

)
= L(a,−b, c) for any integral irre-

ducible form (a, b, c).

Exercise 4.7.17. Prove that the non-real elements of a quadratic lattice L
are quadratic irrationalities and that the real numbers in L are integers.
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Reduction of Positive Definite Forms

In this chapter we solve the problems of deciding equivalence and finding the
minimum of forms of negative discriminant. First we show, that it suffices to
solve those problems for positive definite forms. Then we solve the problems
for positive definite forms using reduction theory. We define reduced forms
and we show that every proper equivalence class of positive definite forms
contains exactly one reduced form. We prove that the coefficient of X2 in
that reduced form is the minimum of any form in the proper equivalence
class. We present an efficient algorithm for computing the reduced form that
is properly equivalent to a given form. That algorithm can be used to find
the minimum of the form as the coefficient of X2 in the reduced form. Also,
proper equivalence of two positive definite forms can be efficiently decided by
reducing those forms and then comparing the result. In the whole chapter we
assume that ∆ is a negative real number and that f = (a, b, c) is a form with
real coefficients and discriminant ∆. Except for the first section, we assume
that f is positive definite.

5.1 Negative definite forms

By Proposition 2.3.5, an equivalence class of forms of discriminant ∆ is the
disjoint union of two proper equivalence classes of forms, one containing the
positive definite forms in the class and one containing the negative definite
forms in the class. The map that sends a form f to the form fV with

V =

(
1 0
0 −1

)

is a bijection between those proper equivalence classes. Hence, if f and g
are forms of discriminant ∆ and if f is positive definite and g is negative
definite, then we can decide the equivalence of f and g by deciding the proper
equivalence of f and gV . Also, if we find that fU = gV with U ∈ SL(2, Z),
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then f = gV U−1. Likewise, the problem of deciding the equivalence of two
negative definite forms can be reduced to deciding the equivalence of two
positive definite forms. Also, the minimum of a negative definite form f is the
minimum of the positive definite form fV . Therefore, in this chapter we only
consider positive definite forms and we deal with proper equivalence only.

5.2 Normal forms

In Section 2.4 we have seen that

Γ =

{(
1 s

0 1

)
: s ∈ Z

}

is a cyclic subgroup of SL(2, Z) that is generated by

S =

(
1 1
0 1

)
.

The group Γ acts on the set of positive definite forms. We first determine an
element in the Γ-orbit of f for which the absolute value of the coefficient of
XY is minimal. For s ∈ Z we have

fSs =
(
a, b + 2sa, f(s, 1)

)
. (5.1)

Hence, the coefficient of X2 of any form in the Γ-orbit of f is a and the
coefficient of XY of such a form is uniquely determined modulo 2a. To explain
the proper choice of s we introduce some notation.

Definition 5.2.1. Let r be a real number. Then �r� is the uniquely determined
integer with

0 ≤ r − �r� < 1 . (5.2)

Also, [r] is the uniquely determined integer with

−1/2 ≤ r − [r] < 1/2 . (5.3)

If we choose

s =
⌊

a− b

2a

⌋
=

[
−b

2a

]
, (5.4)

then we have
−a < b + 2sa ≤ a . (5.5)

This choice of s minimizes the absolute value of b. Also, since by (1.12) and
(5.1) the coefficient of Y 2 in fSs is

f(s, 1) =
(2sa + b)2 + |∆|

4a
, (5.6)

this choice of s also minimizes this coefficient.
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Definition 5.2.2. The form f is called normal if −a < b ≤ a.

As we have seen above, the Γ-orbit of f contains precisely one normal form
that can be obtained as fSs with s from (5.4). The normal form in the Γ-orbit
of f is called the normalization of f . Normalizing f means replacing f by its
normalization.

Example 5.2.3. Let

f(X,Y ) = (195751, 1212121, 1876411) .

Then the discriminant of f is ∆ = −3 and the normalization of f is

f(X − 3Y, Y ) = (195751, 37615, 1807) .

5.3 Reduced forms and the reduction algorithm

We now explain an efficient reduction procedure that yields a uniquely de-
termined reduced form in the proper equivalence class of f . In this reduction
algorithm, the coefficient a is made as small as possible.

We define reduced forms.

Definition 5.3.1. The positive definite form (a, b, c) is called reduced if it
is normal, a ≤ c, and if b ≥ 0 for a = c.

In the next example we show that for any integer ∆ with ∆ ≡ 0, 1 (mod 4)
there is an integral reduced form of discriminant ∆.

Example 5.3.2. Let ∆ be a negative integer, ∆ ≡ 0, 1 (mod 4) and let b =
∆ mod 2. Then f =

(
1, b, (b2 − ∆)/4

)
is a reduced form of discriminant ∆,

and it is the only reduced form (1, b, c) of discriminant ∆. This is shown in
Exercise 5.15.2. For example, (1, 1, 1) is a reduced form of discriminant −3,
(1, 0, 1) is a reduced form of discriminant −4, and (1, 1, 2) is a reduced form
of discriminant −7.

Definition 5.3.3. The form f from Example 5.3.2 is called the principal form
of discriminant ∆. Its equivalence class is called the principal class of discrim-
inant ∆.

In the reduction algorithm we use the reduction operator. It is defined
now.

Definition 5.3.4. By ρ(f) = ρ(a, b, c) we denote the normalization of
(c,−b, a). We call ρ the reduction operator for positive definite forms.
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Using (5.4) it is easy to check that

ρ(f) = (c,−b + 2sc, cs2 − bs + a) (5.7)

with

s = s(f) =
⌊

c + b

2c

⌋
=

[
b

2c

]
(5.8)

Also, if we set

U(f) =

(
0 −1
1 s(f)

)
(5.9)

then
ρ(f) = fU(f) . (5.10)

Hence, the forms f and ρ(f) are properly equivalent.

Example 5.3.5. Let f = (195751, 37615, 1807). Then s(f) = 10 and ρ(f) =
(1807,−37615+20·1807, 1807·100−37615·10+195751) = (1807,−1475, 301).

The reduction algorithm is very simple. First, the form f is normalized.
Then the algorithm proceeds iteratively. If f is reduced, then the algorithm
returns f . Otherwise, f is replaced by ρ(f). This is called a reduction step.

Example 5.3.6. Let f = (195751, 37615, 1807). This form is normal. Apply-
ing the reduction operator, we find ρ(f) = (1807,−1475, 301), ρ2(f) =
(301, 271, 61), ρ3(f) = (61,−27, 3), ρ4(f) = (3, 3, 1), and ρ5(f) = 1, 1, 1).
The form (1, 1, 1) is reduced.

To prove that the reduction algorithm terminates we need the following
lemma.

Lemma 5.3.7. Let r be a positive real number and let x, y be real numbers.
If f(x, y) ≤ r then x2 ≤ 4cr/|∆| and y2 ≤ 4ar/|∆|.
Proof. Since the discriminant ∆ of f is negative, the first inequality follows
from (1.14) and the second one from (1.12). �	
Theorem 5.3.8. Given a positive definite form f , the reduction algorithm for
positive definite forms terminates and returns a reduced form that is properly
equivalent to f .

Proof. If the reduction algorithm terminates, then it returns a reduced form.
Also, since normalization and each reduction step are transformations with
matrices from SL(2, Z), that reduced form is properly equivalent to f .

Assume that f = (a, b, c) is an input on which the reduction algorithm
does not terminate. Denote by fi = (ai, bi, ci) the form f computed in the
algorithm after the ith reduction step. Then (ai)i≥0 is a strictly decreasing
sequence of values of f . This is impossible since by Lemma 5.3.7 there are only
finitely many real numbers which are less than a and which can be represented
by f . �	
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Corollary 5.3.9. Every proper equivalence class of positive definite forms
contains a reduced form.

We explain how a transformation matrix T ∈ SL(2, Z) can be computed
such that fT is reduced. We let T0 ∈ SL(2, Z) such that fT0 is normal.
Then we apply the reduction algorithm to f0 = fT0, f0 = (a0, b0, c0). Let k
be the number of reduction steps performed by the reduction algorithm. By
fi = (ai, bi, ci) we denote the form obtained after the ith reduction step and
we let si = s(fi). In the ith reduction step we also compute the matrix

Ti = Ti−1U(fi−1) , 1 ≤ i ≤ k.

Then
fi = fTi , 0 ≤ i ≤ k.

Hence, with T = Tk, the form fT is reduced. We show that the entries of Ti

satisfy a rather simple recursion. If we write

Ti =

(
pi pi+1

qi qi+1

)
, 0 ≤ i ≤ k , (5.11)

then

pi+2 = sipi+1 − pi , qi+2 = siqi+1 − qi , 0 ≤ i ≤ k − 1 . (5.12)

Example 5.3.10. Let
f = (195751, 37615, 1807) .

This form is normal. We apply the above algorithm to f and T0 = I2.
We obtain the following table in which the form f6 is reduced.

i 0 1 2 3 4 5 6

ai 195751 1807 301 61 3 1
bi 37615 −1475 271 −27 3 1
ci 1807 301 61 3 1 1
pi 1 0 −1 2 5 −22 −49
qi 0 1 10 −21 −52 229 510
si 10 −2 2 −4 2

We conclude this section by describing the algorithms formally. Algorithm
reduce on page 90 reduces a form and determines the corresponding transfor-
mation. It uses the Algorithms normalize and rho that implement normal-
ization and the reduction operator.
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Algorithm 5.1 rho (f , T )

Input: A positive definite form f = (a, b, c), T =

(
t1,1 t1,2

t2,1 t2,2

)
∈ Z

(2,2).

Output:
(
ρ(f), TU(f)

)
.

s ← s(f)

return

(
(c,−b + 2sc, cs2 − bs + a),

(
t1,2 t1,1 + st1,2

t2,2 t2,1 + st2,2

))

Algorithm 5.2 normalize (f , T )
Input: A positive definite form f = (a, b, c).
Output: The normalization g of f and U ∈ Γ such that g = fU .

s ← �(a − b)/(2a)�

return

(
(a, b + 2sa, as2 + bs + c),

(
1 s

0 1

))

Algorithm 5.3 reduce (f)
Input: A positive definite form f .
Output: A reduced form g and T ∈ GL(2, Z) with fT = g.

(g, T ) ← normalize(f)
while g is not reduced do

(g, T ) ← rho(g, T )
return (g, T )

5.4 Properties of reduced forms

We prove bounds for the coefficients of reduced forms.

Lemma 5.4.1. If (a, b, c) is reduced, then a ≤
√
|∆|/3.

Proof. Assume that (a, b, c) is reduced. Then |∆| = 4ac− b2 ≥ 4a2−a2 = 3a2

which implies that a ≤
√
|∆|/3. �	

Corollary 5.4.2.
1. There are only finitely many integral reduced forms of discriminant ∆.
2. There are only finitely many equivalence classes of integral forms of dis-

criminant ∆.

Proof. By Definition 5.3.1 and Lemma 5.4.1 we have |b| ≤ a ≤
√
|∆|/3 for

any positive definite reduced form (a, b, c). Also, in such a form c is uniquely
determined by a, b, and ∆. This implies the first assertion. The second asser-
tion follows from Corollary 5.3.9 and the first one. �	
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Using Lemma 5.4.1, we are able to determine all integral reduced forms of
a given negative discriminant. In Section 5.11 we will present an algorithm for
doing so. In Table 5.1 we list all reduced forms for a few small discriminants.

∆ reduced forms

−3 (1, 1, 1)

−4 (1, 0, 1)

−7 (1, 1, 2)

−8 (1, 0, 2)

−11 (1, 1, 3)

−15 (1, 1, 4), (2, 1, 2)

−19 (1, 1, 5)

−20 (1, 0, 5), (2, 2, 3)

−23 (1, 1, 6), (2,−1, 3), (2, 1, 3)

−24 (1, 0, 6), (2, 0, 3)

−28 (1, 0, 7), (2, 2, 4)

−31 (1, 1, 8), (2,−1, 4), (2, 1, 4)

Table 5.1. Reduced positive definite forms of small discriminant

5.5 The number of reduction steps

In this section we prove upper bounds on the number of reduction steps per-
formed by the reduction algorithm. We start by giving a sufficient condition
for a normal form to be reduced.

Lemma 5.5.1. If f is normal and a <
√
|∆|/2, then f is reduced.

Proof. Let f be normal and a <
√
|∆|/2. Since ∆ < 0 we have

c =
b2 + |∆|

4a
≥ |∆|

4a
>

a2

a
= a .

Thus f is reduced. �	
We prove that the reduction steps make the coefficient of X2 considerably

smaller as long as a ≥
√
|∆|

Lemma 5.5.2. If f is normal and a ≥
√
|∆|, then c ≤ a/2.

Proof. Let f be normal. Then we have b2 ≤ a2. Hence, it follows from a ≥√
|∆| that

c =
b2 + |∆|

4a
≤ a2 + a2

4a
=

a

2
.

�	
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We show that at most one application of ρ suffices to make f reduced if
a <

√
|∆|.

Lemma 5.5.3. Let f be normal but not reduced. If a <
√
|∆|, then ρ(f) is

reduced.

Proof. Assume that a <
√
|∆|. Since f is normal but not reduced we have

either a > c or (a = c and b < 0). In the latter case, ρ(f) is obviously
reduced. So assume that a > c. If c <

√
|∆|/2, then ρ(f) is reduced by

Lemma 5.5.1. Assume that c ≥
√
|∆|/2, that is, 4c2 ≥ |∆|. Since |b| ≤ a <

√
∆

it follows that b2/(4c2) < 1. Hence |s(f)| ≤ 1 by (5.8). If s(f) = 0 then
ρ(f) = (c,−b, a) which is reduced since c < a. Assume that |s(f)| = 1. Then
sign(s(f)) = sign(b) by (5.8). Now ρ(f) =

(
c,−b + 2s(f)c, a − |b| + c

)
. If

a > |b|, then a − |b| + c > c. Hence ρ(f) is reduced. If a = b, then s(f) = 1
since a is positive. So we have ρ(f) = (c,−a + 2c, c). But c ≥

√
|D|/2 > a/2,

so −a + 2c > 0. This shows that ρ(f) is reduced. �	

Theorem 5.5.4. The number of reduction steps performed by Algorithm
reduce when applied to a positive definite form f = (a, b, c) is at most⌊
log2(a/

√
|∆|)

⌋
+ 2.

Proof. In each reduction step, the form (a, b, c) is replaced by the normaliza-
tion of (c,−b, a). If a ≥

√
|∆| and if the resulting form is (a′, b′, c′), then,

by Lemma 5.5.2, we have a′ = c ≤ a/2. This shows that after at most
log2(a/

√
|∆|)+1 reduction steps the reduction algorithm finds a form (a, b, c)

with a <
√
|∆|. It follows from Lemma 5.5.3 that at most one more reduction

step is necessary to determine a reduced form. �	

In Example 5.3.10 five reduction steps were necessary to find the reduced
form equivalent to the initial form. The theoretical result, yields an upper
bound of 13 steps. This shows that the bound in Theorem 5.5.4 is not sharp.

5.6 Bit complexity of the reduction algorithm

We now analyze the bit complexity of the reduction algorithm when applied
to reduce an integral form. We first estimate the size of the numbers which
are used in Algorithm reduce.

Lemma 5.6.1. If Algorithm reduce is applied to a positive definite normal
form f = (a, b, c), then the entries of the transformation matrix T in Algo-
rithm reduce are bounded by 2max{a, c}/

√
|∆|.

Proof. Let K = max{a, c}. Let T =

(
s t

u v

)
and g = (A,B,C) be a matrix

and a form computed in Algorithm reduce (f). Then A ≤ K, C ≤ K, and
we have g = fT . It follows from (1.12) that
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4aA = 4af(s, u) = (2as + bu)2 + |∆|u2.

This implies
u2 ≤ 4aA/|∆| ≤ 4K2/|∆|.

Since 4aC = 4af(t, v), the same argument yields the inequality

v2 ≤ 4K2/|∆|.

Using (1.14) the same bound is proved for s2 and t2. �	

From Theorem 5.5.4 and Lemma 5.6.1 we immediately obtain the following
result.

Proposition 5.6.2. Given an integral form (a, b, c), Algorithm reduce per-
forms O

(
log(a/

√
|∆|)

)
arithmetic operations on numbers of binary length

O(size f).

From Proposition 5.6.2 we can deduce that the number of bit operations
required by Algorithm reduce is at most O((size f)3). But we can do even
better. We now show that the bit complexity of the reduction algorithm is
O((size f)2).

Lemma 5.6.3. If r is a real number with |r| > 1/2 then r2 ≥
(
|[r]| − 1/2

)2.

Proof. We have −1/2 ≤ r − [r] ≤ 1/2. This shows that

[r]− 1/2 ≤ r ≤ [r] + 1/2 . (5.13)

If r > 1/2 then [r] ≥ 1. So (5.13) implies |r| = r ≥ [r] − 1/2 > 0. Therefore,
r2 ≥

(
|[r]| − 1/2

)2. If r < −1/2 then [r] ≤ −1. So (5.13) implies |r| = −r ≥
−[r]− 1/2 = |[r]| − 1/2 > 0. Therefore, r2 ≥

(
|[r]| − 1/2

)2. �	

Lemma 5.6.4. If f is normal but not reduced, then a ≥ |s(f)|c.

Proof. Set s = s(f). If |s| ≤ 1, then the assertion holds since f is normal but
not reduced. Let |s| > 1. Using the formula (5.8) and Lemma 5.6.3 we obtain

a =
b2 + |∆|

4c
>

b2

4c
= c

(
|b|
2c

)2

≥ c

(
|s| − 1

2

)2

> c|s|
(
|s| − 1

)
≥ c|s| .

�	

Lemma 5.6.5. If f is normal and |s(f)| ≤ 1, then one of the forms f , ρ(f)
or ρ2(f) is reduced.

Proof. Set s = s(f). Assume that |s| ≤ 1 and that neither f nor ρ(f) are
reduced. Then a > c. Let ρ(f) = (A,B,C). Then C = cs2 − bs + a. Since
|s| ≤ 1 and f is normal, we have C ≥ c = A. Since ρ(f) is not reduced we
have C = A and B < 0. Hence, ρ2(f) is reduced. �	
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Lemma 5.6.5 tells us that in Algorithm reduce, possibly except for the
last two reduction steps, we always have |s(g)| ≥ 2.

Theorem 5.6.6. The running time of Algorithm reduce when applied to a
positive definite form f is O((size f)2).

Proof. By Lemma 5.6.1 the size of all integers appearing in reduce is O(size f).
The first normalization step requires time O((size f)2). Let k be the num-
ber of reduction steps performed by reduce. Let gi = (ai, bi, ci) be the
form that is input to the i-th reduction step. The determination of si =
s(gi) =

⌊
(bi +ci)/2ci

⌋
takes time O

(
size(ci) size(si)

)
= O

(
size(f) size(si)

)
. All

other computations in the i-th reduction step take time O
(
size(f) size(si)

)
.

Lemma 5.6.5 implies si ≥ 2 for 1 ≤ i ≤ k− 2. Hence, size(si) = O(log |si|) for
1 ≤ i ≤ k − 2 which implies that the time for the first k − 2 reduction steps
is O

(
size(f) log

∏k−2
i=1 |si|

)
. By Lemma 5.6.4 we have

a1 ≥ a2s1 ≥ · · · ≥ ak−1

k−2∏
i=1

|si| ≥
k−2∏
i=1

|si| .

Hence, the time required by the first k − 2 reduction steps is

O
(
size(f) log

k−2∏
i=1

|si|
)

= O
(
size(f) log(a1)

)
= O((size f)2)

which concludes the proof. �	

Theorem 5.6.6 shows that when using classical algorithms for integer arith-
metic, the time for reducing positive definite forms is quadratic, just like the
time for the classical integer arithmetic algorithms.

5.7 Uniqueness of reduced forms

In this section we prove that every equivalence class of positive definite forms
contains exactly one reduced form. Our proof uses successive minima of forms
which we introduce now.

Definition 5.7.1.
1. The first successive minimum of f is λ1(f), the minimum of f (cf. Defini-

tion 1.9).
2. The second successive minimum of f is the square root of the smallest posi-

tive real number such that there are two linearly independent representations
of real numbers ≤ r by f . It is denoted by λ2(f).
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Example 5.7.2. The first successive minimum of f(X,Y ) = X2 +Y 2 is 1 since
1 is the smallest positive real number that can be represented by f . The second
successive minimum of f(X,Y ) = X2 + Y 2 is also 1 since (1, 0) and (0, 1) are
two linearly independent representations of 1 by f .

The first successive minimum of f(X,Y ) = X2 + 2Y 2 is 1 since 1 is the
smallest positive real number that can be represented by f . The second suc-
cessive minimum of f(X,Y ) = X2 + 2Y 2 is

√
2. The reason for this is the

following: (±1, 0) are the only representations of 1 by f . They are linearly de-
pendent. Also, (0, 1) is a representation of 2 by f which is linearly independent
of (1, 0).

Proposition 5.7.3. The first and second successive minimum of f are in-
variants of the proper equivalence class of f .

Proof. Exercise 5.15.5 �	

Lemma 5.7.4. Let f = (a, b, c) be a reduced positive definite form, (x, y) ∈
Z

2.

1. If y �= 0, then f(x, y) ≥ c and if |y| ≥ 2 then f(x, y) > c.
2. If x �= 0, then f(x, y) ≥ a.
3. If a < c and f(x, y) = a, then |x| = 1 and y = 0.
4. If a > |b|, f(x, y) = c, and y �= 0, then x = 0 and |y| = 1.

Proof. 1. Let y �= 0. Since f(x, y) = f(−x,−y) we may assume that y ≥ 0. If
x = 0, then f(x, y) = f(0, y) = cy2 ≥ c. If |x| ≥ 1 and y = 1, then

f(x, y) = x(ax + b) + c . (5.14)

Now f is reduced and therefore a ≥ |b|. Hence x(ax + b) = |x||ax + b| > 0.
Therefore, (5.14) implies f(x, y) ≥ c. If |y| ≥ 2, then f(x, y) ≥ 4|∆|/(4a) by
(1.12). Since f is reduced and therefore ∆ ≥ 3a2 ≥ 3b2 by Lemma 5.4.1 this
implies that f(x, y) > (b2 + |∆|)/(4a) = c.

2. Let x �= 0. If y = 0, then f(x, y) = ax2 ≥ a. If y �= 0, then f(x, y) ≥ c,
as we have proved in 1.

3. Let a < c. We have already seen in 1. that f(x, y) ≥ c > a for y �= 0.
Hence, f(x, y) = a implies y = 0 and |x| = 1.

4. Let a > |b|. We have already seen in the proof of 1. that f(x, y) > c for
|y| ≥ 2. Let |y| = 1 and x �= 0. Then a > |b| implies f(x, y) ≥ |x|

(
a|x| − |b|

)
+

c > c. Hence f(x, y) = c and y �= 0 implies x = 0 and |y| = 1. �	

Definition 5.7.5. The form f = (a, b, c) is called semi-reduced if it is normal
and a ≤ c.

If the form f is semi-reduced, then by Lemma 5.5.3 one of the forms f or
ρ(f) is reduced.
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Theorem 5.7.6. Let f = (a, b, c) be a normal positive definite form. Then
the following statements are equivalent.

1. f is semi-reduced.
2. λ1(f)2 = a.
3. λ1(f)2 = a and λ2(f)2 = c.

Proof. The third assertion implies the second assertion. It therefore suffices
to show that the second assertion implies the first assertion and that the first
assertion implies the third assertion.

Assume that λ1(f)2 = a. Then c = f(0, 1) ≤ a. Hence, f is semi-reduced.
Suppose that f is semi-reduced. Then a ≤ c. It follows from the first two

assertions of Lemma 5.7.4 that f(x, y) ≥ a for (x, y) �= (0, 0). Since f(1, 0) = a,
this implies that λ1(f)2 = a. Also, the first assertion of Lemma 5.7.4 implies
that λ2(f)2 ≥ c. Since f(1, 0) ≤ c and f(0, 1) = c, it follows that λ2(f)2 = c.

�	

Theorem 5.7.6 shows that reduction theory of positive definite forms solves
the problem of computing the successive minima of positive definite forms.

We will now prove the central result of this section.

Theorem 5.7.7. Every equivalence class of positive definite forms contains
precisely one reduced form.

Proof. Suppose that f = (a, b, c) and f ′ = (a′, b′, c′) are properly equivalent
positive definite reduced forms. Then it follows from Proposition 5.7.3 and
Theorem 5.7.6 that a = a′ and c = c′ and therefore b = ±b′. If a = c or a = b,
then b, b′ ≥ 0 which implies that b = b′. Suppose that a < c and a > |b|. Let

U =

(
s t

u v

)
∈ SL(2, Z)

with fU = f ′. Then f(s, u) = a by (2.3). Hence a < c and the third assertion
of Lemma 5.7.4 imply that |s| = 1 and u = 0. Since detU = 1 this means that
sv = 1, so v = s. Then the fourth assertion of Lemma 5.7.4 and f(t, v) = c
show that t = 0. So U = ±I2 and f = f ′. �	

5.8 Deciding equivalence

If we want to decide whether two positive definite forms f and f ′ are equiva-
lent, we can use algorithm isEquivalent shown on the facing page.

Theorem 5.8.1. Algorithm isEquivalent requires time O
(
max{size f,

size f ′}2
)
.

Proof. This theorem follows from Theorem 5.6.6. �	
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Algorithm 5.4 isEquivalent (f , f ′)
Input: Two positive definite forms f , f ′

Output: T ∈ SL(2, Z) with f ′ = fT if f and f ′ are equivalent; nil if f and f ′ are
not equivalent.

if ∆(f) �= ∆(f ′) then return nil

(g, U) ← reduce(f)
(g′, U ′) ← reduce(f ′)
if g = g′ then return T = U(U ′)−1

else return nil

5.9 Solving the representation problem

Let f be an integral primitive positive definite form. The primitive represen-
tations of n by f , that is, the primitive solutions (x, y) of the Diophantine
equation

ax2 + bxy + cy2 = n (5.15)

can be computed as follows.

1. Initially, the solution set S is empty.
2. Compute Aut(f) as described in Section 2.5.3.
3. Compute the prime factorization n =

∏
p|n pe(p).

4. By the method described in Section 3.6 determine F∗(∆, n).
5. From each Γ-orbit in F∗(∆, n) do the following

a) Choose a representative g.
b) Apply isEquivalent (f , g).
c) If isEquivalent (f ,g) yields a matrix U ∈ SL(2, Z), then extract the

first column (x, y) from U and set S ← S ∪ (x, y)Aut(f).

Example 5.9.1. We determine all representations of 1125 by the form f =
(5, 9, 1). We have ∆(f) = 61. The factorization of 1125 is

1125 = 32 · 53.

We know from Example 3.6.3 that

F∗(61, 1125) = {(1125,±581, 75)Γ, (1125,±1831, 745)Γ}.

Also, we know from Theorem 2.5.10 that Aut(f) = {±I2}. The reduction of
f yields (3, 5,−3) and we have

(3, 5,−3) = f

(
−2 1
1 −1

)
. (5.16)

The reduction of (1125, 1831, 745) yields (1, 7,−3). The reduction of
(1125,−1831, 745) yields (3, 5,−3) and we have
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(1125,−1831, 745) = (3, 5,−3)

(
16 −13
21 −17

)
. (5.17)

It follows from (5.16) and (5.17) that

(1125,−1831, 745) = f

(
−2 1
1 −1

)
·
(

16 −13
21 −17

)
= f

(
−11 9
−5 4

)
.

Hence, the representations of 1125 by (5, 9, 1) are ±(11, 5).

5.10 Solving the minimum problem

We can now also solve the minimum problem. If we want to determine the
minimum of a form f , then we apply the reduction algorithm to f . If the
resulting reduced form is (a, b, c), then by Theorem 5.7.6 the first successive
minimum of f is

√
a and the second successive minimum of f is

√
c. This

implies that the minimum of f is a. This algorithm also works for non-integral
forms.

Example 5.10.1. Let f = (195751, 37615, 1807). As we have seen in Exam-
ple 5.3.6, reducing this form yields (1, 1, 1). This shows that the first and the
second successive minimum of f is 1.

5.11 Class number

We already know from Corollary 5.4.2 that the number of equivalence classes
of integral positive definite forms of a fixed discriminant is finite. By Theo-
rem 5.7.7, this number is exactly the number of reduced forms of discriminant
∆. For example, there is just one equivalence class of integral positive definite
forms of discriminant −3. Hence all positive definite forms of that discrimi-
nant are equivalent. In this section, we describe simple methods for finding
the number of those equivalence classes. We will only count classes of prim-
itive forms since most questions about imprimitive forms can be reduced to
questions about primitive forms. We let ∆ be a negative integer, ∆ ≡ 0, 1
(mod 4).

Definition 5.11.1. The class number h(∆) is the number of proper equiva-
lence classes of primitive integral forms of discriminant ∆.

By Theorem 5.7.7 the class number of ∆ can be determined by counting
the number of reduced forms of discriminant ∆. We explain how this can be
done.

We first determine the reduced forms (a, b, c) for which b ≥ 0. Since b ≡ ∆
(mod 2), this implies b ≥ ∆ (mod 2). Also, since f is reduced, we must have
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Algorithm 5.5 classNumber (∆)
Input: A negative discriminant ∆.
Output: The class number h(∆).

h ← 0
for (b ← ∆ mod 2, b ≤

√
|∆|/3, b ← b + 2) do

A ← (b2 − ∆)/4
for (a ← max{1, b}, a ≤

√
A, a ← a + 1) do

if A ≡ 0 (mod a) then
c ← A/a
if gcd(a, b, c) = 1 then

if b = 0 or a = b or a = c then h ← h + 1
else h ← h + 2

return h

b ≤ a ≤
√
|∆|/3 by Lemma 5.4.1. Fix b with ∆ (mod 2) ≤ b ≤

√
|∆|/3.

Suppose that a and c are integers such that (a, b, c) is a primitive reduced
form of discriminant ∆. Then c = (b2 −∆)/(4a) which implies that a divides
the integer A = (b2 − ∆)/4. Also, a ≤ c = A/a. This shows that a2 ≤ A.
Finally, gcd(a, b, A/a) = 1. Conversely, if we find an integer a with a | A,
max{1, b} ≤ a, a2 ≤ A, and gcd(a, b, A/a) = 1, then f = (a, b, c) is a reduced
form of discriminant ∆.

The primitive reduced forms (a, b, c) of discriminant ∆ with negative b can
be obtained as the forms (a,−b, c) where (a, b, c) is a primitive reduced form
of discriminant ∆ with b > 0 and a < c.

The ideas that were just explained, lead to Algorithm classNumber that
given a negative discriminant ∆ returns the class number h(∆). It is easy to
modify this algorithm in such a way that it also returns all reduced forms of
discriminant ∆.

We prove an upper bound on the running time of Algorithm classNumber.

Theorem 5.11.2. Algorithm classNumber has running time O(|∆|(size ∆)2).

Proof. The number of b’s, that the algorithm inspects, is O(
√
|∆|). The binary

length of each b is O(log |∆|). For each b, the algorithm inspects O(
√
|∆|)

many a’s. The binary length of each a is O(log |∆|). The number of arithmetic
operations that the algorithm performs for each pair (a, b) is O(1). This proves
the assertion. �	

The next example demonstrates how the algorithm classNumber works.

Example 5.11.3. Let ∆ = −191. Since ∆ ≡ 1 (mod 2) we start with b = 1
and A = 48. We now have to inspect all values for a with 1 ≤ a ≤ 6. For
a = 1 we c = 48 and the reduced form (1, 1, 48). For a = 2 we c = 24 and the
reduced forms (2, 1, 24) and (2,−1, 24). For a = 3 we c = 16 and the reduced
forms (3, 1, 16) and (3,−1, 16). For a = 4 we c = 12 and the reduced forms
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Algorithm 5.6 classNumberList (D)
Input: A positive integer D.
Output: An array h such that h[−∆] is the class number of ∆ for any negative
discriminant ∆.

for (n ← 3, n ≤ D, n ← n + 1) do
h[n] ← 0

for (a ← 1, a ≤
√

D/3, a ← a + 1) do
for (b ← 0, b ≤ a, b ← b + 1) do

for (c ← a, c ≤ (D + b2)/(4a), c ← c + 1) do
if gcd(a, b, c) = 1 then

n ← 4ac − b2

if a = b or a = c or b = 0 then h[n] ← h[n] + 1
else h[n] ← h[n] + 2

return h

(4, 1, 12) and (4,−1, 12). For a = 5 we find no form. For a = 6 we c = 8 and
the reduced forms (6, 1, 8) and (6,−1, 8). For b = 3 we find the forms (5, 3, 10)
and (5,−3, 10). For b = 5 we find the forms (6, 5, 9) and (6,−5, 9). Also, there
is no form with b = 7. Hence, the class number of −191 is 13.

Algorithm classNumber is not optimal since the class number of ∆ is of the
order of magnitude

√
|∆|. However, since the O-constant in Theorem 5.11.2

is small (see Exercise 3.7.3), that algorithm works efficiently for small values
of ∆.

Now suppose that we want to find the class numbers for all quadratic
discriminants ∆ with −D < ∆ < 0, for some bound D > 0. If we apply
classNumber, then we must spend roughly D2 arithmetic operations. But us-
ing classNumber for each ∆ means considering each pair (a, b) many times.
A much faster way is to determine all reduced forms of all discriminants un-
der consideration simultaneously. For each appropriate form (a, b, c) we check
whether it yields a primitive reduced form. If it does, we increment the class
number of the corresponding discriminant. This is what happens in Algorithm
classNumberList. Its complexity is estimated in the next Theorem.

Theorem 5.11.4. Algorithm classNumberList has running time O(D3/2

(size ∆)2).

Proof. For each triple (a, b, c) Algorithm classNumberList performs O(1)
arithmetic operations on numbers of binary length O(log D). For each pair
(a, b) at most (D + b2)/(4a) ≤ 4D/(12a) values of c are considered. For each
a the algorithm uses a+1 values of b. Since the algorithm uses O(

√
D) values

of a, the total number of arithmetic operations is O(D3/2). �	

Theorem 5.11.4 implies that Algorithm classNumberList spends on aver-
age O(D1/2) elementary operations per discriminant which is much less than
Algorithm classNumber. Also, Algorithm classNumberList can be modified
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such that the algorithm also outputs the list of all reduced forms for each dis-
criminant. If this output is required, then classNumberList is optimal since
the number of reduced forms that the algorithm outputs is approximately
D3/2.

The class numbers of a few small discriminants are shown in Table 5.2.

∆ −3 −4 −7 −8 −11 −15 −19 −20 −23 −24 −28 −31

h(∆) 1 1 1 1 1 2 1 2 3 2 1 3

Table 5.2. Class numbers

5.12 Reduction of semidefinite forms

In this section we apply the reduction algorithm for positive definite forms to
a form f = (a, b, c) that is positive semidefinite but not positive definite. By
Proposition 1.2.10 this means that ∆(f) = 0 and a > 0 or c > 0. For the case
where f is an integral form, we will show that the reduction algorithm is a
version of the Euclidean algorithm.

Since ∆(f) = 0, it follows from (1.12) and (1.14) that there are real num-
bers d, e with

d =
√

a , e =
√

c , b = 2de.

such that
f(X,Y ) = (dX + eY )2 . (5.18)

Also, we have
b2 = 4ac. (5.19)

If f is a primitive integral form, then a and c are coprime. Hence, both a
and c are squares in Z. It follows that d and e are integers. Using (5.8) we
obtain

s(f) =
[

b

2c

]
=

[
2de

2e2

]
=

[
d

e

]
.

Now

ρ(f) =
(
d(−Y ) + e

(
X + s(f)Y

))2

=
(
eX + Y (−d + e[d/e])

)
.

So an application of the reduction operator ρ replaces d by e and e by the
representative e′ of the residue class of −d mod e with−e/2 < e′ ≤ e/2. This is
a version of the Euclidean algorithm which is used to solve linear Diophantine
equations. If e �= 0 and d/e is a rational number, then the coefficient of
Y is eventually zero and the coefficient of X2 is gcd(d, e)2. But if d/e is
irrational, then the sequence of absolute values of the coefficients of Y 2 is a
strictly decreasing sequence. Also, we always have |e| ≤ |d/2| and therefore
c ≤ a/4. Therefore, the reduction algorithm never terminates. From those
considerations the following Theorem can be deduced.
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Theorem 5.12.1. Let f be a semidefinite form. Then f can be written as
f(X,Y ) = (dX + eY )2 with real numbers d, e. Also, the following are true.

1. If e = 0 or d/e is a rational number, then f is equivalent to a uniquely
determined form (g, 0, 0). This form is computed by the reduction algorithm.
If d and e are integers, then |g| = gcd(d, e).

2. If e �= 0 and d/e is irrational, then the reduction algorithm does not termi-
nate.

Proof. Exercise 5.15.9. �	

Example 5.12.2. Consider the form f(X,Y ) = (2X + 3Y )2 = 4X2 + 12XY +
9Y 2. Then ρ(f) = (9, 6, 1), ρ2(f) = (1, 0, 0) =

(
gcd(2, 3), 0, 0

)
.

5.13 Geometry of reduction

We use the results of Chapter 4 to give a geometric interpretation of reduction
theory for positive definite forms.

5.13.1 Reduced points

In Definition 4.3.1 we have introduced a correspondence between points in the
upper half plane and forms and we have shown in Theorem 4.3.5 that those
forms are positive definite.

Definition 5.13.1. A point θ in the upper half plane is called reduced if the
form fθ is reduced.

Here is a characterization of reduced points in the upper half plane.

Lemma 5.13.2. An element θ ∈ U is reduced if and only if it is normal,
N(θ) ≥ 1, and if �θ ≥ 0 for N(θ) = 1.

Proof. Exercise 5.15.8. �	

It follows from Theorem 5.7.7 that the set of reduced points in the upper
half plane as shown in Figure 5.1 is a fundamental domain under the action
of SL(2, Z) on the upper half plane.

We discuss the geometry of reduction. The reduction operator sends θ ∈ U
to

ρ(θ) =
−1
θ

+ s(θ) , s(θ) =
[
�
(

1
θ

)]
. (5.20)

This is shown in Figure 5.2.
The reduction algorithm transforms a point θ ∈ U into a properly equiv-

alent reduced point by first normalizing it and then replacing θ by ρ(θ) until
a reduced point is found.
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−1 −1/2 1/2 1 �

�

Fig. 5.1. The reduced points

−1 1 �

ρ(θ) �

θ

Fig. 5.2. Geometric interpretation of the ρ-operator

Example 5.13.3. The point θ = (37615 +
√
−3)/(2 · 195751) can be reduced

using 6 applications of the reduction operator. In the course of the reduction
procedure we obtain the numbers θi = (bi +

√
−3)(2ai) with ai and bi as in

Example 5.3.10.

5.14 The densest two-dimensional lattice packing

In Section 1.4.2 we have described the problem of finding the densest lattice
packing. In this section we will solve this problem for two-dimensional lattices.
We need to find the maximum of
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γ(f) =
2λ1(f)2√
|∆(f)|

(5.21)

where f ranges over all positive define binary quadratic forms with real coeffi-
cients. If f is a form for which γ(f) is maximum, then the lattice L(f) admits
a densest lattice packing.

Theorem 5.14.1. If f is a positive definite reduced form with real coefficients
then γ(f)2 ≥ 4/3. Also, we have γ(f)2 = 4/3 if and only if f = r(1, 1, 1) with
r ∈ R>0.

Proof. Let f = (a, b, c) be a positive definite binary quadratic form with real
coefficients. It follows from Lemma 5.4.1 that

γ(f)2 ≤ 4a2/|∆| ≤ 4/3.

Now assume that a2/|∆| = 1/3. Then

a2 = −∆/3 = (4ac− b2)/3 ≥ 4a2 − a2)/3 = a2.

It follows that a = b = c. Conversely, if a = b = c, then γ(f)2 = 4/3. �	
It follows from Theorem 4.3.4 that up to rotation and scaling with positive

real numbers, the lattice that admits the densest two-dimensional packing is

L = L(1, 1, 1) = Z + Z
1 +

√
−3

2
.

This is the hexagonal lattice.

5.15 Exercises

Exercise 5.15.1. Determine all integral normal forms of all negative integral
discriminants greater than −12.

Exercise 5.15.2. Let ∆ be a negative integer, ∆ ≡ 0, 1 (mod 4), and let b =
∆ mod 2. Show that f =

(
1, b, (b2 −∆)/4

)
is a reduced form of discriminant

∆ and that it is the only reduced form (1, b, c) of discriminant ∆.

Exercise 5.15.3. Apply the reduction algorithm to the form f =
(33824333, 889961, 5854) and compute the corresponding transformation.

Exercise 5.15.4. Determine all solutions of the Diophantine equation
1260895X2 + 178438XY + 6313Y 2 = 25.

Exercise 5.15.5. Prove Proposition 5.7.3.

Exercise 5.15.6. Apply the reduction algorithm to (7X + 5Y )2.

Exercise 5.15.7. Let ∆ be a negative discriminant. Show that h(∆) = 1 if
and only if every integral primitive form of discriminant ∆ represents 1.

Exercise 5.15.8. Prove Lemma 5.13.2.

Exercise 5.15.9. Prove Theorem 5.12.1.
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6

Reduction of Indefinite Forms

In this chapter we explain reduction theory for indefinite forms which is quite
different from reduction theory for positive definite forms. Reduced indefinite
forms can only be used to decide equivalence of integral indefinite forms and
the decision algorithm is much less efficient than in the positive definite case
since reduction is no longer unique. Reduction theory also solves the minimum
problem for integral indefinite forms.

We assume that ∆ is a positive real number and that f = (a, b, c) is an
indefinite form of discriminant ∆. We also assume that f is irrational. This
makes the reduction theory much easier to explain. If f is an integral form
irrationality means that ∆ is not a square in Z (see Theorem 1.3.1).

6.1 Normal forms

As in the case of positive definite forms we start by fixing a representative in
the Γ-orbit of f which we call normal.

Definition 6.1.1. The form f is called normal if

−|a| < b ≤ |a| for |a| ≥
√

∆ ,

√
∆− 2|a| < b <

√
∆ for |a| <

√
∆ .

Example 6.1.2. Consider the form (a, b, c) = (5, 5, 1). Its discriminant is 5. The
form f is normal since |a| = 5 >

√
5 and −|a| = −5 < 5 = b ≤ 5 = |a|.

Example 6.1.3. Consider the form (a, b, c) = (−3, 5, 4). Its discriminant is 73.
The form f is normal since |a| = 3 ≤ �

√
73� = 8 and

√
73− 6 < b = 5 <

√
73.
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We explain, how f can be transformed into a normal form. Define

s =





sign(a)
[
−b

2|a|

]
= sign(a)

⌊
|a| − b

2|a|

⌋
for |a| ≥

√
∆ ,

sign(a)

⌊√
∆− b

2|a|

⌋
for |a| <

√
∆ .

(6.1)

Recall that

S =

(
1 1
0 1

)

is a generator of the subgroup Γ of SL(2, Z). Then it is easy to verify that

fSs =
(
a, b + 2sa, as2 + bs + c

)

is normal. That form is called the normalization of f . Normalizing f means
replacing f by its normalization.

Example 6.1.4. Consider the form (a, b, c) = (5, 7, 1). Its discriminant is 29. It
is not normal. Its normalization is (a, b+2sa, as2 + bs+ c) = (5,−3,−1) with
s = sign(a)

⌊
(
√

∆− b)/(2|a|)
⌋

= �(
√

29− 7)/10� = −1.

If |a| <
√

∆, then the computation of the normalizing integer s requires
to determine

√
∆ to a certain precision. We show that for integral forms we

only need to know �
√

∆�.
Lemma 6.1.5. Let r be a real number and let n,m be integers, n > 0. Then⌊
(r −m)/n

⌋
=

⌊
(�r� −m)/n

⌋
and

⌈
(r −m)/n

⌉
=

⌈
(�r� −m)/n

⌉
.

Proof. Let l = �(r −m)/n�. Clearly

l ≥
⌊
�r� −m

n

⌋
. (6.2)

Moreover, we have 0 ≤ (r−m)/n− l = (1/n)
(
r− (m + ln)

)
. This shows that

m + ln ≤ �r� or

l ≤
⌊
�r� −m

n

⌋
. (6.3)

Equations (6.2) and (6.3) prove the first assertion. The proof of the second
assertion is Exercise 6.18.1. �	

It follows from Lemma 6.1.5 that for an integral form f = (a, b, c) with
|a| <

√
∆ the normalizing integer is

s =

⌊
�
√

∆� − b

2|a|

⌋
. (6.4)

This is very important, since in many computations the discriminant ∆ is a
fixed quantity. So �

√
∆� can be computed once and for all.
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6.2 Reduced forms

Next, we introduce reduced forms.

Definition 6.2.1. The form f is called reduced if
∣∣√∆− 2|a|

∣∣ < b <
√

∆.

Example 6.2.2. The form f = (5, 3,−1) is not reduced. The discriminant of f
is 29 and we have

∣∣√∆−2|a|
∣∣ = 4.61.. > b. The form f = (1, 5,−1) is reduced

since
∣∣√∆− 2|a|

∣∣ = 3.38.. < b = 5 <
√

∆.

From the definition of a reduced form we obtain the following consequence.

Lemma 6.2.3. If (a, b, c) is reduced then (−a, b,−c) is also reduced. �	

Example 6.2.4. Let ∆ ∈ Z. If ∆ is odd, then set b to the greatest odd integer
less than

√
∆. If ∆ is even, then set b to the greatest even integer less than√

∆. We claim that f =
(
1, b, (b2 −∆)/4

)
is a reduced form of discriminant

∆. It is easy to verify that ∆(f) = ∆. To verify that f is reduced, we note
that ∆ ≥ 5. Hence 2a = 2 <

√
∆. This means that the reduction condition is√

∆− 2 < b <
√

∆. So the above choice of b makes f reduced. Note that f is
the only integral reduced form (1, b, c) of discriminant ∆.

Definition 6.2.5. The form f from Example 6.2.4 is called the principal form
of discriminant ∆. Its equivalence class is called the principal class of dis-
criminant ∆.

We have seen above that an integral form f = (a, b, c) of discriminant ∆
can be normalized using an algorithm which obtains a, b and �

√
∆� as inputs.

We show in the next lemma that the same input suffices to check whether an
integral indefinite form is reduced.

Lemma 6.2.6. If f is integral and normal, then f is reduced if and only if
2|a| − b ≤ �

√
∆�

Proof. Assume that f is reduced. Then
∣∣√∆ − 2|a|

∣∣ < b <
√

∆. Hence, we
have √

∆− 2|a| < b <
√

∆ (6.5)

and
2|a| −

√
∆ < b <

√
∆ . (6.6)

It follows from (6.6) that |a| <
√

∆. So (6.5) implies that f is normal.
Suppose that f is normal and

2|a| − b ≤ �
√

∆�. (6.7)

We first show that |a| <
√

∆. Assume that |a| ≥
√

∆. Since f is normal and
∆ is not a square in Z, we have |a| = 2|a| − |a| ≤ 2|a| − b <

√
∆. This is

a contradiction. Therefore, |a| <
√

∆. The normalization condition for that
case is

√
∆ − 2|a| < b <

√
∆. Also, (6.7) implies b > 2|a| −

√
∆. Hence, we

have
∣∣√∆− 2|a|

∣∣ < b <
√

∆ which means that f is reduced. �	
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We show that the coefficients of reduced forms are bounded.

Lemma 6.2.7. If f is reduced, then |a|+ |c| <
√

∆ and a and c have opposite
sign.

Proof. Since 0 < b <
√

∆, it follows that 4ac = b2 −∆ < 0. This shows that
a and c are of opposite sign. Also, we have 4|a|

(
|a| + |c| −

√
∆
)

= 4|a|2 −
4|a|

√
∆ + ∆ − b2 =

(
2|a| −

√
∆
)2 − b2 < 0, where the last inequality follows

from
∣∣2|a| − √∆

∣∣ < b. Hence |a|+ |c| −
√

∆ < 0 as asserted. �	
Corollary 6.2.8. There are only finitely many integral reduced forms of a
fixed discriminant.

6.3 Another characterization of reduced forms

In this section we give a geometric characterization of reduced forms and show
that if (a, b, c) is reduced then (c, b, a) is also reduced. In Definition 4.3.14 we
have introduced the point

θ(f) =
(
θ1(f), θ2(f)

)
=

(b +
√

∆
2a

,
b−

√
∆

2a

)
. (6.8)

We know that

f(X,Y ) = a
(
X + θ1(f)Y

)(
X + θ2(f)Y

)
. (6.9)

Therefore, θ1(f) and θ2(f) are the real zeros of the polynomial f(X,−1). Also,
we have

θ1(f) + θ2(f) = b/a , θ1(f)− θ2(f) =
√

∆/a , θ1(f)θ2(f) = c/a . (6.10)

Lemma 6.3.1. The form f = (a, b, c) is normal if and only if either

1. |θ1 − θ2| > 1 and 0 < sign(θ2(f)− θ1(f)) θ2(f) < 1, or
2. |θ1 − θ2| < 1 and −1 < sign(θ1(f)− θ2(f))(θ1(f) + θ2(f)) ≤ 1.

Proof. By (6.10), |θ1(f) − θ2(f)| > 1 if and only if |a| <
√

∆. The form f is
normal in this case if and only if

√
∆− 2|a| < b <

√
∆ or, equivalently, 0 < − sign(a)

b−
√

∆
2a

< 1 .

The last condition is equivalent to 0 < sign(θ2(f) − θ1(f)) θ2(f) < 1 since
sign(θ1(f)− θ2(f)) = sign(a).

Analogously, |θ1(f) − θ2(f)| < 1 if and only if |a| >
√

∆. The form f is
normal in this case if and only if

−|a| < b ≤ |a| or, equivalently − 1 < sign(a)
b

a
≤ 1 .

Using again (6.10), we see that this is equivalent to −1 < sign(θ1(f) −
θ2(f))(θ1(f) + θ2(f)) ≤ 1. �	
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Lemma 6.3.2. The form f = (a, b, c) is reduced if and only if |θ1(f)| > 1,
|θ2(f)| < 1, and θ1(f)θ2(f) < 0.

Proof. Suppose that f is reduced. Then 0 < b <
√

∆ and −b <
√

∆−2|a| < b.
This implies |θ1(f)| = (b +

√
∆)/2|a| > 1 and |θ2(f)| = (

√
∆ − b)/2|a| < 1.

Also, Lemma 6.2.7 implies that θ1(f)θ2(f) = c/a < 0.
Conversely, assume that the inequalities in the Lemma hold. Since c/a =

θ1(f)θ2(f) < 0, it follows that ∆ = b2 + 4|a||c|. Hence |b| <
√

∆. So |θ1(f)| =
(b+

√
∆)/(2|a|) and |θ2(f)| = (

√
∆− b)/(2|a|). So |θ1(f)| > 1 and |θ2(f)| < 1

implies that
∣∣√∆− 2|a|

∣∣ < b. �	

Lemmas 6.3.1 and 6.3.2 are depicted in Figure 6.1.

−1 0 1

−1

1

θ1

θ2

Fig. 6.1. Points corresponding to normal and reduced forms

Corollary 6.3.3. If f is normal, but not reduced, then |θ1(f)|, |θ2(f)| < 1.
�	

Corollary 6.3.4. If the form f = (a, b, c) is reduced, then the form (c, b, a) is
also reduced.

Proof. We have θ1(c, b, a) = 1/θ2(a, b, c) and θ2(c, b, a) = 1/θ1(a, b, c). Hence,
Lemma 6.3.2 implies the assertion. �	
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6.4 The reduction algorithm

In this section, we describe an algorithm for computing a reduced form in the
proper equivalence class of a given indefinite form. As in the case of positive
definite forms, we denote by ρ(f) the normalization of the form (c,−b, a). To
be more explicit, we set

ρ(f) =
(
c,−b + 2sc, cs2 − bs + a

)
(6.11)

with

s = s(f) =





sign(c)
⌊

b

2|c|

⌋
= sign(c)

⌊
|c|+ b

2|c|

⌋
for |c| ≥

√
∆ ,

sign(c)

⌊√
∆ + b

2|c|

⌋
for |c| <

√
∆ .

(6.12)

For integral forms, we can use (6.4) and replace
√

∆ by �
√

∆�. We also define

U(f) =

(
0 −1
1 s(f)

)
. (6.13)

Then

ρ(f) = fU(f) .

Example 6.4.1. Consider the form f = (5,−3,−1). Its discriminant is 29. It is
not reduced since b is negative. We apply the reduction operator to that form.
We have s = s(f) = −�(5−3)/2� = −1. Hence, ρ(f) = (−1, 3+2, 5−3−1) =
(−1, 5, 1). This form is reduced since

√
29− 2 < 5 <

√
29. It is easily checked

that one more application of ρ yields the reduced form (1, 5,−1). Also, if
we apply ρ once more, then we obtain the form (−1, 5, 1) again. This shows
that proper equivalence classes of indefinite forms may contain more than one
reduced from.

The reduction algorithm reduce(f) from Section 5.3 can also be used here.
In the next section we prove correctness and termination of this algorithm.

Example 6.4.2. Consider the form f = (−1360889,−747003,−102509). Its dis-
criminant is ∆(f) = 5. We apply the reduction algorithm to that form. Using
the notation from Example 5.3.10 we obtain the following table.
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i 0 1 2 3 4 5 6

ai −1360889 −102509 −13021 −491 −11 −1
bi −747003 −73069 −5057 147 7 1
ci −102509 −13021 −491 −11 −1 1
pi 1 0 −1 −3 −14 101 −390
qi 0 1 4 11 51 −368 1421
si 4 3 5 −7 −4

The form (−1, 1, 1) is reduced.

6.5 The number of reduction steps

In this section, we prove correctness and termination of the reduction algo-
rithm reduce by proving an upper bound on the number of reduction steps.
We start by giving a sufficient condition for f being reduced.

Lemma 6.5.1. If f is normal and |a| ≤
√

∆/2, then f is reduced.

Proof. If f is normal and |a| ≤
√

∆/2, then we have
∣∣√∆−2|a|

∣∣ =
√

∆−2|a| <
b <

√
∆. �	

Next we show that for |a| ≥
√

∆ each reduction step reduces the size of |a|
by a factor at least 1/4. Also, if |a| <

√
∆, then at most one reduction step

makes f reduced.

Lemma 6.5.2. Let f be normal.

1. If |a| ≥
√

∆, then |c| ≤ |a|/4.
2. If |a| <

√
∆, then ρ(f) is reduced.

Proof. Assume that |a| ≥
√

∆. Then we have ∆ ≤ a2 and b2 ≤ a2 since f is
normal. This implies

|c| = ∆− b2

4|a| ≤ a2

4|a| =
|a|
4

.

Let |a| <
√

∆. If |c| ≤
√

∆/2 then ρ(f) is reduced by Lemma 6.5.1. So
suppose that |c| >

√
∆/2. We have

−
√

∆ <
√

∆− 2|a| < b <
√

∆

since f is normal and |a| <
√

∆. This implies that

0 <
√

∆− b < 2|a|,
√

∆ + b > 0.
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Hence, √
∆ + b

2|c| =
2|a|√
∆− b

> 1

and therefore
−b + 2|c| <

√
∆. (6.14)

It follows from |b| <
√

∆ and (6.14) imply

|c| <
√

∆.

On the other hand, |b| <
√

∆ and |c| >
√

∆/2 imply

−b + 2|c| > 2|c| −
√

∆ =
∣∣√∆− 2|c|

∣∣. (6.15)

From (6.14) and (6.15) we see that s(f) = sign(c) and ρ(f) =
(
c,−b+2|c|, a−

sign(c)b + c
)

is reduced. �	
Lemma 6.5.2 enables us to prove an upper bound on the number of re-

duction steps performed by Algorithm reduce when applied to an indefinite
form. This is done in the following proposition.

Theorem 6.5.3. Given an indefinite form f , Algorithm reduce terminates
with a correct result after at most 1

2 log2(|a|/
√

∆) + 2 reduction steps.

Proof. In each reduction step, the form (a, b, c) is replaced by the normaliza-
tion of (c,−b, a). If a ≥

√
∆ and if the resulting form is (a′, b′, c′), then,

by Lemma 6.5.2, we have a′ = c ≤ a/4. This shows that after at most
(1/2) log2(a/

√
|∆|) + 1 reduction steps the reduction algorithm finds a form

(a, b, c) with a <
√
|∆|. It follows from Lemma 6.5.2 that at most one more

reduction step is necessary to determine a reduced form. �	
Theorem 6.5.3 proves that reduce terminates. A consequence is the fol-

lowing result.

Corollary 6.5.4. Each proper equivalence class of indefinite forms contains
a reduced form. �	
Corollary 6.5.5. If n is the smallest positive real number that can be repre-
sented by f , then there is a reduced form (n,B,C) in the equivalence class of
f .

Proof. Exercise 6.18.8. �	
We obtain another interesting consequence of Lemma 6.5.2

Lemma 6.5.6. If f is reduced, then ρ(f) is reduced.

Proof. If f is reduced, then |a| <
√

∆ by Lemma 6.2.7. Hence, ρ(f) is reduced
by Lemma 6.5.2. �	

Note that in general, this statement is not true for positive definite forms.
We will show later that ρ is a permutation of the set of all reduced indefinite
forms.
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6.6 Complexity of reducing integral forms

In this section we prove that the reduction algorithms from Sections 5.3
and 6.4 reduce an integral form f in time quadratic in the size of the co-
efficients of f . Note that in this section f can be either positive definite or
indefinite.

6.6.1 Sizes

Assume that the reduction algorithm is applied to the normal form f =
(a, b, c). We let k be the number of reduction steps performed by the reduction
algorithm. Also, we define fi, si, Ti, pi, qi as in Section 5.3.

Lemma 6.6.1. Let K = max
{
|a|, |b|, |c|

}
. Then

|pi|, |qi| ≤ 2
K√
|∆|

, 0 ≤ i ≤ k − 1 .

|pk|, |qk| ≤ K +
K√
|∆|

.

Proof. Let ∆ > 0. For a form g = (A,B,C) of discriminant ∆ let

θ1(g) =
B +

√
∆

2A
, θ2(g) =

B −
√

∆
2A

.

Then
θj(ρ(g)) = s− 1

θj(g)
, j = 1, 2 .

Thus we have

θj(fi+1) = si −
1

θj(fi)
, 0 ≤ i ≤ k − 1 , j = 1, 2 . (6.16)

Define

µj,−1 = 1 , µj,i =
i∏

l=0

θj(fl) , 0 ≤ i ≤ k , j = 1, 2 .

Then we obtain from (6.16) the recursion
(

µ1,i µ1,i+1

µ2,i µ2,i+1

)
=

(
µ1,i−1 µ1,i

µ2,i−1 µ2,i

)
U(fi) , 0 ≤ i ≤ k − 1 .

This shows that
(

µ1,i µ1,i+1

µ2,i µ2,i+1

)
=

(
1 θ1(f)
1 θ2(f)

)
Ti+1 , 0 ≤ i ≤ k − 1 .
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Hence (
µ1,i

µ2,i

)
=

(
1 θ1(f)
1 θ2(f)

)(
pi

qi

)
, 0 ≤ i ≤ k .

Multiplying the last equation with the inverse of the matrix
(

1 θ1(f)
1 θ2(f)

)

we obtain

pi =
θ2(f)µ1,i − θ1(f)µ2,i

θ2(f)− θ1(f)
, qi =

µ2,i − µ1,i

θ2(f)− θ1(f)
, 0 ≤ i ≤ k . (6.17)

Since fi is normal for 0 ≤ i ≤ k it follows from a straightforward calculation
that |θ2(fi)| ≤ 1 and thus |µ2,i| ≤ 1 for 1 ≤ i ≤ k. Moreover for the normal but
not reduced forms fi, 0 ≤ i ≤ k−1 one easily obtains |θ1(fi)| ≤ 1 and |µ1,i| ≤ 1
for 1 ≤ i ≤ k−1. Therefore the triangle inequality and θ2(f)−θ1(f) =

√
∆/a

yield

|pi|, |qi| ≤ 2
|a|√
∆

, 0 ≤ i ≤ k − 1 .

We finally estimate |pk|, |qk|. Since fk is reduced, it follows that θ1(fk) ≤
√

∆.
Hence (6.17) implies

|pk|, |qk| ≤ |a|+
|a|√
∆

.

�	

Using Theorem 6.5.3 and Lemma 6.6.1 we immediately obtain the following
result which was first proved in [Lag80].

Corollary 6.6.2. Given an integral form (a, b, c) Algorithm reduce per-
forms O

(
log(|a|/

√
|∆|)

)
arithmetic operations on numbers of binary length

O(size f). �	

6.6.2 Quadratic complexity

From Proposition 5.6.2 we can deduce that the number of bit operations re-
quired by Algorithm reduce is O((size f)3). But indeed we will prove that the
bit complexity of the reduction algorithm is O((size f)2). This proof appeared
first in [BB99]. Note that the algorithm of Schönhage [Sch91] has only quasi
linear complexity. However, for being more efficient in practice, Schönhage’s
algorithm has to be applied to forms of extremely large size.

We need an auxiliary result.

Lemma 6.6.3. Let f be a normal positive definite or indefinite integral binary
quadratic form. If f , ρ(f), and ρ2(f) are not reduced then |s(f)| ≥ 2 and
|a| ≥ |s(f)||c|.
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Proof. Let f = (a, b, c), s = s(f). Assume that neither f nor ρ(f) nor ρ2(f)
are reduced.

Let ∆ < 0. Then a > c. Let ρ(f) = (A,B,C). Then C = cs2− bs+a. This
shows that for |s| ≤ 1 we have C ≥ c = A. Since ρ(f) is not reduced we have
C = A and B < 0. Then ρ2(f) is reduced. Thus, |s| ≥ 2. Next, we prove that
a ≥ |s|c. Since s = sign(c)

[
b/2|c|

]
one easily verifies that

|s| ≤ |b|
2|c| +

1
2

. (6.18)

This implies

a =
b2 + |∆|

4c
>

b2

4c
= c

(
|b|
2c

)2

≥ c

(
|s| − 1

2

)2

> c|s|
(
|s| − 1

)
≥ c|s| .

This proves the assertion.
Let ∆ > 0. If |a| <

√
∆ then ρ(f) is reduced by Lemma 6.5.2. Also,

if |c| <
√

∆ then for the same reason ρ2(f) is reduced. Let |a| ≥
√

∆ and
|c| ≥

√
∆. Since 0 ≤ b2 = ∆ + 4ac and 4|a||c| ≥ 4∆ it follows that 4ac > 0,

b2 > 4ac, and b2 > ∆. Since f is normal and |a| ≥
√

∆ we have |a| ≥ |b|.
Therefore, |a||b| ≥ b2 > 4|a||c|. This means that |b|/(2|c|) ≥ 2. But s(f) =
sign(c)

[
b/(2|c|)

]
. Thus |s| ≥ 2. Next, we prove that |a| ≥ |s||c|. Since b2 > ∆

and |c| ≥
√

∆ we obtain

|a| = b2 −∆
4|c| ≥ |c|

((
b

2|c|

)2

− 1
4

)
. (6.19)

By (6.18) we have (b/(2c))2 ≥
(
|s| − 1/2

)2. So we obtain |a| ≥ |c||s|
(
|s| − 1

)
from (6.19). Since |s| ≥ 2 this proves the assertion. �	

We are now able to prove our main result.

Theorem 6.6.4. If f is a positive definite or indefinite quadratic form, then
reduce requires time O((size f)2).

Proof. By Lemma 6.6.1 the size of all integers appearing in reduce is O(size f).
The first normalization step requires time O((size f)2). Let k be the number
of reduction steps performed by reduce. Let fi = (ai, bi, ci) be the form that
is input to the i-th reduction step. The determination of si = s(fi) takes time
O
(
size(ci) size(si)

)
= O

(
size(f) size(si)

)
. Also all other computations in the

i-th reduction step take time O
(
size(f) size(si)

)
.

By Lemma 6.6.3 follows |si| ≥ 2 for 1 ≤ i ≤ k − 2. Hence, size(si) =
O(log |si|) for 1 ≤ i ≤ k − 2 which implies that the time for the first k − 2
reduction steps is O

(
size(f) log

∏k−2
i=1 |si|

)
. Moreover by Lemma 6.6.3 we have

|a1| ≥ |s1||a2| ≥ · · · ≥ |ak−1|
k−2∏
i=1

|si| ≥
k−2∏
i=1

|si| .
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Hence, the time required by the first k − 2 reduction steps is

O

(
size(f) log

k−2∏
i=1

|si|)
)

= O
(
size(f)(log |a1|)

)
= O

(
(size f)2

)
.

Finally the time for the last two reduction steps obviously is bounded by
O((size f)2) too. �	

6.7 Enumerating integral reduced forms of a given
discriminant

In this section we return to restrict ourselves to indefinite forms and explain
how all reduced forms with given discriminants can be found.

6.7.1 Fixed discriminant

From the definition of reduced forms we obtain the following characterization
which will be used in the enumeration algorithm.

Lemma 6.7.1. The form f = (a, b, c) is reduced if and only if 0 < b <
√

∆
and

√
∆− b < 2|a| <

√
∆ + b.

Proof. Suppose that f is reduced. We show that f has the asserted properties.
Obviously, 0 < b <

√
∆. Also,

∣∣2|a| − √∆
∣∣ < b implies

√
∆ − 2|a| < b and

2|a| −
√

∆ < b, hence
√

∆− b < 2|a| <
√

∆ + b.
Conversely, from the properties in the lemma it can be easily deduced that

f is reduced. �	

Suppose that ∆ is an integer which is not a perfect square. From
Lemma 6.7.1 we obtain the following method for enumerating all integral re-
duced forms of discriminant ∆. Fix some b with 0 < b <

√
∆, b ≡ ∆ (mod 2).

Determine A = (∆− b2)/4. For all a with (
√

∆− b) < 2|a| < (
√

∆ + b) check
whether c = −A/a is an integer. If it is, then (a, b, c) is a reduced form of
discriminant ∆. After having examined all b with 0 < b <

√
∆, all integral

reduced forms of discriminant ∆ are found. This process can be made faster.
By Corollary 6.3.4 we obtain with each reduced form (a, b, c) three more
reduced forms, namely (−a, b,−c) , (c, b, a) and (−c, b,−a) for free. Also,
since

−ac = A =
∆− b2

4

it follows that for a2 > A we have c2 < A. If we, therefore, determine with
each form (a, b, c) also the forms (c, b, a), (−a, b,−c) , (−c, b,−a) , we may
just look for values of a with

⌈
(
√

∆− b)/2
⌉
≤ a ≤ �

√
A�.
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The detailed description of the algorithm for finding all integral primitive
reduced forms of discriminant ∆ is left to the reader as Exercise 6.18.4.

Note that if ∆ is a fundamental discriminant, then the condition
gcd(a, b, c) = 1 is automatically satisfied.

Example 6.7.2. We determine all the reduced forms (a, b, c) of discriminant
∆ = 73. We have �

√
∆� = 8. Hence, ∆ ≡ 1 (mod 2) and 0 < b ≤ 8.

If we put b = 1, we get A = 18, �
√

A� = 4, and (�
√

∆�−b)/2 = (9−1)/2 =
4. Hence, there is no reduced form with b = 1.

If we put b = 3 then we get A = (∆− b2)/4 = (73− 9)/4 = 16, �
√

A� = 4,
(�
√

∆� − b)/2 = 3. Hence, we get the reduced forms (4, 3,−4), (−4, 3, 4).
If we put b = 5 then we get A = 12, �

√
A� = 3, (�

√
∆� − b)/2 = 2. Hence

we get the reduced forms (2, 5,−6), (−2, 5, 6), (6, 5,−2), (−6, 5, 2), (3, 5,−4),
(−3, 5, 4), (4, 5,−3), (−4, 5, 3).

If we put b = 7 then we get A = 6, �
√

A� = 2, (�
√

∆� − b)/2 = 1. So we
obtain the reduced forms (1, 7,−6), (−1, 7, 6), (6, 7,−1), (−6, 7, 1), (2, 7,−3),
(−2, 7, 3), (3, 7,−2), (−3, 7, 2).

Example 6.7.3. Consider ∆ = 76. We have �
√

∆� = 8, �
√

∆� = 9. Hence b ≡ 0
(mod 2) and 1 ≤ b ≤ 8.

If we put b = 2 we obtain A = (76 − 4)/4 = 18, �
√

A� = 4,
⌈
(�
√

∆� −
b)/2

⌉
= 4. Hence there are no reduced forms with b = 2.

If we put b = 4, we obtain A = 15, �
√

A� = 3,
⌈
(�
√

∆�− b)/2
⌉

= 3. Hence,
we obtain the reduced forms (3, 4,−5), (−3, 4, 5), (−5, 4, 3), (5, 4,−3).

For b = 6 we obtain A = 10, �
√

A� = 3 and
⌈
(�
√

∆� − b)/2
⌉

= 2 and
therefore we get the forms (2, 6,−5), (−2, 6, 5), (5, 6,−2), (−5, 6, 2).

If we put b = 8 we obtain A = 3, �
√

A� = 1,
⌈
(�
√

∆� − b)/2
⌉

= 1. Hence,
we find the reduced forms (1, 8,−3), (−1, 8, 3), (3, 8,−1), (−3, 8, 1).

6.7.2 Bounded discriminant

Let D be a positive integer. The following lemma can be used to find all
integral reduced forms of discriminant ∆ ≤ D.

Lemma 6.7.4. Let D be a positive integer. Then f is indefinite, reduced,
∆ ≤ D, and 0 < a ≤ |c| if and only if 0 < a <

√
∆/2, a ≤ −c <

√
∆ − a,

|c| − a < b ≤
√

D + 4ac.

Proof. Suppose that f is indefinite, and reduced with ∆ ≤ D and 0 < a ≤ |c|.
By Lemma 6.2.7, c is negative and a − c <

√
∆. So a ≤ |c| implies 2a ≤

a − c <
√

∆, hence a <
√

∆/2. Also, it follows that a ≤ −c <
√

d − a. Now
∆ = b2 − 4ac, hence b2 ≤ D + 4ac. Also, since f is reduced and a <

√
∆/2 it

follows that b >
√

∆− 2a, hence b + 2a >
√

∆ which implies b2 + 4ab + 4a2 >
b2 − 4ac and therefore b > a− c.

Conversely, assume that 0 < a <
√

d/2, a ≤ −c <
√

d − a, and |c| − a <
b ≤

√
D + 4ac. Then −c is positive, hence a ≤ |c|. Also, ∆ = b2 + 4a|c|. This
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inequality together with a ≤ |c| shows that a <
√

∆/2. Hence, f is reduced by
Lemma 6.5.1. Since b ≤

√
D + 4ac and b > 0 we have ∆ ≤ D. Finally, since

∆ is not a perfect square the form f is non degenerate. �	

6.8 Reduced forms in an equivalence class

In this section, we we explain how to find all reduced forms in the equivalence
class or the proper equivalence class of the given form f .

6.8.1 The reduction operator is bijective

We know from Lemma 6.5.6 that the reduction operator sends a reduced form
to another reduced form in the same proper equivalence class. We prove that
this map is a permutation of the set F+(f) of all reduced forms in the proper
equivalence class of f .

Theorem 6.8.1. Let g be an irrational indefinite form. Then the map
F+(g) → F+(g), f �→ ρ(f) is a bijection.

Proof. We prove that ρ is injective. Let f = (a, b, c), f ′ = (a′, b′, c′) ∈ F+(g)
with ρ(f) = ρ(f ′). We have ρ(f) =

(
c,−b + 2sc, cs2 − bs + a

)
with s = s(f)

and ρ(f ′) = (c′,−b′+2s′c′, c′(s′)2−b′s′+a′) with s′ = s(f ′). Hence c = c′ and
b ≡ b′ (mod 2|c|). Since f and f ′ are reduced, we have b = b′ and therefore
a = a′.

We prove that the map is surjective. We claim that an inverse image of a
reduced form f = (a, b, c) is

ρ−1(f) = f ′ =
(
at2 − bt + c,−b + 2at, a

)
. (6.20)

with

t = t(f) = sign(a)

⌊
b +

√
∆

2|a|

⌋
. (6.21)

The forms f and f ′ are properly equivalent. Also, since ρ(f ′) is the uniquely
determined normal form in the Γ-orbit of (a, b−2at, at2−bt+c) and since f is
a normal form in that Γ-orbit, we have ρ(f ′) = f . We show that f ′ is reduced.
Since (a, b, c) is reduced, it follows from Corollary 6.3.4 that the form (c, b, a)
is also reduced. Now ρ(c, b, a) = (a,−b + 2at, at2 − bt + c). By Lemma 6.5.6
this form is also reduced. Another application of Corollary 6.3.4 implies that
f ′ is reduced. �	

If f is an integral form, then in (6.21) we may replace
√

∆ by �
√

∆� as in
(6.4). We can also write

ρ−1(f) = fV (f)

with
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Fig. 6.2. Some minimal points in a 2-dimensional lattice

V (f) =

(
t(f) 1
−1 0

)
. (6.22)

Note that
t(f) = s

(
ρ−1(f)

)
, V (f) = U−1(ρ−1(f)) .

Example 6.8.2. Let f = (1, 7,−6). Then ∆(f) = 73, t(f) = �(7 + 8)/2� = 7
and ρ−1(f) = (49− 49− 6,−7 + 14, 1) = (−6, 7, 1). We verify this result. Set
g = (−6, 7, 1). Then s(g) = 7 and ρ(g) = (1,−7+14,−6−49+49) = (1, 7,−6).

Below we will show that the permutation ρ of F+(f) is transitive. For the
proof we need a geometric interpretation of reduction theory which we give in
the next two sections.

6.8.2 Geometric characterization of reduced forms

We introduce the most important notions in the geometric interpretation of
reduction theory for indefinite forms. Let L be a two-dimensional irrational
lattice in A1. We define minimal points and bases.

Definition 6.8.3.
1. A point µ = (µ1, µ2) ∈ L is called a minimal point of L if µ �= 0 and if

there is no θ = (θ1, θ2) ∈ L different from 0 and ±µ with |θ1| ≤ |µ1| and
|θ2| ≤ |µ2|.

2. A basis B = (α, γ) =
(
(α1, α2), (γ1, γ2)

)
of L is called a minimal basis of

L if |α1| < |γ1|, |α2| > |γ2 and there is no θ = (θ1, θ2) ∈ L different from
0, ±α, and ±γ with |θ1| ≤ |γ1| and |θ2| ≤ |α2|.
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α

γ1

γ

α2

Fig. 6.3. A minimal basis of a 2-dimensional lattice

Geometrically speaking, a minimal point in L is a non-zero point µ such
that the smallest rectangle that contains ±µ and whose sides are parallel to
the axes, does not contain lattice points different from 0 and ±µ. Likewise, a
minimal basis of L is a Z-basis (α, γ) of L such that the smallest rectangle that
contains ±α and ±γ and whose sides are parallel to the axes does not contain
lattice points different from 0 and ±α and ±γ. From Proposition 4.2.4 we
obtain the following alternative characterization of minimal points and bases.
It tells us that for the minimality of a point or a basis of L it is sufficient that
the interior of the above rectangles does not contain lattices points different
from 0.

Lemma 6.8.4.
1. A point µ = (µ1, µ2) ∈ L is a minimal point of L if and only if µ �= 0 and

if there is no non-zero θ = (θ1, θ2) ∈ L with |θ1| < |µ1| and |θ2| < |µ2|.
2. A basis B = (α, γ) =

(
(α1, α2), (γ1, γ2)

)
of L is a minimal basis of L if and

only if |α1| < |γ1|, |α2| > |γ2 and there is no non-zero θ = (θ1, θ2) ∈ L with
|θ1| < |γ1| and |θ2| < |α2|.

Proof. Exercise 6.18.2.

The next lemma will be useful in many proofs.

Lemma 6.8.5.
1. Let ε ∈ A∗

1 and let θ ∈ A1. Then θ is a minimal point of L if and only if
εθ is a minimal point of εL, which in turn, is true if and only if σ(θ) is a
minimal point of σ(L).



6.8 Reduced forms in an equivalence class 123

2. Let ε ∈ A∗
1 and let (α, γ) ∈ A2

1. Then (α, γ) is a minimal basis of L if and
only if (εα, εγ) is a minimal basis of εL, which in turn, is true if and only
if

(
σ(γ), σ(α)

)
is a minimal basis of σ(L).

Proof. Exercise 6.18.9.

Here is the geometric interpretation of reduced forms.

Theorem 6.8.6. Let L = (1/a)L(f). Then the following statements are
equivalent:

1. The form f is reduced.
2. The pair

(
1, θ(f)

)
is a minimal basis of L.

3. The form f is normal and 1 is a minimal point of L.

Proof. We write θ = (θ1, θ2) = θ(f).
Suppose that f is reduced. We show that (1, θ) is a minimal basis of L. By

Lemma 6.3.2 we have |θ1| > 1, |θ2| < 1 and θ1θ2 < 0. Suppose that x, y are
integers such that

|x + yθ1| < |θ1| , |x + yθ2| < 1 .

We must show that x = y = 0. If y = 0, then the second inequality implies
x = 0. Suppose that y �= 0. The first inequality implies that x �= 0 and that x
and yθ1 have opposite sign. So x and yθ2 have the same sign since θ1θ2 have
opposite sign by Lemma 6.3.2. However, this contradicts the second inequality.

Let (1, θ) be a minimal basis of L. We show that f is reduced. We
have |θ1| > 1 and |θ2| < 1. If θ1θ2 > 0, then

∣∣1 − sign(θ1)θ1

∣∣ < |θ1| and∣∣1 − sign(θ1)θ2

∣∣ < 1 which contradicts the minimality of 1. Hence, θ1θ2 < 0.
Lemma 6.3.2 implies that f is reduced.

Now assume that the first or the second condition holds. Then f is normal
and 1 is a minimal point of L

Finally, assume that f is normal and that 1 is a minimal point of L. We
show that f is reduced. If |a| ≥

√
∆ then |θ1| ≤ 1 and |θ2| ≤ 1 since f is

normal. Hence θ ∈ {0,±1}, since 1 is a minimal point of L. This is impossible.
It follows that |a| <

√
∆. Since f is normal, we have

√
∆ − 2|a| < b <

√
∆.

This implies that θ1 and θ2 have opposite sign and |θ2| < 1. So |θ1| > 1 since
1 is a minimal point of L. Lemma 6.3.2 implies that f is reduced. �	

Corollary 6.8.7. Let B = (α, γ) be a basis of L. Then the following state-
ments are equivalent:

1. The form fB is reduced.
2. B is a minimal basis of L.
3. The form fB is normal and α is a minimal point of L.

Proof. Let f = fB and let θ = θ(f). By Proposition 4.3.18 we have θ = γ/α.
By Lemma 6.8.5, the basis B is a minimal basis of L if and only if (1, θ) is
a minimal basis of L(θ). The same Lemma implies that α is a minimal point
of L if and only if θ is a minimal point of L(θ). Hence, the corollary follows
from Theorem 6.8.6. �	
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6.8.3 The reduction operator is transitive

Let f = (a, b, c) be reduced, a > 0. We know from Theorem 6.8.1 that the
reduction operator ρ is a permutation of the set F+(f) of all reduced forms
in the proper equivalence class of f .

In this section we use geometric arguments to show that this permutation
is transitive. 1

Set
fi = ρi(f), i ∈ Z .

In particular, we have f0 = f . We must prove that F+(f) = {fi : i ∈ Z}. We
set

B0 =
1
a
B(f0) = (1, θ(f)) =

(
1,

(
b +

√
∆

2a
,
b−

√
∆

2a

))
.

Then fB0 = (1/a)f by Proposition 4.3.18 and the orientation of B0 is positive.
We also set

Bi+1 = BiU(fi) , i ≥ 0 ,

Bi−1 = BiV (fi) , i ≤ 0 ,

with U(fi) from (6.13) and V (fi) from (6.22). Since the U(fi) and V (fi)
have discriminant 1, it follows from (4.16) that the Bi are bases with positive
orientation of the lattice

L = (1/a)L(f) .

Since fi+1 = fiU(fi) and fi−1 = fiV (fi), i ∈ Z Proposition 4.3.18 implies

fBi
= (1/a)fi , i ∈ Z . (6.23)

Also, since the fi are reduced, it follows from Corollary 6.8.7 that the Bi are
minimal bases of L.

We will now show that the sequence (±Bi)i∈Z contains all minimal bases
of L with positive orientation. From this fact we will deduce that F+(f) =
{ρi(f) : i ∈ Z}.

Because of the special form of the transformations U(fi) and V (fi), i ∈ Z,
we can write

Bi = (µi, µi+1) , i ∈ Z . (6.24)

Then by Proposition 4.3.18 we have

θ(fi) =
µi+1

µi
, i ∈ Z . (6.25)

1 For a different proof in the language of continued fractions see [Bue89]. Roughly,
computing the cycle of a form f is equivalent to computing the partial quotients
in the continued fraction expansion of θ(f), and one shows for two forms f and
f ′ in the same class that the continued fraction expansions of θ(f) and θ(f ′) can
be converted into each other.
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We also write
µi = (µi,1, µi,2) , i ∈ Z .

The next Lemma shows that the sequence (|µi,1|) is strictly increasing with
exponential growth.

Lemma 6.8.8. We have |µi+1,1| > |µi,1| and |µi+2,1| > 2|µi,1| for i ∈ Z.

Proof. The first inequality follows from the fact that Bi is a minimal basis.
We prove the second inequality. Let

α = sign(µi+2,1)µi+2 − sign(µi,1)µi .

Write α = (α1, α2).
Assume that |µi+2,1| ≤ 2|µi,1|. We will deduce that |αj | ≤ |µi,j |, j = 1, 2.

This contradicts the minimality of µi.
We have |µi,1| < |µi+2,1| ≤ 2|µi,1|. Then

|α1| =
∣∣∣|µi+2,1| − |µi,1|

∣∣∣ ≤ |µi,1| . (6.26)

Now we show that the analogous inequality also holds for the second coordi-
nate. Since fi is reduced, (6.25) and Lemma 6.3.2 imply that N(µi+1)/N(µi) <
0. Therefore, N(µi) and N(µi+2) have the same sign. This implies that
sign(µi+2,1)µi+2,2 and sign(µi,1)µi,1 have the same sign. Also, |µi+2,2| < |µi,2|.
Hence |α2| =

∣∣sign(µi+2,1)µi+2,2 − sign(µi,1)µi,2

∣∣ < |µi,2|. �	

As a consequence of Lemma 6.8.8 we obtain the following result.

Corollary 6.8.9. 1. limi→∞ |µi,1| = ∞. 2. limi→−∞ |µi,1| = 0. �	

Theorem 6.8.10.
1. The set of all minimal points of L is

{
±µi : i ∈ Z

}
.

2. The set of all minimal bases of L with positive orientation is
{
±Bi : i ∈ Z

}
.

Proof. 1. Suppose that α = (α1, α2) ∈ Min(L). It follows from Corollary 6.8.9
that there is i ∈ Z with |µi,1| ≤ |α1| < |µi+1,1|. We show that α = (α1, α2) ∈
{±µi}. Otherwise |µi,1| < |α1| < |µi+1,1|. Since (µi, µi+1) is a minimal basis
of L, this implies |µi,2| < |α2| and this contradicts the minimality of α.

2. Let B = (α, γ) be a minimal basis of L with positive orientation. Then
α is a minimal point of L. So 1. implies that α = sµi for some s ∈ {±1} and
i ∈ Z. Then sBi and B are minimal bases of positive orientation with the same
first element. We show that sBi = B. It suffices to show that γ = (γ1, γ2) =
sµi+1. Since B is a minimal basis of L we have |γ2| < |α2| = |µi+1,2|. So |γ1| <
|µi+2,1| contradicts the minimality of Bi. Likewise, |γ1| > |µi+2,1| contradicts
the minimality of B. It follows from Proposition 4.2.4 that γ = ±µi+1. Since
B and sBi have the same orientation, it follows that B = sBi. �	

The main results of this section follow from Theorem 6.8.10.
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Corollary 6.8.11. The set of reduced forms in the proper equivalence class
of the reduced indefinite form f is

{
ρi(f) : i ∈ Z

}
.

Proof. Let g be a reduced indefinite form in the proper equivalence class of
f . Then g = fU with U ∈ SL(2, Z). Set C = B0U . By Proposition 4.3.18 we
have g = fU = afB0U = afC . Corollary 6.8.7 implies that C is a minimal
basis of L. Hence, by Theorem 6.8.10 there is an integer i with Bi = C. So
(6.23) implies g = afC = afBi

= fi. �	
Corollary 6.8.12. The map ρ : F+(f) → F+(f) is a transitive permutation.

�	
Example 6.8.13. Let f0 = f = (1, 1,−1). Then ∆(f) = 5. We compute F0(f).
We have f1 = ρ(f0) = (−1, 1, 1) and f2 = ρ(f1) = (1, 1,−1) = f0. We also
have f−1 = ρ−1(f0) = f1 or, more generally, fi = fj if and only if i ≡ j
(mod 2). So the sequence (fi)i∈Z is periodic with period length 2.

In Example 6.8.13 we have determined the sequence
(
ρi(f)

)
i∈Z

for the
integral form (1, 1,−1). We have seen that this sequence is periodic with
period length 2. We characterize all forms for which this sequence is periodic.

Theorem 6.8.14. Let f be reduced. If θ(f) is a quadratic irrationality, then
the sequence

(
ρi(f)

)
i∈Z

is periodic. Otherwise the elements of this sequence
are pairwise distinct.

Proof. Assume that θ(f) is a quadratic irrationality. Then the number of re-
duced forms in the equivalence class of f is finite by Exercise 6.18.5. Therefore,
there are integers i, k, k > 0 with ρi(f) = ρi+k(f). Since ρ is a bijection, it
follows that ρs(f) = ρt(f) for all integers s, t with s ≡ t (mod k). This means
that the sequence

(
ρi(f)

)
i∈Z

is periodic.
Conversely, assume that fj = fi for integers i, j with i < j. Since f and fi

are equivalent, it suffices to prove that θ = θ(fi) is a quadratic irrationality. Set
T = U(fi)U(fi+1) · · ·U(fj−1). Then T ∈ SL(2, Z), fj = fiT , and Bj = BiT .

Let T =

(
s t

u v

)
. Then Proposition 4.3.21 implies θT = θ(fi)T = θ(fiT ) =

θ(fi) = θ, hence uθ2 + (s − v)θ − t = 0. If u �= 0, then θ is a quadratic
irrationality. Let u = 0. Then s = v and |s| = 1 since det T = 1. So t = 0,
hence T = ±I2 which is impossible since Bi �= ±Bj . �	

Note that θ(f) is a quadratic irrationality if and only if b/a and c/a are
rational numbers which, in turn, is true if and only if R>0f contains an integral
form.

6.9 Enumeration of the reduced forms in an equivalence
class

We use the results of the previous section to enumerate all reduced forms in
the equivalence class of a given indefinite reduced form. We first discuss the
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relationship between the proper equivalence class and the equivalence class of
f .

For a form f = (a, b, c) set

τ(f) = f

(
1 0
0 −1

)
= (−a, b,−c) . (6.27)

Then

τρ(f) = ρτ(f) =
(
−c,−b + 2s(f)c,−

(
a− bs(f) + cs(f)2

))
. (6.28)

Also, f and τ(f) are equivalent but not necessarily properly equivalent.

Proposition 6.9.1.
1. If f and τ(f) are properly equivalent, then the equivalence class of f is equal

to the proper equivalence class of f .
2. If f and τ(f) are not properly equivalent, then the equivalence class of f is

the disjoint union of the proper equivalence classes of f and τ(f).

Proof. 1. Assume that f and τ(f) are properly equivalent. Let g be a form in
the equivalence class of f . We show that g is properly equivalent to f . If g is
improperly equivalent to f , then g is properly equivalent to τ(f). But τ(f) is
properly equivalent to f . Hence, g is properly equivalent to f .

2. Assume that f and τ(f) are not properly equivalent. Then the proper
equivalence classes of f and τ(f) are disjoint. In addition, any form in the
equivalence class of f belongs either to the proper equivalence class of f or to
the proper equivalence class of τ(f). �	
Corollary 6.9.2. If θ(f) is not a quadratic irrationality, then the equivalence
class of f is the disjoint union of two proper equivalence classes. �	

6.10 Cycles of reduced forms

Let f be an integral form. In order to compute the reduced forms in the equiv-
alence class or the proper equivalence class of f it is more efficient to calculate
the sequence (τρ)i(f)i∈Z than the sequence

(
ρi(f)

)
. This is demonstrated in

the next example.

Example 6.10.1. Let f = (1, 3,−2). Then the sequence
(
ρi(f)

)
i∈Z

is periodic
with period

(
(1, 3,−2), (−2, 1, 2), (2, 3,−1), (−1, 3, 2), (2, 1,−2), (−2, 3, 1)

)
while the sequence

(
(ρτ)i(f)

)
i∈Z

is periodic with period
(
(1, 3,−2), (2, 1, 2)

(2, 3,−1)
)
. The second period is half as long as the first period. Also, since

the length of the second period is odd and since we know that in the sequence(
ρi(f)

)
i∈Z

the sign of the coefficient of X2 alternates we can tell from the
second period that the first period contains τ(f) and is twice as long. By
Theorem 6.9.1 the equivalence class and the proper equivalence class of f are
equal.
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It follows from Theorem 6.8.14 that the sequence
(
(τρ)i(f)

)
i∈Z

is periodic.

Definition 6.10.2. Let f be integral.

1. The proper cycle of f is the sequence
(
ρi(g)

)
i∈Z

where g is a reduced form
which is properly equivalent to f .

2. The cycle of f is the sequence
(
(τρ)i(g)

)
i∈Z

where g = (A,B,C) is a re-
duced form with A > 0 which is equivalent to f .

The cycle of f is an invariant of the equivalence class of f . The cycle of the
principal form of discriminant ∆ is called the principal cycle of discriminant
∆. Also, the proper cycle of f is an invariant of the proper equivalence class of
f . We represent the cycle or the proper cycle of f by its period (f0, . . . , fl−1)
where f0 is any reduced form in the cycle.

We describe the elements of the cycle and the proper cycle of f .

Proposition 6.10.3.
1. The proper cycle of f consists of all reduced forms in the proper equivalence

class of f .
2. The cycle of f consists of all reduced forms (A,B,C) with A > 0 in the

equivalence class of f .

Proof. 1. This statement is a consequence of Corollary 6.8.11.
2. The equivalence class of f contains a reduced form (a′, b′, c′) with a′ > 0.

So we assume without loss of generality that a > 0. By construction, any
form (A,B,C) in the cycle of f is a reduced form in the equivalence class of
f with A > 0. Conversely, let (A,B,C) be a reduced form in the equivalence
class of f with A > 0. Then one of the forms (A,B,C) or τ(A,B,C) is
properly equivalent to f . Hence, one of those forms belongs to the proper
cycle of f . If (A,B,C) belongs to the proper cycle of f , then (A,B,C) = ρi(f)
with even i since both a and A are positive and the sign of the coefficient of
X2 of the forms ρj(f) is (−1)j , j ∈ Z. Since τ2 is the identity and since
τ commutes with ρ, it follows that (A,B,C) = (τρ)i(f). This implies that
(A,B,C) belongs to the cycle of f . Assume that τ(A,B,C) = (−A,B,−C)
belongs to the proper cycle of f . Then τ(A,B,C) = ρi(f) with an odd i.
Hence, (A,B,C) = (τρi)(f) = (τρ)i(f). So also in this case, (A,B,C) belongs
to the cycle of f . �	

Example 6.10.4. By Example 6.10.1 the cycle of f = (1, 3,−2) is(
(1, 3,−2), (2, 1, 2), (2, 3,−1)

)
. We can also write

(
(2, 1, 2), (2, 3,−1), (1, 3,−2)

)
for this cycle. The proper cycle of f is

(
(1, 3,−2), (−2, 1, 2), (2, 3,−1), (−1, 3, 2),

(2, 1,−2), (−2, 3, 1)
)

which can also be written as
(
(2, 3,−1), (−1, 3, 2), (2, 1,

−2), (−2, 3, 1), (1, 3,−2), (−2, 1, 2)
)
.

We explain how the proper cycle is computed from the cycle of f .
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Proposition 6.10.5. Let f be integral and let (f0, f1, . . . , fl−1) be the cycle
of f .

1. If the length l of that cycle is odd, then the proper cycle of f and τ(f) is(
f0, τ(f1), f2, . . . , fl−1, τ(f0), f1, . . . , τ(fl−1)

)
. In this case the equivalence

class of f is equal to the proper equivalence class of f .
2. If the length l of that cycle is even, then the proper cycle of f is(

f0, τ(f1), . . . , τ(fl−1)
)

and the proper cycle of τ(f) is
(
τ(f0), f1, . . . , fl−1

)
.

Also, the equivalence class of f is the disjoint union of the proper equiva-
lence class of f and the proper equivalence class of τ(f).

Proof. 1. Suppose that l is odd. Then τ(f) = τ(ρτ)l(f) = ρl(f). Hence,
the proper cycle of f is of the asserted form. Also, f and τ(f) are properly
equivalent. Proposition 6.9.1 implies that the equivalence class of f is equal
to the proper equivalence class of f .

2. Suppose that l is odd. Then f = (τρ)l(f) = ρl(f). Hence, the proper
cycle of f and τ(f) have the asserted form. Those cycles are different since
the number of reduced forms (A,B,C) with A > 0 in the equivalence of f
is l. Hence, f and τ(f) are not properly equivalent. Proposition 6.9.1 implies
that the equivalence class of f is the disjoint union of the proper equivalence
class of and and the proper equivalence class of τ(f). �	

Let f = (a, b, c) with a > 0. We explain how to compute the cycle
(f0, f1, . . . , fl−1) of f . We set f0 = f ,

f0 = (a0, b0, c0)

and

si = |s(fi)| =
⌊

bi + �
√

∆�
2|ci|

⌋
. (6.29)

Then

fi+1 = (ai+1, bi+1, ci+1) =
(
|ci|,−bi + 2si|ci|,−(ai + bisi + cis

2
i )
)

. (6.30)

Another way of writing fi+1 is

fi+1 = fi

(
0 1
1 |s(fi)|

)
, i ∈ Z . (6.31)

To compute matrices

Ti =

(
pi pi+1

qi qi+1

)
∈ GL(2, Z) (6.32)

with
fi = fTi .
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we set T0 = I2 and

pi+2 = sipi+1 + pi , qi+2 = siqi+1 + qi , i ∈ Z . (6.33)

We give two examples for cycles of reduced forms.

Example 6.10.6. Let f = (1, 7,−6). The form f is reduced and the discrimi-
nant of this form is 73. The cycle computation yields

i 0 1 2 3 4 5 6 7 8 9

ai 1 6 2 3 4 4 3 2 6 1
bi 7 5 7 5 3 5 7 5 7 7

−ci 6 2 3 4 4 3 2 6 1 6
pi 1 0 1 3 7 10 17 44 149 193
qi 0 1 1 4 9 13 22 57 193 250
si 1 3 2 1 1 2 3 1 7

This means that the cycle of f has period length 9. This is an odd number.
Hence, the proper cycle of f has period length 18.

Example 6.10.7. Let f = (1, 8,−3). The form is reduced and the discriminant
of this form is 76.

i 0 1 2 3 4 5 6

ai 1 3 5 2 5 3 1
bi 8 4 6 6 4 8 8

−ci 3 5 2 5 3 1 3
pi 1 0 1 1 4 5 14
qi 0 1 2 3 11 14 39
si 2 1 3 1 2 8

This means that the cycle of f has length 6. This is an even number.
Hence the proper cycle of f has also period length 6. That proper cycle is(
(1, 8,−3), (−3, 4, 5), (5, 6,−2), (−2, 6, 5), (5, 4,−3), (−3, 8, 1)

)
.

Algorithm cycle computes the cycle of f . In this algorithm we use Pro-
cedure rhoTau which computes the function ρτ .

Finally, we prove bounds for the entries of Ti.

Lemma 6.10.8. We have

1. pi+1 > pi > 0 and pi+2 ≥ 2pi for i ≥ 3,
2. qi+1 > qi > 0 and qi+2 ≥ 2qi for i ≥ 2,
3. pi ≥ 2�(i−3)/2� for i ≥ 3,
4. qi ≥ 2�(i−2)/2� for i ≥ 2,
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Algorithm 6.1 cycle (f)
Input: An integral irreducible indefinite reduced form f
Output: The cycle of f

Initialize the cycle C with f
g ← rhoTau(f)
while g �= f do

Append g to C
g ← rhoTau(g)

return C

5. pi+2 < (
√

∆ + 1)i for i ≥ 0,
6. qi+1 < (

√
∆ + 1)i for i ≥ 0.

Proof. By Exercise 6.18.15 we have si ≥ 1 for i ≥ 0. We use the recursion
(6.33) and obtain p1 = 0, p2 = 1, p3 = s1 and pi+2 = sipi+1 +pi ≥ pi+1 +pi >
pi+1 for i ≥ 2. This implies pi+2 ≥ 2pi for i ≥ 2. The second assertion
is proved analogously. The third and fourth assertion follow from the first
and the second assertion. We prove the fifth assertion. We have p2 = 1 =
(
√

∆ + 1)0, p3 = s1 <
√

∆ + 1 by Exercise 6.18.15 and pi+2 = sipi+1 + pi <√
∆(
√

∆+1)i−1 +(
√

∆+1)i−2 = (
√

∆
2
+
√

∆+1)(
√

∆+1)i−2 < (
√

∆+1)i.
The last assertion is proved analogously. �	

Corollary 6.10.9. We have size Ti = O(i size ∆) and i = O(size Ti) for i ∈
Z>0. �	

6.11 Deciding equivalence

Let f and f ′ be integral irreducible forms with the same discriminant. Then
the equivalence of f and f ′ can be decided as follows. First, a reduced form
g = (A,B,C) with A > 0 in the equivalence class of f is computed. Then, the
cycle of f ′ is computed. Each element of that cycle is compared to g. If the
form g is found in that cycle, then f and f ′ are equivalent. Otherwise, they
are not. Also, if g = fU = f ′U ′ with U,U ′ ∈ GL(2, Z), then f ′ = fU(U ′)−1.
The implementation details are left to the reader as Exercise 6.18.14.

Example 6.11.1. Let f = (1, 7,−6) and g = (3, 5,−4). Those forms are both
reduced and have discriminant 73. The cycle of f was computed in Exam-
ple 6.10.6. There, we have seen that g belongs to that cycle. Hence, f and g
are equivalent. Since the length of the cycle of f is odd, the equivalence class
of f is equal to the proper equivalence class of f . Hence, f and g are properly
equivalent.

Example 6.11.2. Let f = (1, 8,−3) and g = (2, 6,−5). Those forms are both
reduced and have discriminant 76. The cycle of f was computed in Exam-
ple 6.10.7. There, we have seen that g belongs to that cycle. Hence, f and g
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are equivalent. But g does not belong to the proper cycle of f . Hence, f and
g are not properly equivalent.

6.12 The automorphism group

In this section we determine the automorphism group of an integral irreducible
form f = (a, b, c).

6.12.1 The structure

Let U ∈ GL(2, Z) such that f0 = fU is reduced and f0 = (A,B,C) with
A > 0. Let (f0, . . . , fl−1) be the cycle of f . Let Tl be the transformation from
Section 6.10. Then f0Tl = f0. Therefore, Tl is an automorphism of f0. Also,
fUTlU

−1 = f . Hence
T = UTlU

−1 (6.34)

is an automorphism of f . We show that T generates an infinite subgroup of
Aut(f).

Lemma 6.12.1. The cyclic group 〈T 〉 =
{
T i : i ∈ Z

}
is infinite and det T =

(−1)l where l is the length of the cycle of f .

Proof. We have T i = UT i
l U

−1 for i ∈ Z, and

Tl =
l−1∏
i=0

(
0 1
1 |s(fi)|

)
. (6.35)

It follows from (6.35) and from Lemma 6.10.8 that the entries of T possibly
except for the entry in the first row and column are positive. This implies
that the entries of T i in the second row and column form a strictly increasing
sequence. Hence, the matrices T i, i ≥ 0 are pairwise distinct. This implies
that 〈T 〉 is infinite. Also, the factors of the right hand side of (6.35) have
determinant −1. Therefore, det T = (−1)l. �	
Example 6.12.2. We compute the automorphism T for f = (1, 7,−6) using
the results from Example 6.10.6. We obtain

T = Tl =

(
193 1500
250 1943

)
.

Also, det T = −1.

Example 6.12.3. We compute the automorphism T for f = (1, 8,−3) using
the results from Example 6.10.7. We obtain

T = Tl =

(
14 117
39 326

)
.

Also, det T = 1.
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Now we determine Aut(f) and Aut+(f).

Theorem 6.12.4. We have

Aut(f) = 〈−1〉 × 〈T 〉 =
{
±T i : i ∈ Z

}
.

Also, if the length l of the cycle of f is odd then the narrow automorphism
group is Aut+(f) = 〈−1〉 × 〈T 2〉 and if l is even, then Aut+(f) = Aut(f).

Proof. Clearly, we have 〈−1〉 × 〈T 〉 ⊂ Aut(f0).
We prove the converse inclusion. We first assume that U = I2, that is, f =

f0 and T = Tl. We denote by Bi the R-bases from Section 6.8.3 with fBi
= afi,

i ∈ Z. Let V ∈ Aut(f0). Then fB0V = af0V = af by Proposition 4.3.13. This
form is reduced. Hence B0V is a minimal basis of L(B0) by Corollary 6.8.7.
By Theorem 6.8.10 there is i ∈ Z such that B0V ∈

{
±Bi

}
. Since Bi = B0Ti,

this implies that V ∈
{
±Ti

}
. Also, since fi = fTi = fV = f , we have i ≡ 0

(mod l) because of the minimality of l. So V ∈
{
±T j

l

}
for some integer j.

We prove the general case. Let V ∈ GL(2, Z). Then V is an automorphism
of f if and only if U−1V U is an automorphism of f0. Hence, U−1V U ∈

{
±T i

l :
i ∈ Z

}
. This, in turn, is true if and only if V ∈

{
±T i : i ∈ Z

}
.

Finally, we determine the narrow automorphism group of f . Clearly, we
have Aut+(f) ⊂ Aut(f). The matrix Tl from above is the product of l matrices
of norm −1. Hence, if l is even then detT = det Tl = 1. This implies that
Aut+(f) = Aut(f) in this case. Let l be odd. Then detT = det Tl = −1. Then{
±T 2i : i ∈ Z

}
⊂ Aut+(f). To prove the converse inclusion let V ∈ Aut+(f).

Then there is s ∈ {±1} and i ∈ Z with V = sT i. Since detT = −1 the
exponent e must be even. �	

Definition 6.12.5. The automorphism T is called the fundamental automor-
phism of f .

In Examples 6.12.2 and 6.12.3 we have computed fundamental automor-
phisms.

6.12.2 Solving the Pell equation

In Section 2.5.2 we have explained that there is a close connection between
the automorphism group of a form and the solutions of the Pell equation

x2 −∆y2 = ±4 (6.36)

It follows from Lemma 6.12.1 and from Theorem 2.5.5 that this Pell equation
has infinitely many solutions since ∆ > 0. In this section we explain how to
find all solutions of (6.36).

Definition 6.12.6. The fundamental solution of the Pell equation (6.36) is
the solution (x, y) ∈ Z

2 with x, y > 0 and minimal y.
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We show that the fundamental solution of the Pell equation is closely
related to the fundamental automorphism.

Proposition 6.12.7. If (x, y) is the fundamental solution of the Pell equation
(6.36), then U(f, x, y) is the fundamental automorphism of f .

Proof. By Theorem 2.5.5 the automorphisms of f are exactly the matrices
(

(x− yb)/2 −cy

ay (x + yb)/2

)
(6.37)

where (x, y) is a solution of (6.36). By Theorem 6.12.4 those automorphisms
are of the form ±T i where T is the fundamental automorphism of f . If all the
entries of T are positive then the entry ay in T i is strictly increasing. So the
fundamental solution of (6.36) yields the fundamental automorphism of f . If
not all entries in T are positive, then (6.35) implies that l = 1, f is reduced,
and

T =

(
0 1
1 x

)
.

From (6.37) we obtain f = (a, b, c) = (1, 1,−1) and ∆ = 5. For ∆ = 5 the
fundamental solution of (6.36) is (3, 1). That solution yields the fundamental
automorphism of f . �	

By Proposition 6.12.7, the fundamental solution of the Pell equation (6.36)
can be easily computed from the fundamental automorphism of the principal
form of discriminant ∆. Also, using Proposition 6.12.7 the fundamental auto-
morphism of any other integral form of discriminant ∆ can be computed from
the fundamental solution of the Pell equation (6.12.7).

Example 6.12.8. From Example 6.12.2 we see that (2136, 250) is the fun-
damental solution of the Pell equation x2 − 73y2 = ±4. In fact, we have
21362 − 73 · 2502 = −4.

From Example 6.12.3 we see that (340, 39) is the fundamental solution of
the Pell equation x2 − 76y2 = ±4. In fact, we have 3402 − 76 · 392 = 4.

The results of this section also show that the Pell equation (2.19) has
infinitely many solutions if ∆ is a positive discriminant which is not a square.
The structure of the set of all those solutions will be studied in Section 8.3.

6.13 Complexity

Let f be an integral indefinite irreducible reduced form and let ∆ be the
discriminant of f . We analyze the complexity of the algorithms that were
presented in the previous sections.

We first discuss the complexity of computing the cycle of f .
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Proposition 6.13.1.
1. If f is reduced, then the algorithm cycle(f) computes the cycle of f in time

O(l(size ∆)2) where l is the length of the cycle of f .
2. The equivalence of two reduced integral forms of discriminant ∆ can be

decided in time O(l(size ∆)2).

Proof. 1. The elements of the cycle of f are reduced. Lemma 6.2.7 implies
that one application of the reduction operator takes time O

(
size ∆)2

)
. Hence,

the total running time is O(l(size(∆)2).
2. To decide the equivalence of two reduced forms it suffices to compute

the cycle of one of the forms. �	

This complexity of cycle is close to optimal since there are l elements
in the cycle of f and it requires time Ω(l) to write them all down. Also, as
experiments show, the cycle length l is typically of the order of magnitude√

∆.
Next we study the computation of the fundamental solution of the Pell

equation.

Proposition 6.13.2.
1. The fundamental solution (x, y) of the Pell equation X2 −∆Y 2 = ±4 can

be computed in time O
(
(size(y) size(∆)

)2).
2. The fundamental automorphism of a reduced integral form of discriminant

∆ can be computed in time O
(
(size(y) size(∆)

)2).
3. If f and f ′ are equivalent reduced integral forms, then a transformation

T ∈ GL(2, Z) with f ′ = fT can be computed in time O
(
(size(y) size(∆)

)2).

Proof. 1. To compute the fundamental solution (x, y) of the Pell equation,
we compute the transformation Tl from (6.32) where l is the length of the
cycle of f . It follows from Proposition 6.12.7 that y = ql with ql from (6.32).
Lemma 6.10.8 implies

l = O(size y) . (6.38)

Each reduction step takes time O((size ∆)2). Also by Lemma 6.10.8 the sizes
of the matrices Ti are bounded by l size ∆ and the size of each si is bounded
by size∆. Hence, computing Ti+1 from Ti requires time l(size ∆)2. So (6.38)
implies that the computation of Tl and (x, y) takes time O

(
(size(y) size(∆))2

)
.

2. By Proposition 6.12.7 the fundamental automorphism of a reduced in-
tegral form of discriminant ∆ can be easily computed from the fundamental
automorphism of the corresponding Pell equation. Hence, the assertion follows
from 1.

3. The computation of the transformation T requires the computation
of the cycle and the corresponding transformations. Therefore, the proof is
analogous to the proof of 1. �	

Proposition 6.13.2 shows that the fundamental solution of the Pell equation
can be computed in quadratic time in the size of the input and output. In
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general, this output is very large. In order to reduce the running time it is
necessary to find a shorter representation of that fundamental solution of the
Pell equation.

6.14 Ambiguous cycles

The cycles computed in Examples 6.10.6 and 6.10.7 are symmetric. In this
section we show that the reason for this symmetry is the fact that the corre-
sponding equivalence classes are ambiguous. We let f = (a, b, c) be an integral
indefinite irreducible form. We define

κ(a, b, c) = (−c, b,−a) . (6.39)

We have seen in Lemma 2.8.2 that the equivalence class of f is ambiguous if
and only if f and κ(f) are equivalent. The next lemma can be used to compute
the cycle of κ(f) from the cycle of f .

Lemma 6.14.1. If i ∈ Z, then κρi(f) = ρ−iκ(f).

Proof. For i ≥ 1 we prove the assertion by induction. It follows from the for-
mulas for ρ(f) and for ρ−1(f) in (6.11) and (6.20) that κρ(f) = ρ−1κ(f). As-
sume that the assertion is true for some i ≥ 1. Then κρi+1(f) = ρ−1κ(ρi(f)) =
ρ−i−1κ(f).

To prove the assertion for i < 0 we use the fact that κ2(f) = f . Let i < 0
then κρi(f) = κρiκκ(f) = κκρ−iκ(f) = ρ−iκ(f). �	

It follows from Lemma 6.14.1 that from the cycle of the form f the cycle
of κ(f) can be obtained as follows.

Corollary 6.14.2. Let f be an integral irreducible indefinite form and let
(f0, f1, . . . , fl−1) be the cycle of f . Then

(
κ(fl), κ(fl−1), . . . , κ(f1)

)
is the cycle

of κ(f). �	

Example 6.14.3. Consider the form f = (2, 17,−14). Its discriminant is 401
and it is reduced. The cycle of f is

(
(2, 17,−14), (14, 11,−5), (5, 19,−2)

)
. The

cycle of κ(f) = (14, 17,−2) is
(
(14, 17,−2), (2, 19,−5), (5, 11,−14)

)
.

If f is ambiguous, then f and κ(f) are equivalent. Therefore, the cycle of
f and and the cycle of κ(f) are the same and this cycle is symmetric. We
describe this symmetry more precisely.

Definition 6.14.4. The form f is called symmetric if κ(f) = f , that is, if
f = (a, b,−a).



6.14 Ambiguous cycles 137

If f is symmetric, then
∆(f) = b2 + 4a2 .

So from a symmetric form we obtain the representation of its discriminant as
the sum of two squares. We recall that the form f is ambiguous, if f = (a, ka, c)
with an integer k. If f is of this form, then

∆ = a(k2a− 4c) .

This is a factorization of the discriminant of f . We characterize ambiguous
forms in a cycle.

Lemma 6.14.5. Let f be reduced. Then f is ambiguous if and only if
τρ−1(f) = κ(f).

Proof. Let t = t(f)
Suppose that τρ−1(f) = κ(f). Then

(−at2 + bt− c,−b + 2at,−a) = (−c, b,−a).

This implies −b + 2at(f) = b, hence b = at(f). So f is ambiguous.
Conversely, let f = (a, ka, c) with k ∈ Z. Then

τρ−1(f) = (−at2 + kat− c,−ka + 2at,−a). (6.40)

This form is reduced. By Corollary 6.3.4 the form (−a,−ka+2at,−at2+kat−
c) is also reduced. Hence, we have

∣∣√∆− 2|a|
∣∣ < −ka + 2at <

√
∆ . (6.41)

Since the form f is also reduced, we have

|
√

∆− 2|a|| < −ka <
√

∆ . (6.42)

It follows from (6.41) and (6.42) that t = 0. From (6.40) we obtain τρ−1(f) =
κ(f). �	

Theorem 6.14.6. Assume that the equivalence class of f is ambiguous. Let
l be the length of the cycle of f and let (f0, . . . , fl−1) be that cycle where
fi = (τρ)i(f0), i ∈ Z.

1. If the length l of the cycle of f is odd, then this cycle contains one ambiguous
and one symmetric form. If f0 is the ambiguous form in the cycle and
l = 2k + 1 with k ≥ 0, then the cycle is

(
κ(fk−1), . . . , κ(f0), f0, f1, . . . , fk

)
and fk is the symmetric form.

2. Let the length l of the cycle of f be even, that is, l = 2k, k ≥ 1.
Then this cycle contains two symmetric and no ambiguous or two
ambiguous and no symmetric form. In the first case, the cycle is(
κ(fk−1), . . . , κ(f1), f0, f1, . . . , fk

)
and f0 and fk are the symmetric forms.

In the second case, the period is
(
κ(fk−1), . . . , κ(f0), f0, f1, . . . , fk−1

)
and

f0 and κ(fk−1) are the ambiguous forms.
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Proof. Exercise 6.18.16. �	

Example 6.14.7. The reduced indefinite forms of discriminant ∆ = 105 can be
grouped into two cycles, namely

(
(1, 9,−6), (6, 3,−4), (4, 5,−5), (5, 5,−4), (4,

3,−6), (6, 9,−1)
)

and
(
(2, 7,−7), (7, 7,−2), (2, 9,−3), (3, 9,−2)

)
. The first cy-

cle has even length and contains the ambiguous forms (1, 9,−6) and (5, 5,−4).
From the second ambiguous form we obtain the divisor 5 of 105. The second
cycle has also even length and contains the two ambiguous forms (7, 7,−2)
and (3, 9,−2) from which we obtain the divisors 7 and 3 of 105. The knowl-
edge of the ambiguous forms has given us the complete prime factorization of
105, namely 105 = 3 · 5 · 7.

Since the Γ-orbit of any ambiguous integral indefinite irreducible form
contains a reduced form (see Exercise 6.18.17), we can find the complete fac-
torization of a positive discriminant ∆, that is not a square, by determining
all reduced ambiguous forms of that discriminant.

6.15 Solution of the representation problem

We have seen in Section 6.11 how to decide the equivalence of two integral
indefinite irreducible forms. Also, in Section 6.12 we have explained how to
calculate the automorphism group of an integral indefinite irreducible form.
Hence, we can solve the representation problem for such forms. This is illus-
trated in the next example.

Example 6.15.1. We determine the representations of 19 by f = (1, 7,−6).
The discriminant of f is 73. Since 73 ≡ 16 = 42 (mod 19), it follows that 73
is a quadratic residue mod 19. There are two Γ-orbits of forms (19, b, c) of
discriminant 73 namely the Γ-orbits of (19, 23, 6) and of (19,−23, 6).

If we reduce (19, 23, 6), then we obtain (2, 7,−3) which by Example 6.10.6
belongs to the proper cycle of f . So f and (19, 23, 6) are properly equivalent
and we find the transformation

(1, 7,−6)

(
5 4
6 5

)
= (19, 23, 6) .

So ±(5, 4) is a representation of 19 by (1, 7,−6).
If we reduce (19,−23, 6), then we obtain the form (2, 5,−6). By Exam-

ple 6.10.6 this form also belongs to the proper cycle of f and we find the
transformation

(1, 7,−6)

(
151703 −57711
196506 −74755)

)
= (19,−23, 6) .

So (151703, 196506) is a representation of 19 by (1, 7,−6).
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In Example 6.12.2 we have computed the fundamental automorphism T
of the form (1, 7,−6). That automorphism has determinant −1. By Theo-
rem 6.12.4 the narrow automorphism group of (1, 7,−6) is 〈−1〉 × 〈T 2〉 with

T 2 =

(
412249 3204000
534000 4150249

)

We obtain all representations of 19 by (1, 7,−6) by multiplying the two
representations that we found by all proper automorphisms of (1, 7,−6).

6.16 Solving the minimum problem

We prove that reduction theory solves the minimum problem for integral in-
definite forms. We use the following Lemma.

Lemma 6.16.1. Any cycle or proper cycle of reduced indefinite irreducible
forms of discriminant ∆ contains a form (a, b, c) with |a| <

√
∆/2.

Proof. It follows from Corollary 6.8.11 that a cycle consists of all reduced
forms (a, b, c) with positive a in the equivalence class of the forms in that
cycle. Let f be an indefinite irrational form of discriminant ∆. Let (a, b, c) be
a reduced form in the cycle or the proper cycle of f . By Lemma 6.2.7 we have
|a|+ |c| <

√
∆ for any reduced form (a, b, c). So |a| <

√
∆/2 or |c| <

√
∆/2. If

|a| <
√

∆/2, then we are done. Suppose that |a| ≥
√

∆/2. Then |c| <
√

∆/2.
Also, the form ρ(a, b, c) = (c,B,C) with B,C ∈ Z is in the proper cycle of f
and τρ(f) = (−c,B,C) with B,C ∈ Z belongs to the cycle of f . This shows
that also in the case |a| ≥

√
∆/2 both the cycle of f and the proper cycle of

f contain a form (A,B,C) with |A| <
√

∆/2. �	

Corollary 6.16.2. The minimum of an integral indefinite irreducible form f
is the absolute smallest integer that appears as an a in a form (a, b, c) in the
proper cycle of f .

Proof. Any a in a form (a, b, c) that is properly equivalent to f can be rep-
resented by f . Hence, Lemma 6.16.1 shows that the minimum of f is smaller
than

√
∆/2. Also, if a is the minimum of f , then there is a form (a, b, c) or

a form (−a, b,−c) that is properly equivalent to f . That form is reduced by
Lemma 6.5.1. Hence, it belongs to the proper cycle of f . �	

Example 6.16.3. We determine the minimum of the form f = (5, 4,−3). In
Example 6.10.7 we have seen that the proper cycle of f contains the form
(1, 8,−3). Hence, the minimum of f is 1.
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6.17 Class number

From Corollary 6.5.4 and Corollary 6.2.8 we obtain the following result.

Theorem 6.17.1. The number of equivalence classes of integral indefinite
forms of a fixed discriminant is finite. �	

Definition 6.17.2. Let ∆ be a positive integer. The number of equivalence
classes of primitive integral forms of discriminant ∆ is called the class number
of ∆. It is denoted by h(∆). The number of proper equivalence classes of
integral forms of discriminant ∆ is called the narrow class number of ∆. It is
denoted by h+(∆).

For negative discriminants the class number h(∆) can be computed by
counting the number or primitive reduced forms of that discriminant. For
positive discriminants we use the following theorem.

Theorem 6.17.3. The class number h(∆) is the number of distinct cycles of
integral primitive forms (a, b, c) with 0 < a ≤ |c| and discriminant ∆. If the
length of those cycles is even then h(∆) = 2h+(∆). If the length of those cycles
is odd then h(∆) = h+(∆).

Proof. It follows from Corollary 6.8.11 that a cycle of reduced forms consists of
all reduced forms (a, b, c) with positive a in the equivalence class of the forms
in that cycle. By Lemma 6.16.1, every cycle of reduced forms of discriminant
∆ contains a form (a, b, c) with 0 < a <

√
∆/2. To determine the class number

h(∆) it therefore suffices to count the number of cycles of such forms. The
assertion concerning the narrow class number follows from Proposition 6.10.5.

�	

Based on Theorem 6.17.3, we obtain the following method for computing
the class number h(∆) and the narrow class number h+(∆). We first list all
primitive reduced forms (a, b, c) with 0 < a ≤ |c| and discriminant ∆. We
order this set, for example lexicographically, to make binary search possible.
Then we pick the first element f in that ordered set, we determine its cycle
and remove its elements from the list if possible. Repeating this process until
the list is empty, we find all cycles. By Theorem 6.17.3, their number is h(∆).
If the cycle lengths are even then the narrow class number is 2h(∆). If the
cycle lengths are odd then the narrow class number is h(∆).

Example 6.17.4. Let ∆ = 73. By Example 6.7.2 we find the list of reduced
forms

(1, 7,−6), (2, 5,−6), (2, 7,−3), (4, 3,−4), (3, 5,−4) .

Those forms have been written down in lexicographical ordering. The smallest
element in this sequence is (1, 7,−6). By Example 6.10.6 the cycle of (1, 7,−6)
contains all reduced forms in the list. Hence the class number of 73 is 1. Also,
the length of the cycle of L is odd. Therefore the narrow class number of 73
is also 1.
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6.18 Exercises

Exercise 6.18.1. Prove the second assertion of Lemma 6.1.5.

Exercise 6.18.2. Prove Lemma 6.8.4.

Exercise 6.18.3. Determine the automorphism group of an integral indefinite
reducible form.

Exercise 6.18.4. Find an algorithm that computes all integral primitive re-
duced forms of a fixed discriminant. Estimate its running time.

Exercise 6.18.5. Let f be an indefinite form such that θ(f) is a quadratic
irrationality. Prove that the number of reduced forms in the equivalence class
of f is finite.

Exercise 6.18.6. Find all the reduced integral forms of discriminant
5, 8, 12, 13.

Exercise 6.18.7. Let (α, γ) be a basis of an irrational lattice L in A and let
α be a minimal point of L. Prove that ∆(γ/α) > 1.

Exercise 6.18.8. Prove Corollary 6.5.5.

Exercise 6.18.9. Prove Lemma 6.8.5.

Exercise 6.18.10. Show that any minimal point of an irrational lattice L in
A can be supplemented to a reduced basis of L.

Exercise 6.18.11. Assume that ∆ is a positive integer which is not a perfect
square. Show that the number of integral reduced forms of discriminant ∆ is
even.

Exercise 6.18.12. Use the geometric interpretation of the reduction operator
for bases to prove (6.21).

Exercise 6.18.13. Develop an algorithm that determines the primitive inte-
gral reduced forms of all non square discriminants ∆ with 0 < ∆ ≤ D where
D is some given bound.

Exercise 6.18.14. Find an algorithm that decides the equivalence of two
integral indefinite irreducible forms f and f ′ and that returns T ∈ GL(2, Z)
with f ′ = fT if f and f ′ are equivalent. Also, find an algorithm that decides
the proper equivalence of two integral indefinite irreducible forms f and f ′ and
that returns T ∈ SL(2, Z) with f ′ = fT if f and f ′ properly are equivalent.

Exercise 6.18.15. Let f be an irrational indefinite reduced form. Prove that
1 ≤ |s(f)| <

√
∆.

Exercise 6.18.16. Prove Theorem 6.14.6.

Exercise 6.18.17. Prove that the Γ-orbit of any ambiguous integral indefinite
irreducible form contains a reduced form.

Exercise 6.18.18. Use the notation of Section 6.8.3 and prove that we have
|σ(µi+1,1)| > |σ(µi,1)| and |σ(µi+2,1)| < 2|σ(µi,1)| for i ∈ Z.
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Multiplicative Lattices

Let j ∈ {±1}, A = Aj , and i = i(j). In this chapter we define the product of
lattices in A and characterize the two-dimensional lattices in A whose product
is a lattice. By a form we mean an irrational form with real coefficients and
non-zero discriminant. By an integral discriminant we mean an integer ∆ with
∆ ≡ 0, 1 mod 4 which is not a square in Z.

7.1 Lattice operations

Let L, M , and K be additive subgroups of A. We define sum, product and
quotient of those groups.

Definition 7.1.1.
1. The sum of L and M is L + M = {α + β : α ∈ L, β ∈ M}.
2. The product of L and M is the additive subgroup of A generated by all

products αβ, α ∈ L, β ∈ L′.
3. The quotient of L and M is L : M = {α ∈ A : αM ⊂ L}.

Note that L + M , LM , and L : M are additive subgroups of A (see
Exercise 7.5.1).

We explain why we are particularly interested in the product of lattices.
The question of whether a number can be represented by a form can be reduced
to the problem whether a lattice contains a point of certain norm. Suppose
that we want to know whether a lattice in A contains a point of norm n. If
we can factor this lattice as L = L1L2 with lattices L1 and L2, and if we can
show that Li contains a point of norm ni, i = 1, 2 such that n = n1n2, then
L contains a point of norm n.

Before we give examples we first mention a few computing rules.

Proposition 7.1.2. We have

1. (L + M) + K = L + (M + K)
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2. L + M = M + L,
3. (LM)K = L(MK),
4. LM = ML,
5. L(M + K) = LM + LK,
6. (L : M)(M : K) = L : K,

Proof. Exercise 8.7.1.

We explain how the product of two-dimensional lattices in A is determined.

Proposition 7.1.3. If L1 and L2 are two-dimensional lattices in A and if
Bk = (αk, γk) is a basis of Lk, k = 1, 2 then L1L2 = Zα1α2 + Zα1γ2 +
Zα2γ1 + Zγ1γ2.

Proof. Since the products α1α2, α1γ2, α2γ1, γ1γ2 belong to L1L2 we have M =
Zα1α2 + Zα1γ2 + Zα2γ1 + Zγ1γ2 ⊂ L1L2. Conversely, let θ ∈ L1L2. Then
θ =

∑
(δ,ε)∈S δε where S is a finite subset of L1×L2. Any element δ ∈ L1 can

be written as δ = x1α1 + y1γ1 with integers x1, y1. Also, any element ε ∈ L2

can be written as ε = x2α2 + y2γ2 with integers x2, y2. Their product belongs
to M . Since M is an additive group, we see that L1L2 ⊂ M . �	

Example 7.1.4. Let L = 2Z+
√
−2Z, M = 3Z+

√
−2Z. We claim that L+M =

K = Z +
√
−2Z. We have L,M ⊂ K and therefore L+M ⊂ K. To show that

K ⊂ L + M it suffices to prove that 1 ∈ L + M . Since 1 = 3− 2, this is true.

We present an example of two lattices whose product is a lattice.

Example 7.1.5. Let L1 = L(2, 2, 1) = 2Z + (1 +
√
−1)Z and L2 = (5, 4, 1) =

5Z + (2 +
√
−1)Z. Then L1L2 = 10Z + 2(2 +

√
−1)Z + 5(1 +

√
−1)Z + (1 +

3
√
−1)Z = 10Z + (3 +

√
−1)Z = L(10, 6, 1). So the product of L1 and L2 is

the lattice L = L(10, 6, 1).

In Example 7.1.5 we have seen two lattices whose product is a lattice. In
general, the product of two lattices is not a lattice, as we will see in the next
example.

Example 7.1.6. Let L1 = Z +
√
−1Z and L2 = Z +

√
−2Z. Then L1L2 =

Z +
√
−1Z +

√
−2Z +

√
2Z. We show that L1L2 is not a lattice. Assume that

L1L2 is a lattice. Let a = min(L1L2 ∩ R>0). Then 1 = xa and
√

2 = ya with
x, y ∈ Z. Hence,

√
2 = y/x. This contradicts the irrationality of

√
2.

7.2 Quadratic orders

To characterize the irrational lattices in A whose product is a lattice we in-
troduce quadratic orders.
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7.2.1 Basics

We introduce quadratic orders.

Definition 7.2.1. A quadratic order is a two-dimensional lattice in A which
is also a unitary subring of A.

We characterize the quadratic orders. We recall that for an integer ∆,
∆ ≡ 0, 1 mod 4, there is exactly one reduced form (1, b, c) of discriminant ∆
which is called the principal form of discriminant ∆.

Theorem 7.2.2. The quadratic orders are exactly the lattices L(f) where f
is a principal form.

Proof. It is easy to verify that L(1, b, c) is a unitary subring of A for any
integral irreducible form (1, b, c).

Conversely, assume that O is a quadratic order. Then 1 ∈ O. Since O is
a ring and discrete as a point set, it follows that 1 = min(R>0 ∩ O). Hence,
there is a Z-basis (1, θ) of O of positive orientation. Since O is a ring, we have
θ2 = −bθ− c with integers b, c. It follows that θ = θ(1, b, c) and O = L(1, b, c).
By Theorem 4.4.4 we have O = O(f) with the principal form f of discriminant
∆ = b2 − 4c. �	
Definition 7.2.3. Let O be a quadratic order, O = O(f) with a principal
form f . The discriminant of O is ∆(O) = ∆(f). If ∆(O) > 0, then O is
called a real quadratic order. If ∆(O) < 0, then O is called an imaginary
quadratic order.

If ∆ ∈ Z, ∆ ≡ 0, 1 mod 4, then there is exactly one principal form of
discriminant ∆. Therefore, there is exactly one quadratic order of discriminant
∆ which we denote by O∆ and we have

O∆ = Z + θ∆Z (7.1)

with

θ∆ = θ(1,∆,
∆2 −∆

4
) =

∆ + i(sign ∆)
√
|∆|

2
. (7.2)

For x, y ∈ R we have

Tr(x + yθ∆) = 2x + ∆y , N(x + yθ∆) = x2 + xy∆ + y2 ∆2 −∆
4

(7.3)

and
o(x + yθ∆) = sign(y) , ∆(x + yθ∆) = y2∆ . (7.4)

Example 7.2.4. The quadratic order of discriminant −4 is

O−4 = Z + Z
√
−1 .

The quadratic order of discriminant 5 is

O5 = Z + Z
(1 +

√
5

2
,
1−

√
5

2
)

.
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Example 7.2.5. Let ∆ be an integral discriminant, let O = O∆, let θ = θ∆,
and let i = i(sign ∆). We show that OO = O. By (7.1) both (1, θ) and
(1, σ(θ)) are bases of O. Hence, over Z the product OO is generated by 1, θ,
and θσ(θ) = N(θ) = (∆2 −∆)/4. Therefore, OO = O.

7.2.2 Maximal orders

In this section we prove that every quadratic order in A is contained in a
unique order which is maximal with respect to inclusion.

Lemma 7.2.6. Let ∆ be an integral discriminant and let d be a positive in-
teger. Then

Od2∆ = Z + dO∆ = Z + Zdθ∆ .

Proof. We have

Od2∆ = Z + Zθd2∆ = Z + Z
(
dθ∆ +

∆d(d− 1)
2

)
= Z + Zdθ∆ = Z + dO∆

since
∆d(d− 1)

2
∈ Z.

�	

Proposition 7.2.7. A quadratic order O is contained in a quadratic O′ if
and only if ∆(O′) = d2∆(O) with a positive integer d.

Proof. Write ∆ = ∆(O) and ∆′ = ∆(O′). Assume that ∆′ = d2∆ with a
positive integer d. Then Lemma 7.2.6 implies O′ ⊂ O.

Conversely, let O′ ⊂ O ⊂ A. Then θ∆′ ∈ O = Z + Zθ∆. This implies
sign(∆) = sign(∆′) and with i = i(sign ∆) we have

∆′ + i
√
|∆′|

2
= c + d

∆ + i
√
|∆|

2

with c, d ∈ Z. So ∆′ = d2∆. �	

Example 7.2.8. The order O20 is contained in the order O5 since 20 = 22 ∗ 5
and 5, being congruent to 1 mod 4, is the discriminant of an order. However,
the order O−20 is not contained in a larger order since −20 = 22 ∗ (−5) is
the only way of writing −20 = d2D with an integer d > 0; but −5 is not the
discriminant of an order since −5 ≡ 3 mod 4.

It follows from Proposition 7.2.7 that a quadratic order O is not properly
contained in any other order if and only if ∆(O) is a fundamental discriminant
(see Definition 3.3.2). This gives rise to the following definition.
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Definition 7.2.9.
1. The conductor of a quadratic order is the conductor of its discriminant. It

is denoted by f(O).
2. A quadratic order is called maximal if its discriminant is a fundamental

discriminant.

Theorem 7.2.10. Any quadratic order O is contained in a unique maximal
order.

Proof. Let O be a quadratic order. As we have seen in Section 3.3 there
is exactly one fundamental discriminant ∆ such that ∆(O) = d2∆ with a
positive integer d, namely ∆ = ∆(O)/f(O)2. So the assertion follows from
Proposition 7.2.7. �	

Example 7.2.11. Consider the order O51005. Its discriminant 51005 is not fun-
damental since 51005 = 1012 · 5. Hence, O51005 is contained in the maximal
order O5.

7.3 Multiplicative lattices

In this section we characterize the irrational lattices in A whose product is a
lattice in A.

7.3.1 Ring of multipliers

We introduce the ring of multipliers of a lattice L in A. By Exercise 7.5.4, the
quotient L : L is a unitary subring of A.

Definition 7.3.1. The ring of multipliers of a lattice L in A is defined as
L : L. This ring is denoted by O(L).

Example 7.3.2. We claim that the ring of multipliers of Z is Z. Clearly, we have
Z ⊂ Z : Z. Conversely, let α ∈ Z with αZ ⊂ Z. Then we have in particular
α = α · 1 ∈ Z. Hence Z : Z ⊂ Z. So we have shown that Z : Z = Z.

Example 7.3.3. Let O be a quadratic order. We claim that O(O) = O. From
Example 7.2.5 we know that OO = O. Hence, O ⊂ O(O). Conversely, if
α ∈ O(O) then αO ⊂ O. In particular, we have α = α · 1 ∈ O. So O(O) ⊂ O.

If L is a lattice in A, then we have (see Exercise 7.5.5)

O(L)L = L. (7.5)

Also, the ring of multipliers of L does not change, if L is multiplied with a
unit in A, that is,

O(L) = O(αL) , α ∈ A∗. (7.6)
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In Example 7.3.2 we have seen that the ring of multipliers of the quadratic
lattice L(2, 2, 1) is the quadratic order O−4. We will now show that, in general,
the ring of multipliers of an irrational lattice in A is either Z or a quadratic
order.

Theorem 7.3.4. Let L be an irrational lattice in A. If L is equivalent to a
lattice L(f) for some integral primitive irreducible form f then O(L) = O∆(f).
Otherwise, O(L) = Z.

Proof. We first prove that O(L) is a lattice. Choose a Z-basis (α, γ) of L.
Since L is irrational we have α, γ ∈ A∗. Also, (7.6) implies O(L) = O(L(θ))
with θ = γ/α. Since 1 ∈ L(θ) we obtain

O(L) = O(L(θ)) ⊂ O(L(θ))L(θ) = L(θ). (7.7)

Corollary A.4.8 implies that O(L) is a lattice.
Next, we show that the ring of multipliers of L = L(a, b, c), where f =

(a, b, c) is an integral primitive irreducible form of discriminant ∆, isO∆. Write
θ = θ(a, b, c). By (7.6) we haveO(L) = O(L(θ)). Since aθ2 = −bθ−c, it follows
that aθ is a multiplier of L(θ). Hence, the lattice O(L) is two-dimensional.
Choose a Z-basis (1, ω) ofO(L). By (7.7) we can write ω = x+yθ with x, y ∈ Z.
Without loss of generality, we assume that x = 0. Then ω = yθ and y is the
smallest positive integer such that yθ is a multiplier of L(θ). We know that yθ
is a multiplier of L(θ) if and only if yθ2 ∈ L(θ). Now yθ2 = −y(bθ+c)/a. Since
f is primitive, the smallest y for which this expression is in L(θ) is y = |a|
which implies O(L) = O∆.

Now we prove that O(L) = Z unless L is equivalent to a lattice L(f) with
a primitive integral irreducible form f .

We know that O(L) is a lattice. Assume that O(L) is two-dimensional.
Then by definition, O(L) is a quadratic order. By (7.7) we have L(θ) ⊂
(1/d)O(L) for some positive integer d. By Theorem 7.2.2 and Exercise 4.7.17
the elements of O(L) are rational numbers or quadratic irrationalities. In par-
ticular, θ is a quadratic irrationality. By Theorem 4.5.8 there is a uniquely
determined primitive integral irreducible form f = (a, b, c) with θ = θ(a, b, c)
and L = (α/a)L(f). Hence, L is equivalent to L(f). It follows that O(L)
is one-dimensional, unless L is equivalent to a lattice L(f) with a primitive
integral irreducible form f .

Assume that O(L) is a one-dimensional lattice, O(L) = αZ for some α ∈
A∗. Then 1 = xα for some integer x. This implies α ∈ Q and, therefore,
O(L) ⊂ R. Since O(L) is discrete as a point set, we have O(L) = Z. �	

It follows from the proof of Theorem 7.3.4 that the ring of multipliers of
an irrational lattice L can be determined as follows: Find a basis B = (α, γ)
of L. Set θ = γ/α. Then L = αL(θ). Determine fθ. If this polynomial has an
irrational coefficient, then the ring of multipliers of L is Z. Otherwise, multiply
fθ by the least common multiple of the denominators of its coefficients. The
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result is the integral primitive irreducible polynomial f = (a, b, c). Compute
the discriminant ∆ of f . The ring of multipliers of L is O∆.

Example 7.3.5. We determine the ring of multipliers of L = Z
√

3 + Z(
√

3 +√
−3)/2. Since L = (

√
3/2)L(2, 2, 1) and ∆(2, 2, 1) = −4, it follows that

O(L) = O−4 = L(1, 0, 1) = Z + Z
√
−1.

7.3.2 Irrational lattices whose product is a lattice

To characterize the lattices whose product is a lattice we need the following
auxiliary result.

Lemma 7.3.6. Let L,L′ be irrational lattices in A such that 1 ∈ L′. Then the
following are true.

1. L ⊂ LL′.
2. If LL′ is a lattice, then there is a positive integer e with eLL′ ⊂ L.

Proof. Since 1 ∈ L′ we have L ⊂ LL′. Assume that LL′ is a lattice. Since
L ⊂ LL′, the lattice LL′ is two-dimensional. If B is a basis of L and if B′ is
a basis of LL′, then B = B′U with a non-singular matrix U ∈ Z

(2,2). This
implies B′ = (1/det U)B adj(U). So (det U)LL′ ⊂ L. �	

Theorem 7.3.7. If L, L′ are irrational lattices in A, then their product LL′

is a lattice if and only if their rings of multipliers are quadratic orders which
are contained in the same maximal order.

Proof. By (7.6) we may, without loss of generality, assume that 1 ∈ L and
1 ∈ L′.

Suppose that O(L) and O(L′) are quadratic orders which are contained
in the maximal order O. Then Lemma 7.3.6 implies that eL = eO(L)L ⊂
O(L) ⊂ O for some positive integer e. Likewise, we have e′L′ ⊂ O for some
positive integer e′. This implies LL′ ⊂ (1/ee′)O. By Corollary A.4.8, the
product LL′ is a lattice.

Conversely, assume that LL′ is a lattice. By Lemma 7.3.6 we have eLL′ ⊂ L
for some positive integer e. Therefore, eL′ is contained in the ring of multipliers
of L. Theorem 7.3.4 implies that O(L) is a quadratic order. In the same way
it is proved that O(L′) is a quadratic order. Since O(L)LL′ ⊂ LL′, the ring
of multipliers of L is contained in the ring of multipliers of LL′. Likewise, we
have O(L′) ⊂ O(LL′). Hence, the orders O(L) and O(L′) are contained in
the same maximal order. �	

Example 7.3.8. Consider the lattices L1 = L(29, 24, 1845), L2 = L(17, 12,
3141), and L3 = (23, 18, 1136). We have ∆(29, 24, 1845) = −213444 = 2312 ∗
(−4), ∆(17, 12, 3141) = −68644 = 1312(−4), D(23, 18, 1136) = 1222 ∗ (−7).
Hence, O(L1) and O(L2) are contained in the maximal order O−4 and O(L3)
is contained in the maximal order O−7. By Theorem 7.3.7 the product L1L2

is a lattice but the products L1L3 and L2L3 are not.
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Corollary 7.3.9. Let O be a maximal quadratic order in A. Then the lat-
tices in A whose ring of multipliers is O form a semigroup with respect to
multiplication.

We determine the product of two orders which are contained in the same
maximal order.

Proposition 7.3.10. Let ∆1 and ∆2 be discriminants with ∆1/f(∆1)2 =
∆2/f(∆2)2. Then O∆1O∆2 = Ogcd(∆1,∆2).

Proof. Assume that ∆1,∆2 ≡ 0 mod 4. Let fk be the conductor of ∆k and let
∆ = ∆k/f2

k , k = 1, 2. Then O(∆k) = Z + Zifk

√
|∆|/2, i = i(sign ∆), k = 1, 2

and O(∆1)O(∆2) = Z + Zif1

√
|∆|/2 + Zif2

√
|∆|/2 + Z(f1f2∆)/4 = Z +

Zi gcd(f1, f2)
√
|∆|/2 = Ogcd(∆1,∆2). The other cases are proven analogously.

�	

7.3.3 The group L(O)

Let O be a quadratic order in A and let ∆ be the discriminant of O. Denote
by L(O) the set of all lattices with ring of multipliers O. In this section we
prove that L(O) is a multiplicative group.

In Example 7.2.5 we have seen that OO = O. This implies that O ∈ L(O).
Also, if L ∈ L(O) then OL = LO = L. Hence, O acts as a neutral element
with respect to multiplication.

Next, we show that any L ∈ L(O) has a multiplicative inverse.
Let L and L′ be two-dimensional lattices in A. For any basis B of L and

B′ of L′ there is a matrix T ∈ GL(2, R) such that B = B′T . The set of bases
of L is BGL(2, Z) and the set of bases of L′ is B′GL(2, Z). Therefore, |det T |
is independent of the choice of B and B′. We define

[L : L′] = |det T | (7.8)

Note that [L : L′] is a positive real number. If L is contained in L′ then [L : L′]
is the index of the additive subgroup L in the additive group L′.

Proposition 7.3.11. Let L ∈ L(O). Then we have Lσ(L) = [L : O(L)]O.

Proof. By Theorem 7.3.4, the lattice L can be written as L = αL(a, b, c)
with an integral primitive form f = (a, b, c) of discriminant ∆ and α ∈ A∗.
Then σ(L) = σ(α)L(a,−b, c). Hence, Lσ(L) = N(α)L(a, b, c)L(a,−b, c). Set
θ = (b + i

√
|∆|)/2, i = i(sign(∆)). Over Z, the lattice L(a, b, c)L(a,−b, c)

is generated by a2, aθ, aσ(θ), and θσ(θ) = ac. Hence, another generating
system is a2, a(θ + σ(θ)) = ab, ac, aθ. Since gcd(a, b, c) = 1, we obtain the
generating system a, aθ which is a basis of aO∆. By Exercise 7.5.7 we have
[L : O] = |N(α)a|. Hence, the proposition is proved. �	

Proposition 7.3.11 justifies the following definition:
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Definition 7.3.12. The inverse of L ∈ L(O) is L−1 = (1/[L : O])σ(L).

By Proposition 7.3.11 we have

LL−1 = O, L ∈ L(O). (7.9)

Also, L−1 ∈ L(O). Hence, every lattice in L(O) has a multiplicative inverse
in L(O).

If (a, b, c) is an integral primitive form of discriminant ∆ then

L(a, b, c)−1 = (1/a)L(a,−b, c). (7.10)

So the inverse of L(a, b, c) can be computed extremely efficiently.
Finally, we prove that L(O) is closed under multiplication. In fact, we

prove a slightly more general result.

Proposition 7.3.13. Let L1 and L2 be irrational lattices and assume that
O(L1) and O(L2) are quadratic orders which are contained in the same max-
imal order. Then O(L1L2) = O(L1)O(L2).

Proof. Let α ∈ A∗. Then α ∈ O(L1L2) if and only if αL1L2 ⊂ L1L2. If we
multiply this inclusion by L−1

1 L−1
2 , then (7.9) implies that α ∈ O(L1L2) if

and only αO(L1)O(L2) ⊂ O(L1)O(L2). This, in turn, is true if and only if
α ∈ O(L1)O(L2) since by Proposition 7.3.10 the product O(L1)O(L2) is a
quadratic order and by Example 7.3.3 the ring of multipliers of a quadratic
order is that quadratic order. �	

So we have proved the following theorem.

Theorem 7.3.14. Let O be a quadratic order. Then the set L(O) of all lattices
with ring of multipliers O is an Abelian group with respect to multiplication.
The neutral element of that group is O.

7.3.4 Computing the product of lattices

Let fk = (ak, bk, ck) be integral primitive forms with ak > 0, and let ∆k =
∆(fk), k = 1, 2. Assume that the product of L1 = L(f1) and L2 = L(f2) is a
lattice. In this section we explicitly determine the product of L1 and L2.

Proposition 7.3.15. We have [L1L2 : O(L1L2)] = [L1 : O(L1)][L2 : O(L2)]

Proof. It follows from Propositions 7.3.11 and 7.3.13 that [L1L2 : O(L1L2)]
O(L1L2) = L1σ(L1)L2σ(L2) = [L1 : O(L1)][L2 : O(L2)]O(L1)O(L2) = [L1 :
O(L1)][L2 : O(L2)]O(L1L2). This proves the assertion. �	

In the following theorem we present an explicit formula for L(g1)L(g2).
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Theorem 7.3.16. We have

L(a1, b1, c1)L(a2, b2, c2) = mL(a, b, c)

where m,a, b, c are determined as follows. Set

∆k = ∆(ak, bk, ck), dk =
f(∆k)

gcd(f(∆1), f(∆2))
, k = 1, 2.

Then
m = gcd

(
d1a2, d2a1,

d1b2 + d2b1

2
)
,

and
a =

a1a2

m2

Moreover, let j, k, � ∈ Z such that

jd1a2 + kd2a1 + l
d1b2 + d2b1

2
= m.

Then ja2b1 + ka1b2 + l(b1b2 + d1d2∆)/2 is divisible by m and

b ≡ ja2b1 + ka1b2 + l(b1b2 + d1d2∆)/2
m

mod 2a.

Also,

c =
b2 −∆

4a
.

Proof. By Propositions 7.3.13 and 7.3.10 the ring of multipliers of L = L1L2

is Od2∆. By Exercise 7.5.6 we can write

L = rL(a, b, c) = r
(
aZ + Z

b + i
√
|∆|

2
)

(7.11)

with an integral primitive irreducible form (a, b, c) of discriminant ∆ =
∆1/d2

1 = ∆2/d2
2 and r ∈ R>0. We determine r, a, and b. Set i = i(sign ∆).

Over Z, the lattice L is generated by

a1a2

θ1 =
a2(b1 + id1)

√
|∆|

2

θ2 =
a1(b2 + id2)

√
|∆|

2

θ3 =
(b1b2 + d1d2∆)/2 + i((b1d2 + b2d1)/2)

√
|∆|

2
.

Now r is the smallest positive real number such that (s + ir
√
|∆|)/2 belongs

to L for some s ∈ R. In view of the generators we see that r = m with m from
the Theorem. Moreover, it follows from (7.11) and Proposition 7.3.15 that
a1a2 = [L : O(L)] = m2a. This implies a = a1a2/m2. Finally, the formula for
b follows from the uniqueness of b mod 2a. �	
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We explain two important special cases of Theorem 7.3.16.

Corollary 7.3.17. Assume that ∆1 = ∆2. Then we have

L(g1)L(g2) = mL(a, b, c)

where m,a, b, c are determined as follows.

m = gcd
(
a2, a1,

b1 + b2

2
)
,

and
a =

a1a2

m2

Moreover, let j, k, � ∈ Z such that

ja2 + ka1 + l
b2 + b1

2
= m.

Then ja2b1 + ka1b2 + l(b1b2 + ∆)/2 is divisible by m and

b ≡ ja2b1 + ka1b2 + l(b1b2 + ∆)/2
m

mod 2a.

Also,

c =
b2 −∆

4a
.

Corollary 7.3.18. Assume that ∆1 = ∆2 and gcd(a1, a2) = 1. Then we have

L(g1)L(g2) = L(a1a2, b, c)

where b, c are determined as follows. Let j, k ∈ Z such that

ja2 + ka1 = 1.

Then
b ≡ ja2b1 + ka1b2 mod 2a

and
c = (b2 −∆)/(4a).

7.4 Composition of forms

In Section 4.6 we have seen that quadratic lattices can be identified with
Γ-orbits of integral primitive irreducible forms. In the previous sections we
have explained how to multiply quadratic lattices whose ring of multipliers
is contained in the same maximal order. The corresponding operation on the
Γ-orbits of forms is called composition . This is explained in this section.
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Example 7.4.1. Let f1(X1, Y1) = X2
1+Y 2

1 and f2(X2,X2) = X2
2+2X2Y2+2Y 2

2 .
Then f1(X1, Y1)f2(X2, Y2) = X2 + Y 2 with X = X1X2 + Y2X1 − Y1Y2 and
Y = Y1X2 + Y2X1 + Y1Y2.

In Example 7.4.1 we could write

f1(X1, Y1)f2(X2, Y2) = f(X,Y ) (7.12)

where f1, f2, f are forms and

(X,Y ) = (X1X2,X2Y1, Y2X1, Y1Y2)




p0 q0

p1 q1

p2 q2

p3 q3


 (7.13)

with integers pi, qi, 0 ≤ i ≤ 3. If we have representations (xi, yi) of integers
ni by fi, i = 1, 2, then (7.13) can be used to compute a representation of
n = n1n2 by f .

Definition 7.4.2. Forms f1 and f2 for which a transformation (7.13) and a
form f exists such that (7.12) holds are called composable.

We will now show how the theory of multiplicative lattices developed so
far can be used to identify the composable integral irreducible forms We will
also explain how to find the transformation in (7.13) and the form f if they
exist.

Theorem 7.4.3. Two integral primitive irreducible forms are composable if
and only if their discriminant divided by the square of their conductor is the
same fundamental discriminant.

Proof. Let f1 and f2 be two integral primitive irreducible forms. Suppose
that f1 and f2 are composable. Let f and pi, qi, 0 ≤ i ≤ 3 be as in (7.12)
and (7.13). Assume that the discriminant of f is d2∆ with a positive integer
d and a fundamental discriminant ∆. Also, let x2, y2 be integers such that
f2(x2, y2) �= 0. Then

n1f1(X1, Y1) = f(U1(X1, Y1))

where n1 = f2(x2, y2) and

U =

(
p0x2 + p1y2, p2x2 + p3y2

q0x2 + q1y2, q2x2 + q3y2

)
.

The matrix U has integer entries. It follows that ∆(f1) = ∆d2(det U)2/n2
1.

Since ∆ is a fundamental discriminant it follows that n1 divides d det U . Hence,
the discriminant of f1 divided by the square of its conductor is ∆. By the
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same argument we see that the discriminant of f2 divided by the square of its
conductor is ∆.

Conversely, assume that the discriminant of f1 and f2 divided by the
square of their conductor is the same fundamental discriminant. Then by
Theorem 7.3.16 we have L(f1)L(f2) = mL(f) with m ∈ N and an integral
primitive form f = (a, b, c). Let fi = (ai, bi, ci), i = 1, 2 and

θ = aθ(f) , θi = aiθ(fi) , i = 1, 2.

Then a1θ2, a2θ1, and θ1θ2 are contained in mL(f). Hence, there are represen-
tations

a2θ1 = m(p1a + q1θ), a1θ2 = m(p2a + q2θ), θ1θ2 = m(p3a + q3θ) (7.14)

with integers pi, qi, i = 1, 2, 3. We also set p0 = m, q0 = 0. Then mf(X,Y ) =
f1(X1,X2)f2(X2, Y2) holds with X,Y as in (7.13). �	

The proof of Theorem 7.4.3 contains an algorithm for composing two forms.
This is illustrated in the following example.

Example 7.4.4. Let f1 = (2, 2, 1), f2 = (5, 4, 1). Then ∆(f1) = ∆(f2) = −4.
We use the notation from Theorem 7.3.16 and the proof of Theorem 7.4.3. We
obtain d1 = d2 = m = 1, a = 10, b = −6, c = 1. Hence f = (10,−6, 1). Now

θ1 = 1 +
√
−1, θ2 = 2 +

√
−1.

and
θ = −3 +

√
−1.

Also,
a1θ2 = 4 + 2

√
−1 = a + 2θ, a2θ1 = 5 + 5

√
−1 = a + 5θ,

and
θ1θ2 = 1 + 3

√
−1 = a + 3θ.

If we set 


p0 q0

p1 q1

p2 q2

p3 q3


 =

(
1 1 1 1
0 2 5 3

)
,

then (7.12) is satisfied.

Remark 7.4.5. Shanks proposed an efficient algorithm called NUCOMP which
combines composing two forms and a (partial) reduction of the result [Sha89].
The basic idea is to compute a transform of the matrix M on the right of (7.13)
with smaller entries. This is done by computing first two of the four rows of
M , and then performing column operations on M to make its entries smaller,
i.e. of size in O( 4

√
|∆|). Such operations correspond to transformations of the

resulting form which one expects to end up having coefficients in O(
√
|∆|)

so that only few reduction steps are required to obtain a reduced form in the
class of the composition of the two given forms. For details, see [vdP03].
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7.5 Exercises

Exercise 7.5.1. Prove that the sum, product, and quotient of additive sub-
groups of A are additive subgroups of A.

Exercise 7.5.2. Prove Proposition 7.1.2.

Exercise 7.5.3. Let α be a real number and let a be an integer. Prove that
α is an algebraic integer if and only α− a is an algebraic integer.

Exercise 7.5.4. Prove that for any lattice L in A the quotient L : L is a
unitary subring of A.

Exercise 7.5.5. Prove that for any lattice L in A we have O(L)L = L and
O(αL) = O(L) for any α ∈ A∗.

Exercise 7.5.6. Let O be a quadratic order and let L be a lattice with ring
of multipliers O. Prove that there is exactly an integral primitive irreducible
form f = (a, b, c) and a positive real number r such that L = rL(f). Also
prove that r is uniquely determined and that the Γ-orbit of f is uniquely
determined.

Exercise 7.5.7. Let f = (a, b, c) be an integral primitive irreducible form, let
α ∈ Asign ∆(f), and let L = αL(f). Prove that [L : O(L)] = |N(α)a|.
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8

Quadratic Number Fields

We have seen in Chapter 7 that the set of all lattices whose ring of multipliers is
contained in a fixed maximal order is a monoid with respect to multiplication
of lattices. In this chapter we study the algebraic structure of this monoid more
closely. We also discuss the properties of the fields of fractions of quadratic
orders.

8.1 Basics

We fix a discriminant, that is, an integer ∆ that is not a square in Z and that
satisfies ∆ ≡ 0, 1 mod 4. We also set i = i(sign ∆). The field of fractions of
the order O∆ is

F = Q(i
√
|∆|) = Q + Qi

√
|∆|. (8.1)

Let ∆ > 0. We simplify F by embedding F into the field R of real numbers.
By Corollary 4.5.7 the map

Q(i
√

∆) → Q(
√

∆) = Q + Q

√
∆, i

√
∆ �→

√
∆ (8.2)

is an isomorphism of fields. By virtue of this isomorphism, we identify Q(i
√

∆)
with Q(

√
∆). The conjugate of an element α = x + y

√
∆, x, y ∈ Q in Q(

√
∆)

is σ(α) = x − y
√

∆. Sometimes it will be convenient to write ασ for σ(α).
By the norm, trace, or characteristic polynomial of an element in Q(

√
∆) we

mean the norm, trace, or characteristic polynomial of its inverse image in
Q(i
√

∆), respectively. The discriminant or orientation of a pair in Q(
√

∆)
that is linearly independent over Q is the discriminant or orientation of its
inverse image in Q(i

√
∆). For α = x + y

√
∆, x, y ∈ Q, we have N(α) =

x2 − y2∆, Tr(α) = 2x, o(α) = sign(y), and ∆(α) = 4y2.

Example 8.1.1. Let ∆ = 5. The field of fractions of O5 is Q(
√

5,−
√

5). That
field is identified with Q(

√
5). We have Tr(1 +

√
5) = 2, N(1 +

√
5) = −4,

∆(
√

5) = 20, o(
√

5) = 1.



158 8 Quadratic Number Fields

For ∆ < 0 and ∆ > 0 we can now write

θ∆ =
∆ +

√
∆

2
. (8.3)

The field of fractions of O∆ is Q(
√

∆). This field is a subfield of C and it is a
two-dimensional Q-vector space. We give a name to such fields.

Definition 8.1.2. A quadratic number field is a subfield of C that is a two-
dimensional Q-vector space. It is called a real quadratic number field if it is
a subfield of R and an imaginary quadratic number field otherwise.

Example 8.1.3. The fields Q(
√

5), Q(
√

45), and Q(1+
√

20) are quadratic num-
ber fields. They are, in fact, all equal.

We describe the quadratic orders that are contained in a fixed quadratic
number field.

Theorem 8.1.4. Let F be a quadratic number field. Then the following state-
ments are true.

1. The field F contains exactly one maximal order.
2. A quadratic order is contained in F if and only if it is contained in the

unique maximal order in F .
3. The field of fractions of all quadratic orders in F is F .

Proof. We show that F is the field of fractions of a quadratic order. As a two-
dimensional Q-vector space, F has a Q-basis (1, θ). Since F is a field, θ2 must
belong to F . Hence, there are rational numbers x, y such that θ2 = xθ + y.
It follows that θ is a quadratic irrationality. Let θ = θ(f) be its standard
representation with an integral irreducible form f (see Section 4.5). If ∆ is
the discriminant of f then F = Q(

√
∆).

We prove the first and second assertion. Let ∆0 = ∆/f(∆)2. Then F =
Q(
√

∆) = Q(
√

∆0). Hence, the maximal order O∆0 is contained in F . Let
O′ be another order that is contained in F and let ∆′ be its discriminant.
Then

√
∆′ ∈ F . Hence,

√
∆′ = x + y

√
∆0 with rational numbers x, y. We

square both sides of this equation and obtain ∆′ = x2 + y2∆0 + 2xy
√

∆0.
This implies x = 0. Hence, ∆′ = y2∆0. Write y = n/d with integers n, d,
d > 0, gcd(n, d) = 1 . Then d2∆′ = n2∆0 and n = f(d2∆′). Therefore, d
divides n. So gcd(n, d) = 1 implies d = 1 and therefore, O′ ⊂ O∆0 .

The proof of the third assertion is left to the reader as Exercise 8.7.4. �	

It follows from Theorem 8.1.4 that the real quadratic number fields are
exactly the fields of fractions of the real quadratic orders and the imaginary
quadratic number fields are exactly the fields of fractions of the imaginary
quadratic orders.
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Definition 8.1.5. Let F be a quadratic number field. We denote the maximal
order, that is contained in F , by OF and call it the maximal order of F .
The discriminant of F is the discriminant of OF . We write ∆(F ) for that
discriminant.

We describe the elements of quadratic number fields.

Proposition 8.1.6. Any element of a quadratic number field is a quadratic
irrationality or a rational number.

Proof. Let F be a quadratic number field and let ∆ be a discriminant such
that F is the field of fractions of O∆. Trace and norm of any element θ in F
is a rational number. It therefore follows from Lemma 4.5.4 that the element
θ is a quadratic irrationality or a rational number. �	

8.2 Algebraic integers

To give another characterization of the maximal order that is contained in a
quadratic number field we introduce algebraic integers.

Definition 8.2.1. An algebraic integer is a complex number that is a zero of
a monic polynomial with integer coefficients.

Example 8.2.2. Any integer z is an algebraic integer since it is the zero of the
polynomial X − z. We show that the integers are the only algebraic integers
in Q. Let q ∈ Q be an algebraic integer and let p be a monic polynomial
with integer coefficients such that p(q) = 0. Then p(X) = (X − q)f(X) with
f ∈ Q[X]. Write q = n/d with integers n, d, d > 0, gcd(n, d) = 1, and let
g be the least common multiple of the denominators of the coefficients of
f . Then dgp(X) = (dX − n)gf(X). Using Lemma A.3.2 we obtain dg =
cont(dgp(X)) = cont(dX − n) cont(gf(X)) = 1. Hence, d = 1.

We determine the quadratic irrationalities that are algebraic integers.

Proposition 8.2.3. Let θ be a quadratic irrationality. Then the following
statements are equivalent.

1. θ is an algebraic integer.
2. The trace and norm of θ are integers.
3. If θ = θ(a, b, c) is the standard representation of θ, then |a| = 1.

Proof. Assume that θ is an algebraic integer. Then there is a monic poly-
nomial f ∈ Z[X] such that f(θ) = 0. This implies f(σ(θ)) = 0. Therefore,
f = cθg with g ∈ Q[X]. Let d and e be the least common multiples of the de-
nominators of the coefficients of cθ and g, respectively. Then def = (dcθ)(eg).
Lemma A.3.2 implies d = e = 1. So norm and trace of θ, which are the
coefficients of cθ, are integers.
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Conversely, if norm and trace of θ are integers, then cθ is a monic polyno-
mial with integer coefficients and θ is a zero of that polynomial. This implies
that θ is an algebraic integer.

The equivalence of the second and third assertion follows from the defini-
tion of the standard representation. �	

Example 8.2.4. Consider the quadratic irrationality θ = (1 +
√

5)/2. Its stan-
dard representation is θ = θ(1, 1,−1). Hence, θ is an algebraic integer. Con-
sider the quadratic irrationality θ = (1 +

√
3)/2. Its standard representation

is θ = θ(2, 2,−1). Hence θ is not a quadratic integer.

Here is another characterization of the maximal order that is contained in
a quadratic number field.

Theorem 8.2.5. Let F be a quadratic number field. Then the maximal order
of F is the set of all algebraic integers in F .

Proof. Let ∆ be the discriminant of F , let O be the maximal order of F , and
let α ∈ F . We show that α is an algebraic integer if and only if α ∈ O.

By Proposition 8.1.6 the number α is either a rational number or a
quadratic irrationality.

If α is a rational number then by Example 8.2.2 it is an algebraic integer
if and only if it is an integer. Since F ∩Z = O∩Z = Z, it follows that rational
numbers in F are algebraic integers if and only if they belong to O.

Now assume that α is a quadratic irrationality. If α is an algebraic integer
then, by Proposition 8.2.3 we can write α = (b +

√
∆′)/2 with an integer b

and a discriminant ∆′. So α is contained in an order O∆′ that is contained in
F . By Theorem 8.1.4 the order O∆′ is contained in the maximal order O of
F . So α ∈ O.

Conversely, assume that α ∈ O. Then α = x+yθ∆ with x, y ∈ Z. It follows
that norm and trace of α are integers. Hence, Proposition 8.2.3 implies that
α is an algebraic integer. �	

Theorem 8.2.5 shows that the set of all algebraic integers in a quadratic
number field is an integral domain. It is called the ring of integers of F . It is
is an analogue of the ring Z of integers in the field Q of rational numbers.

8.3 Units of orders

Let O be a quadratic order, let ∆ be the discriminant of O, and let F be
the field of fractions of O, that is, the quadratic number field in which O is
contained. Then O is an integral domain. In this section we determine the
group O∗ of units of O.
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8.3.1 Correspondence to the Pell equation

We show that there is a bijection between the solutions of the Pell equation

x2 − y2∆ = ±4 (8.4)

and the units in O.

Lemma 8.3.1. Let ε ∈ O. Then ε is a unit in O if and only if |N(ε)| = 1.

Proof. If ε ∈ O∗ then ε and 1/ε belong to O. Hence, N(ε) and N(1/ε) =
1/N(ε) are integers. This implies |N(ε)| = 1.

Conversely, assume that |N(ε)| = 1. Let ε = x + yθ∆ with x, y ∈ Z. Then
σ(ε) = x + yσ(θ∆). Since σ(θ∆) ∈ O we also have σ(ε) ∈ O. Also |N(ε)| = 1
implies 1/ε = σ(ε)/N(ε) ∈ O. Hence, ε ∈ O∗. �	
Proposition 8.3.2. The units of O are exactly the numbers (x + y

√
∆)/2

where x and y are integers which satisfy the Pell equation (8.3.8).

Proof. Let x, y be integers and assume that they satisfy the Pell equation. We
can write (x+y

√
∆)/2 = (x−y∆)/2+yθ∆. Since x, y satisfy the Pell equation

we have x2 ≡ y2∆ mod 4. So x ≡ y∆ mod 2. It follows that (x − y∆)/2
is an integer and, therefore, (x + y

√
∆)/2 ∈ O. Also, since x, y satisfy the

Pell equation we have |N(x + y
√

∆)| = 1. Hence, (x + y
√

∆)/2 is a unit by
Lemma 8.3.1.

Conversely, let ε ∈ O∗. Then we can write ε = (x + y
√

∆)/2 with integers
x, y. By Lemma 8.3.1 we have |N(ε)| = 1. Hence, x, y satisfy the Pell equation.

�	
From Proposition 8.3.2 we can deduce a correspondence between the au-

tomorphism group of a primitive integral form f of discriminant ∆ and the
unit group O∗. For α = (x + y

√
∆)/2 we set

U(f, α) =

(
x−yb

2 −cy

ay x+yb
2

)
. (8.5)

Then
N(α) = det(U(f, α)). (8.6)

Proposition 8.3.3. Let f be an integral primitive form of discriminant ∆.
The map that sends a unit ε of O to U(f, ε) is a group isomorphism between
O∗ and Aut(f).

Proof. By Theorem 2.5.5 and Proposition 8.3.2 this map is a bijection. We
show that the map is a homomorphism. First, the unit 1 of O is mapped to
U(f, 1) = I2. Hence, the identity of O∗ is mapped to the identity of Aut(f).
Let α = (x + y

√
∆)/2 and α′ = (x′ + y′√∆)/2, x, y, x′, y′ ∈ Z, be two units

of O. Their product is (xx′ + yy′∆)/2 + (xy′ + x′y)
√

∆/2. By Exercise 2.9.7
it is sent to the automorphism U(f, α)U(f, α′). �	

Proposition 8.3.3 enables us to determine the unit group O∗ explicitly.
This will be done in the following two sections.
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8.3.2 Units of imaginary quadratic orders

The next theorem describes the unit group of imaginary quadratic orders.
That unit group is almost always trivial, that is, it only contains the units
±1.

Theorem 8.3.4.
1. The group O∗

−3 is the group of sixth roots of unity. It is generated by (1 +√
−3)/2.

2. The group O∗
−4 is the group of fourth roots of unity. It is generated by

√
−1.

3. The group O∗
∆ with ∆ < −4 is {±1}.

Proof. Let ∆ = −3. Then O = L(1, 1, 1). By Example 2.5.9 the automor-

phism group of the form (1, 1, 1) is cyclic of order 6 generated by

(
0 −1
1 1

)
. By

Example 2.5.6, the corresponding solution of the Pell equation is (1, 1) which
corresponds to the unit (1 +

√
−3)/2.

Let ∆ = −4. Then O = L(1, 0, 1). By Example 2.5.8 the automorphism

group of the form (1, 1, 1) is cyclic of order 4 generated by

(
0 −1
1 0

)
. By Ex-

ample 2.5.6, the corresponding solution of the Pell equation is (0, 1) which
corresponds to the unit (

√
−4)/2 =

√
−1.

If ∆ < −4 then by Theorem 2.5.10 the automorphism group of any prim-
itive integral form of discriminant ∆ is trivial. By Proposition 8.3.3 the unit
group O∗ is {±1}. �	

8.3.3 Units of real quadratic orders

Let ∆ be positive. We recall that the fundamental solution of the Pell equa-
tion (6.36) is the solution (x, y) ∈ Z

2 with x, y > 0 and minimal y (see De-
finition 6.12.6). The next theorem describes the unit group of real quadratic
orders in terms of the fundamental solution of the Pell equation.

Theorem 8.3.5. If ∆ > 0 then O∗ =
〈
−1

〉
×

〈
(x + y

√
∆)/2

〉
where (x, y) is

the fundamental solution of the Pell equation x2 −∆y2 = ±4.

Proof. This theorem follows from Proposition 6.12.7 and Proposition 8.3.3.
�	

Definition 8.3.6. Let ∆ > 0. If (x, y) is the fundamental solution of the Pell
equation x2−∆y2 = ±4, then (x + y

√
∆)/2 is called the fundamental unit of

O. It is denoted by ε∆. Also, the regulator of O is R∆ = log ε∆.

By Proposition 6.13.2 the fundamental unit ε = (x + y
√

∆)/2 of O can be
computed in polynomial time in the size of the output (x, y). However, the
size of the output (x, y) may be exponential in the size of the input ∆.
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Proposition 8.3.7. Let ∆ > 0. Let f be a reduced form with discriminant ∆,
and f = f0, . . . , fl−1 its cycle. Then

ε∆ =
l−1∏
i=0

θ1(fi) .

Proof. Define Ti as in (6.32) and (6.33). Then Tl is the fundamental automor-
phism of f . Let Tl,1 = (pl, ql)T be the left column of Tl. Let further (x, y) be
the fundamental solution of the Pell equation. Then by Proposition 6.12.7 we
have pl = (x− yb)/2 and ql = ay. It follows that

(1, θ1(f))Tl,1 = ε∆. (∗)

Define
(µi, µi+1) = (1, θ(f))Ti .

Then by Proposition 4.3.18

θ(fi) =
µi+1

µi
,

and
l−1∏
i=0

θ(fi) = µl .

If we take first components on both sides of this equation, and use µl,1 = ε∆

which is implied by (∗) we obtain the asserted equality. �	

Table 8.1 on page 164 contains the fundamental units for the first few real
quadratic discriminants.

The sign of the norm of ε∆ is related to the parity of the length of the
cycles of forms of discriminant ∆.

Proposition 8.3.8.
1. If the norm of the fundamental unit of O is positive, then the cycles of

reduced forms of discriminant ∆ have even length and h(∆) = 2h+(∆).
2. If the norm of the fundamental unit of O is negative, then the cycles of

reduced forms of discriminant ∆ have odd length and h(∆) = h+(∆).

Proof. By (8.6) the norm of the fundamental unit is the determinant of the
fundamental automorphism of any primitive integral form f of discriminant
∆. So the statement follows from Theorem 6.12.4. �	

8.4 Ideals of orders

Let F be a quadratic number field and let O ⊂ F be a quadratic order of
discriminant ∆. In this section we will see that the lattices in F , whose ring of
multipliers is O, form a multiplicative group and we will study the algebraic
properties of this group.
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∆ fundamental unit ε∆

5 (1 +
√

∆)/2

8 (2 +
√

∆)/2

12 (4 +
√

∆)/2

13 (3 +
√

∆)/2

17 4 +
√

∆

20 (4 +
√

∆)/2

21 (5 +
√

∆)/2

24 5 +
√

∆

28 (16 + 3
√

∆)/2

29 (5 +
√

∆)/2

33 23 + 4
√

∆

Table 8.1. Fundamental units

8.4.1 Fractional O-ideals

We will show that the lattices in F whose ring of multipliers contains O, are
exactly the fractional O-ideals that are defined now.

Definition 8.4.1.
1. An O-ideal is an additive subgroup of O which is an O-module with respect

to multiplication.
2. A primitive O-ideal is an O-ideal a that cannot be written as a = mb with

another O-ideal b and m ∈ N.
3. A fractional O-ideal is a subset b of F such that db is an O-ideal for some

positive integer d.

Any O-ideal is a fractional O-ideal. An O-ideal is also called an integral
O-ideal.

Example 8.4.2. Let α ∈ F . Then αO = {αβ : β ∈ O} is an O-ideal. Any
O-ideal of that form is called principal . The number α is called a generator
of αO.

We characterize the two-dimensional lattices in F .

Proposition 8.4.3. The two-dimensional lattices in F are exactly the frac-
tional O′-ideals of the orders O′ that are contained in F .

Proof. LetO′ be an order in F and let a be a fractionalO′-ideal. Then da ⊂ O′

for some positive integer d. By Corollary A.4.8, a is a lattice. Also, since
Oa ⊂ a, the lattice a is two-dimensional.

Conversely, assume that L is a two-dimensional lattice in F . Let (α, γ) be
a Z-basis of L. Then (α, γ) is also a Q-basis of F . Another Q-basis of F is
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√
∆(α, γ). So we can write

√
∆(α, γ) = (α, γ)T with T ∈ GL(2, Q). If d is the

denominator of detT , then d
√

∆L ⊂ L. Hence, d
√

∆ is a multiplier of L. By
Theorem 7.3.4, the ring of multipliers of L is an order O′. Since LL−1 = O′,
Lemma 7.3.6 implies that O′ ⊂ (1/e)L for some positive integer e. Hence, the
order O′ is contained in F . �	

We also characterize the fractional O-ideals.

Proposition 8.4.4. Let b ⊂ F . Then the following statements are equivalent.

1. b is a fractional O-ideal.
2. b is a lattice whose ring of multipliers contains O.
3. b = qL(f) with a positive rational number q and an integral form f of

discriminant ∆.

Proof. If b is a fractional O-ideal then db is an additive subgroup of the lattice
O for some positive integer d. By Corollary A.4.8, b is a lattice. Also, b is an
O-module, that is, Ob ⊂ b. This implies that O ⊂ O(b).

Assume that b is a lattice with O ⊂ O(b). It follows from Theorem 7.3.4
that O(b) is a quadratic order. Let ∆0 be the discriminant of O(b). By Propo-
sition 7.2.7 we have ∆ = d2∆0 with a positive integer d. Also, Exercise 7.5.6
implies that L = rL(a0, b0, c0) with a primitive integral form f0 of discrim-
inant ∆0 and a positive real number r. In fact, r is a rational number by
Exercise 8.7.2. Set q = r/d and f = df0. Then q is a rational number, the
form f is integral, we have ∆(f) = ∆, and b = qL(f).

Finally, let b = qL(f) with a positive rational number q and a form f of
discriminant ∆. Let f = (a, b, c) and let d = gcd(a, b, c). Then (1/d)f is a
primitive form of discriminant ∆0 = ∆/d2. Theorem 7.3.4 implies that b is a
lattice and O(b) = O∆0 . Also, by Proposition 7.2.7, the order O is contained
in O∆0 . Hence, b is an O-module. Also, if q = n/d with positive integers n, d,
then db is an additive subgroup of O. Hence, b is a fractional O-ideal. �	

It follows from Proposition 8.4.4 that any fractional O-ideal b can be writ-
ten as

b = qL(f) = q

(
Za + Z

b +
√

∆
2

)
(8.8)

with a positive rational number q and an integral form f = (a, b, c) of dis-
criminant ∆ with a > 0. The next proposition shows in which sense the
representation (8.8) of the fractional ideal b is unique.

Proposition 8.4.5. Let b be a fractional O-ideal and let b = qL(f) be the
representation of b from (8.8). Then q is uniquely determined and f is unique
modulo Γ. Also, b is an integral O-ideal if and only if q ∈ N, and b is an
integral primitive O-ideal if and only if q = 1.

Proof. Exercise 8.4.5. �	
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Definition 8.4.6. If we choose in (8.8) the form (a, b, c) to be normal, then
that representation is called the standard representation of b. We write

fb = (a, b, c). (8.9)

Proposition 8.4.5 implies the following result.

Corollary 8.4.7. The map that sends the Γ-orbit of an integral form (a, b, c)
of discriminant ∆ to the lattice L(f) is a bijection between all those Γ-orbits
and the integral primitive O-ideals.

By Corollary 8.4.7 we can identify the integral primitive O-ideals with the
Γ-orbits of integral forms of discriminant ∆.

In the next proposition we explain how to compute the inverse of the map
in Corollary 8.4.7, that is, how to find a representation (8.8) of a fractional
O-ideal that is given in terms of a Z-basis.

Proposition 8.4.8. Let b be a fractional O-ideal and let (α1, α2) be a Z-basis
of b. Write

αi =
xi + yi

√
∆

2d
, xi, yi ∈ Z , i = 1, 2, d ∈ Z>0. (8.10)

Let
m = gcd(y1, y2) = u1y1 + u2y2 , u1, u2 ∈ Z, (8.11)

and

a =
∣∣∣∣
y2x1 − y1x2

2m2

∣∣∣∣ , b =
u1x1 + u2x2

m
, c =

b2 −∆
4a

, q =
m

d
(8.12)

Then a, b, and c are integers, the form (a, b, c) has discriminant ∆, and we
have

b = qL(a, b, c).

Proof. Exercise 8.7.5. �	

Proposition 8.4.8 yields an algorithm that is used in the next example.

Example 8.4.9. We determine the representation (8.8) of the principal ideal
b =

√
5O5. Since

(
1, (1 +

√
5)/2

)
is a Z-basis of O5, it follows that (α1, α2) =(√

5, (5 +
√

5)/2
)

is a Z-basis of b. Using the notation from Proposition 8.4.8
we have x1 = 0, y1 = 2, x2 = 5, y2 = 1. Hence m = 1 and we can use u1 = 1
and u2 = −1. So a = b = 5, c = 1 and b = L(5, 5, 1) = 5Z + Z(5 +

√
5)/2.



8.4 Ideals of orders 167

8.4.2 Invertible O-ideals

It follows from Proposition 8.4.4 that fractional O-ideals are lattices in F .
As lattices, fractional O-ideals can be multiplied (see Section 7.3.4). We now
show that the set of fractional O-ideals is closed under this multiplication.

Proposition 8.4.10.
1. With respect to multiplication, the set of integral O-ideals is a commutative

semigroup with neutral element O.
2. With respect to multiplication, the set of fractional O-ideals is a commuta-

tive semigroup with neutral element O.

Proof. Let a and b be integral O-ideals. Their product ab is an additive sub-
group of O and an O-module. Therefore, ab is an O-ideal. This proves the
first assertion. The second assertion is a consequence of the first one. �	

In Section 7.3.3 we have introduced the inverse a−1 of a fractional O-ideal
a and we have shown that aa−1 = O(a). We will now determine the fractional
O-ideals that have a multiplicative inverse in the semigroup of fractional O-
ideals.

Definition 8.4.11. An invertible O-ideal is a fractional O-ideal a that is in-
vertible in the semigroup of fractional O-ideals, that is, there is a fractional
O-ideal b with ab = O.

Example 8.4.12. All principal O-ideals are invertible O-ideals. In particular,
O is an invertible O-ideal.

The following result is obviously correct.

Theorem 8.4.13. The set of invertible O-ideals is an Abelian group with re-
spect to ideal multiplication. The neutral element is O.

We denote the group of invertibleO-ideals by I(O). In the next proposition
we characterize the invertible O-ideals.

Proposition 8.4.14. Let a be a fractional O-ideal. Then the following state-
ments are equivalent.

1. a is an invertible O-ideal.
2. The ring of multipliers of a is O.
3. We have a = qL(f) with q ∈ Q>0 and an integral primitive form f of

discriminant ∆.
4. We have aa−1 = O.

Proof. Assume that ab = O for some fractional O-ideal b. Then a−1b−1 = O.
Hence, O = OO = aa−1bb−1 = O(a)O(b) ⊃ O(a) ⊃ O. Hence, O(a) = O.

Assume that O(a) = O. Write a = qL(f) as in (8.8). Then f is primitive
by Theorem 7.3.4 and Proposition 8.4.5.

Assume that a = qL(f) with q ∈ Q>0 and an integral primitive form f
of discriminant ∆. Then aa−1 = O by (7.9). Hence, a has a multiplicative
inverse in the semigroup of fractional O-ideals. �	
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Proposition 8.4.14 implies the following result.

Corollary 8.4.15. If O is a maximal order, then all fractional O-ideals are
invertible.

Proof. Let O be maximal and let a be a maximal O-ideal. Then O is contained
in O(a). Since O is maximal, we have O(a) = O. Hence, a is invertible by
Proposition 8.4.14. �	

8.5 Factorization of ideals

Let O be a quadratic order. In this section we show that in the semigroup of
integral O-ideals, whose index in O is coprime to the conductor of O, there
is unique factorization into so-called prime ideals. We also explain how to
compute this factorization.

Let ∆ be the discriminant and let F be the field of fractions of O.

8.5.1 Norm

We define the norm of O-ideals.

Definition 8.5.1. Let a be a fractional O-ideal. The norm of a (as a fractional
O-ideal) is defined as

N∆(a) = NO(a) = [O : a] (8.13)

where [O : a] is defined as in (7.8).

If a is a fractional O-ideal written as in (8.8) as

a = qL(a, b, c)

with a form (a, b, c) of discriminant ∆, then

NO(a) = q2a. (8.14)

Note that a lattice in F can be a fractional ideal of many orders and that
the norm of a as a fractional ideal depends on that order. If it is clear, which
order we mean, then we write N(a) for NO(a).

Example 8.5.2. Consider the lattice L = L(2, 2,−2) = 2O5. It is an O20-ideal
and an O5-ideal and we have N5(L) = 4 and N20(L) = 2.

Lemma 8.5.3. Let a and b be fractional O-ideals. Then the following are
true.

1. If a and b are invertible O-ideals, then NO(ab) = NO(a)NO(b).
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2. If a and b are integral O-ideals and if a is a subset of b, then NO(b) divides
NO(a).

Proof. Let a = qL(a, b, c) and b = q′L(a′, b′, c′) with rational numbers q, q′

and forms (a, b, c), (a′, b′, c′) of discriminant ∆.
1. By Corollary 7.3.17 we have N(ab) = q2(q′)2a1a2 = N(a)N(b).
2. This assertion follows from the fact that the norm of an integral O-ideal

is the index of that ideal in O. �	

8.5.2 Divisibility of O-ideals

We discuss divisibility in the semigroup of integral O-ideals. By a, b, and c

we denote integral O-ideals.

Definition 8.5.4. We say that b divides a (in the semigroup of integral O-
ideals) if a = bc for some integral O-ideal c.

We prove necessary and sufficient conditions for the divisibility of O-ideals.

Lemma 8.5.5.
1. If b divides a, then a is a subset of b and the norm of b divides the norm

of a.
2. If b is an invertible O-ideal and if a is a subset of b, then b divides a.

Proof. Suppose that b divides a. Then there is an O-ideal c with a = bc. Since
Ob ⊂ b and since c ⊂ O it follows that a = bc ⊂ bO ⊂ b. By Lemma 8.5.3,
the norm of b divides the norm of a.

Conversely, assume that b is invertible and that a is contained in b. Set
c = ab−1. Then a = bc. Also, we have c = ab−1 ⊂ bb−1 = O. Hence c is an
integral O-ideal. �	

We give a few examples. In the first example we show how to use the
sufficient condition in Lemma 8.5.5 to find out that an ideal b divides an ideal
a and how to calculate c with a = bc.

Example 8.5.6. Let ∆ = 5, a = 11O5, b = L(11, 15, 5). Then a ⊂ b and b is an
invertible O5-ideal by Proposition 8.4.14. Hence, b divides a by Lemma 8.5.5.
Also, for c with a = bc we must have c = ab−1. So (7.10) shows that c =
L(11,−15, 5).

The next example shows that the divisibility of N(a) by N(b) is not a
sufficient condition for the divisibility of a by b.

Example 8.5.7. Let ∆ = 5, a = L(11, 15, 5), b = L(11,−15, 5). Then N(a) =
N(b) = 11. We show that a is not a subset of b. If a were a subset of b then b

would contain (15 +
√

5)/2 and (15 −
√

5)/2. Therefore, b would contain 15.
This is impossible since 15 is not a multiple of 11. It follows that b does not
divide a. It follows from a similar argument that a does not divide b.
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Finally we present an example which shows that it is possible that a ⊂ b

but b does not divide a.

Example 8.5.8. Let O = O20. Consider the O-ideals b = L(2, 2,−2) = 2O5

and a = 2O. Then a ⊂ b. We show that b does not divide a in the semigroup
of integral O-ideals. Assume that there is an integral O-ideal c with a = bc.
By Lemma 8.5.3 we know that N(c) divides N(a) = 4. If N(c) = 1, then c = O
which would imply the falsehood a = b. If N(c) = 4, then c = a. This in
turn would imply a = ba and b = O since a is principal. Hence, N(c) = 2. So
c = b because b is the only integral O-ideal of norm 2. But b2 = L(4, 2,−1),
a contradiction. Note that L(2, 2,−2) is not an invertible O-ideal.

Next, we define coprime ideals. This definition is based on the following
proposition. In this proposition we use the notion of the sum of two O-ideals
which was introduced in Definition 7.1.1. In Exercise 8.7.9 we explain how to
compute this sum. Also, by a common divisor of a and b we mean an integral
O-ideal c that divides both a and b.

Proposition 8.5.9. If a+b is an invertible O-ideal, then a+b is the uniquely
determined common divisor of a and b that is divisible by any other common
divisor of a and b.

Proof. Assume that a + b is an invertible O-ideal. Since a and b are both
contained in a+b, it follows from Lemma 8.5.5 that a+b is a common divisor
if a and b. Now suppose that there is any other common divisor c of a and b.
Then a and b are subsets of c by Lemma 8.5.5 and therefore a + b ⊂ c. Since
a + b is invertible, Lemma 8.5.5 implies that a + b divides c.

To prove the uniqueness we assume that c is a common divisor of a and
b that is divisible by any other common divisor of a and b. Then c is in
particular divisible by a+ b. Also, a+ b is divisible by c. Lemma 8.5.5 implies
that a + b ⊂ c ⊂ a + b, hence c = a + b. �	

It follows from Proposition 8.5.9 and Exercise 8.7.10 that if a + b = O,
then O is the only common divisor of a and b. This motivates the following
definition.

Definition 8.5.10. The ideals a and b are called coprime if a + b = O.

Example 8.5.11. Let ∆ = 5, a = L(11, 15, 5), b = L(11,−15, 5). Then a + b =
O since a + b contains 11 and 15 and therefore 1 = 3 ∗ 15− 4 ∗ 11. The ideals
a and b are coprime.

8.5.3 Unique factorization into coprime ideals

We show that in a semigroup of O-ideals that is generated by finitely many
pairwise coprime invertible O-ideals there is unique factorization. We let a, b, c
be integral invertible O-ideals.
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Lemma 8.5.12. If a and b are coprime and if a and c are coprime, then a

and bc are coprime.

Proof. We have O = (a + b)(a + c) = a2 + ab + ac + cb ⊂ a + cb ⊂ O. Hence,
a and bc are coprime. �	
Corollary 8.5.13. Let I and J be finite sets of integral O-ideals. Assume
that a + b = O for all a ∈ I and b ∈ J . Then

∏
a∈I a +

∏
b∈J b = O.

Proof. We use induction on |I| + |J |. If |I| + |J | = 2, then the assertion is
trivial. Now assume that |I|+ |J | = n > 2 and that the assertion is true for
|I|+ |J | ≤ n− 1. Without loss of generality, assume that |I| > 1. Fix a0 ∈ I
and set a′ =

∏
a∈I,a	=a0

a. Also set b′ =
∏

b∈J b. Then a′ + b′ = O by the
induction hypothesis. Also, the induction hypothesis implies a0 + b′ = O. So
Lemma 8.5.12 implies the assertion. �	
Theorem 8.5.14. Let I be a finite set of pairwise coprime integral invert-
ible O-ideals different from O. Then any integral O-ideal in the multiplicative
semigroup generated by I can be written as a =

∏
a∈I ae(a) with uniquely

determined non-negative integers e(a), a ∈ I.
Proof. Let a be an ideal in the semigroup generated by I. Then a can be
written as a =

∏
b∈I be(b), e(b) ∈ Z, b ∈ I. We prove the uniqueness. Suppose

that there is a second factorization a =
∏

b∈I bf(b) with f(b) ∈ Z for all b ∈ I.
Let I1, I2 ⊂ I such that I = I1 ∪ I2, e(b) ≥ f(b) for b ∈ I1 and e(b) < f(b)
for b ∈ I2 Set

x(b) = |e(b)− f(b)| , b ∈ I.

Then ∏
b∈I1

bx(b) =
∏

b∈I2

bx(b) (8.15)

and
x(b) ≥ 0 , b ∈ I.

We prove that x(b) = 0 for each b ∈ I. Choose c ∈ I such that x(c) > 0.
Assume w.l.o.g. c ∈ I1. In (8.15) add c on both sides

c = c + cx(c) ·
∏

b∈I1\{c}
bx(b) = c +

∏
b∈I2

bx(b) = O

where the last equality follows from Corollary 8.5.13. This contradicts the
assumption c �= O. �	

8.6 Unique factorization into prime ideals

Let O be a quadratic order and let ∆ be the discriminant of O. In this section
we show that all O-ideals whose norm is coprime to the conductor of O are
products of so called prime ideals. We also show that the factors in those
products are uniquely determined. We first define prime ideals and maximal
ideals.
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8.6.1 Prime ideals

Definition 8.6.1.
1. A prime ideal of O is an O-ideal p different from O that has the following

property. Whenever a product αβ of elements α, β in O belongs to p, then
one of the factors belongs to p.

2. A maximal O-ideal is an integral O-ideal m different from O that is not
contained in another O-ideal different from O and m.

Example 8.6.2. The O-ideal {0} is a prime ideal of O.

Here is a first observation.

Proposition 8.6.3. Any maximal O-ideal is a prime ideal of O.

Proof. Suppose that m is a maximal O-ideal. Let α, β ∈ O such that αβ ∈ m.
Assume that β �∈ m. Then βO + m is an O-ideal that properly contains m.
Since m is maximal, we have βO + m = O. This implies αβO + αm = αO.
But αO = αβO+ αm ⊂ m, since αβ ∈ m. Hence α ∈ m. So m is a prime ideal
of O. �	

In Proposition 8.6.4 we will show that the converse of Proposition 8.6.3 is
also true for non-zero prime ideals.

We determine all non-zero prime ideals of O. For a prime number p with(
∆
p

)
�= −1 we define

p(∆, p) = pZ + Z
b(∆, p) +

√
∆

2
(8.16)

with b(∆, p) as defined in Section 3.4.

Proposition 8.6.4.
1. If p is a prime number with

(
∆
p

)
= −1, then pO is an invertible prime ideal

of O.
2. If p is a prime number with

(
∆
p

)
= 1, then p(∆, p) and σ(p(∆, p)) are

distinct invertible prime ideals of O.
3. If p is a prime number with

(
∆
p

)
= 0, then p(∆, p) is a prime ideal of O

which is invertible if and only if p does not divide the conductor of O.
There are no other non-zero prime ideals of O. Also, all those prime ideals
are maximal.

Proof. We show that the ideals from the proposition are all maximal O-ideals.
Then Proposition 8.6.3 implies that they are prime ideals. Let p be a prime
number.

First assume that
(
∆
p

)
�= −1. Then p(∆, p) is defined and the norm of that

ideal is p. By Lemma 8.5.3 the norm of any integral O-ideal, which contains
p(∆, p), is a divisor of p. Hence that norm is either 1 or p. Since the norm of
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an integral O-ideal is the index of that ideal in O as an additive subgroup,
it follows that the only integral O-ideals which contain p(∆, p) are O and
p(∆, p) itself. So p(∆,O) is a maximal O-ideal. It follows that σ(p(∆, p)) is
also a maximal O-ideal. For

(
∆
p

)
= 0 we have p(∆, p) = σ(p(∆, p)).

Assume that
(
∆
p

)
= −1. Then there is no integral O-ideal of norm p since

by (8.14) any such O-ideal is of the form L(p, b, c) with a form (p, b, c) and by
Proposition 3.4.5 such a form does not exist. As in the case

(
∆
p

)
= 1, we see

that pO is a maximal invvertible O-ideal.
By Proposition 8.4.14 the ideals p(∆, p) and σ(p(∆, p)) are invertible if

and only if the form (p, b(∆, p), c(∆, p)) is primitive. This, in turn, is true if
and only if p does not divide the conductor of O. For

(
∆
p

)
= 1, this is always

true.
Now we show that there are no other prime ideals of O. Let p be a prime

ideal of O. We can write p = mL(a, b, c) with a positive integer m and a form
(a, b, c) of discriminant ∆ with a > 0. Then ma is the smallest positive integer
in p. We claim that ma is a prime number. Otherwise, ma = uv with integers
u, v > 1. Since p is a prime ideal, p must contain u or v which contradicts the
minimality of ma. So there is a prime number p such that m = p and a = 1
or m = 1 and a = p. In the first case, we have P = pO. In the second case we
have P = L(p, b, c) with a prime form (p, b, c) of discriminant ∆. It remains
to be shown that pO is not a prime ideal if ∆ is a square mod 4p. So assume
that ∆ is a square mod 4p. The ideal pO is properly contained in p(∆, p) and
in σ(p(∆, p)) since N(pO) = p2 and N(p(∆, p)) = N(σ(p(∆, p))) = p. Hence
pO neither contains (b(∆, p)+

√
∆)/2 nor (b(∆, p)−

√
∆)/2. But pO contains

the product (b(∆, p) +
√

∆)(b(∆, p) −
√

∆)/4 = pc(∆, p). Hence, pO is not a
prime ideal. �	

Note that by Proposition 8.6.4 all non-zero prime ideals of O are maximal
O-ideals.

Example 8.6.5. We determine the first few prime ideals of the order O = O5.
Since 5 is a fundamental discriminant, the conductor of 5 is 1. By Propo-
sition 8.6.4, all prime ideals of O are invertible. The discriminant 5 is 5
mod 8. Hence, 2O is a prime ideal. Also, 5 is a quadratic nonresidue mod
3. So 3O is a prime ideal. There is one prime ideal of O contained in 5O,
namely p(5, 5) = L(5, 5, 1). Also, 7O is a prime ideal. Finally 5 is a quadratic
residue mod 11. We have b(5, 11) = 7. Hence, we obtain the two prime ideals
p(5, 11) = L(11, 7, 1) and σ(p(5, 11)) = L(11,−7, 1).

We determine the powers of the prime ideal p(∆, p) for a prime number p
with

(
∆
p

)
�= −1, 0.

Proposition 8.6.6. Let p be a prime number with
(
∆
p

)
= 1 and let e be a

positive integer then

p(∆, p)e = Zpe + Z
b(∆, pe) +

√
∆

2
.
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Proof. Exercise 8.7.13.

8.6.2 Unique factorization

We now prove that O ideals, whose norm is coprime to the conductor of O,
admit unique factorization into prime ideals.

Lemma 8.6.7. Two different prime ideals of O are coprime.

Proof. Let p and q be different prime ideals. Then the O-ideal p + q properly
contains p. Since by Proposition 8.6.4 the prime ideal p is a maximal O-ideal,
we must have p + q = O. �	

Theorem 8.6.8. Any integral O-ideal, whose norm is coprime to the conduc-
tor of O, is a product of invertible prime ideals of O. The factors in that
product are uniquely determined.

Proof. Let a be an O-ideal whose norm is coprime to the conductor of O.
We claim that a is divisible by an invertible prime ideal. The index of a in
O is finite. Therefore, a is contained in a maximal ideal p which by Propo-
sition 8.6.3 is a prime ideal. By Proposition 8.5.3 the norm of p divides the
norm of a. Therefore, the norm of p is coprime to the conductor of O. By
Proposition 8.6.4 the prime ideal p is invertible. So Lemma 8.5.5 implies that
p divides a. Consider c = ap−1. If c would equal a, then a = ap and hence
a = apn ⊆ pn for all n which would imply by Proposition 8.5.3 N(pn) | N(a)
again for all n. Thus, a is properly contained in the integral ideal c = ap−1

which has norm coprime to the conductor, and we can apply our argument
recursively. We see that a is a product of invertible prime ideals. The unique-
ness of the decomposition follows from Theorem 8.5.14. �	

In the next example, we show that, in general, integral O-ideals whose
norm is not coprime to the conductor of O do not factor into prime ideals.

Example 8.6.9. Let O = O20. Consider the O-ideal 2O. By Proposition 8.6.4 it
is not a prime ideal. The only possible prime ideal divisors of 2O is L(2, 2,−2).
It is the only O-ideal of norm 2. Hence, if 2O is divisible by that prime ideal,
then 2O must be the square of that ideal. But L(2, 2,−2)2 = L(4, 2,−1)
�= 2O.

We explicitly determine the factorization of an integralO-ideal whose norm
is coprime to the conductor of O. We first discuss the case of principal ideals
generated by integers. For a prime number p and an integer m denote by
e(p,m) the largest integer e such that pe divides m. Thus the prime factor-
ization of m is

m =
∏
p∈P

pe(p,m).
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Proposition 8.6.10. Let m be an integer which is coprime to the conductor
of O. Then

mO =
∏

(∆/p)=−1

(pO)e(p,m)
∏

(∆/p)=0

p(∆, p)2e(p,m)
∏

(∆/p)=1

(p(∆, p)σ(p(∆, p)))e(p,m)

is the factorization of mO into a product of invertible prime ideals of O.

Proof. It follows from Proposition 8.6.4 and Exercise 8.7.14 that the prime
ideal factorization given in the Proposition is correct. �	

Next, we describe the factorization of primitive O-ideals. We set

P(∆) = {p ∈ P :
(

∆
p

)
�= −1}.

Proposition 8.6.11. Consider an O-ideal

a = aZ + Z
b +

√
∆

2

where (a, b, c) is an integral form of discriminant ∆. For any prime number
p ∈ P(∆) let

a(p) =

{
p(∆, p) if b ≡ b(∆, p) mod 2p

σ(p(∆, p)) if b ≡ −b(∆, p) mod 2p.

Then
a =

∏
p∈P(∆)

a(p)e(p,a)

is the factorization of a into a product of invertible prime ideals of O.

Proof. The discriminant ∆ is a square mod 4a and therefore it is a square
mod 4p for every prime number p that divides a. Hence, a factors completely
into prime numbers in P(∆).

Let p be a prime divisor of a. Since the norm of the product of O-ideals is
the product of the norms of the factors, Proposition 8.6.4 implies that there
are e(a, p) many prime ideal factors of a of norm p.

If
(
∆
p

)
= 0, then p(∆, p) is the only prime ideal of norm p and p(∆, p)2 =

pO. Hence e(a, p) = 1 since a is a primitive O-ideal.
If

(
∆
p

)
= 1, then by Proposition 8.6.4 there are two prime ideals of O of

norm p, namely p(∆, p) and σ(p(∆, p)). By Exercise 8.7.14, the product of
those ideals is pO. Since a is a primitive O-ideal, exactly one of those ideals
divides a. Suppose that p(∆, p) divides a. Then by Lemma 8.5.5 the ideal a

is contained in p(∆, p). This implies (b +
√

∆)/2 = xp + y(b(∆, p) +
√

∆)/2
with integers x, y. So y = 1 and b ≡ b(∆, p) mod 2p. Likewise, if σ(p(∆, p))
divides a, then b ≡ −b(∆, p) mod 2p. Hence, the decomposition formula in the
proposition is correct. �	
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Example 8.6.12. We determine the factorization of the O37-ideal a =
L(123, 23, 1). We have 123 = 3 ∗ 41. Now p(37, 3) = L(3, 1, 3) and p(37, 41) =
(41, 23, 3). Also, 23 ≡ −1 mod 6. Therefore, a = L(3,−1, 3) ∗ L(41, 23, 3).

8.7 Exercises

Exercise 8.7.1. Prove that the field of fractions of the quadratic order of
discriminant ∆ is given by (8.1).

Exercise 8.7.2. Let F be a quadratic number field. Prove that F ∩ R = Q.

Exercise 8.7.3. Prove Proposition 8.4.5.

Exercise 8.7.4. Prove the third assertion of Theorem 8.1.4.

Exercise 8.7.5. Prove Proposition 8.4.8.

Exercise 8.7.6. Find integral O-ideals a and b such that b does not divide a

and a ⊂ b

Exercise 8.7.7. Find a quadratic order O and two invertible O-ideals whose
sum is not invertible. (Hint: L(p2, p, 1) + L(p2,−p, 1) = pL(1, 1, 1).)

Exercise 8.7.8. Let a be an invertible O-ideal and let N(a) = ab be a fac-
torization of N(a) where a and b are coprime positive integers. Show that
aa = aO + a and ab = bO + a are coprime O-ideals and that a = aaab

Exercise 8.7.9. Let a = L(a, b, c) and b = L(a′, b′, c′) be two fractional O-
ideals a and b. Prove that a Z-basis of a + b is

(
gcd(a, a′, b+b′

2 ), (b +
√

∆)/2
)
.

Exercise 8.7.10. Show that the only integral O-ideal that divides an order
O is O.

Exercise 8.7.11. Let a be an invertible O-ideal and let α, β ∈ F ∗. Show that
αa = βa if and only if α/β is a unit in O.

Exercise 8.7.12. Show that two O-ideals are coprime if their norms are co-
prime.

Exercise 8.7.13. Prove Proposition 8.6.6.

Exercise 8.7.14. Let p be a prime number. Prove that

pO =

{
p(∆, p)2 if

(
∆
p

)
= 0,

p(∆, p)σ(p(∆, p) if
(
∆
p

)
= 1.

Exercise 8.7.15. Prove that the regulator R∆ of O∆ is bounded from below
by 0.48.
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Class Groups

Let ∆ be a quadratic discriminant, that is, ∆ is an integer that is not a square
and ∆ ≡ 0, 1 (mod 4). Let O be the quadratic order of discriminant ∆ and
let F be the field of fractions of O. In this chapter we show that the set of
equivalence classes of integral primitive forms of discriminant ∆ and the set of
equivalence classes of invertible O-ideals are finite Abelian groups, and we will
discuss computational problems concerning those groups such as extracting
roots, computing element orders and discrete logarithms, and determining the
group structure.

9.1 Ideal classes

In this section we define equivalence of O-ideals and we explain how to use
reduction theory to decide ideal equivalence. Let a be a fractional O-ideal,

a = qL(fa), q ∈ Q>0 .

Also write
fa = (a, b, c)

which is by Definition 8.4.6 a normal form with first coefficient a > 0.

9.1.1 Equivalence

In Definition 4.4.8 we have introduced equivalence of lattices. In the special
case of O-ideals this leads to the following definition.

Definition 9.1.1. Two fractional O-ideals a and b are called equivalent if
there is α ∈ F ∗ such that b = αa. They are called properly equivalent if there
is α ∈ F ∗ such that N(α) > 0 and b = αa.

Example 9.1.2. The O5-ideals O5 and L(5, 5, 1) are equivalent since
L(5, 5, 1) =

√
5 · O5.
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Equivalence and proper equivalence of fractional O-ideals are equivalence
relations.

Definition 9.1.3. An equivalence class of O-ideals is called an O-ideal class.
A proper equivalence class of O-ideals is called a proper O-ideal class.

We formulate two computational problems.

Problem 9.1.4 (Equivalence problem for O-ideals). Given two frac-
tional O-ideals a, b.

1. Decide whether a and b are equivalent.
2. If a and b are equivalent, find α ∈ F ∗ with b = αa.

Problem 9.1.5 (Proper equivalence problem for O-ideals). Given two
fractional O-ideals a, b.

1. Decide whether a and b are properly equivalent.
2. If a and b are properly equivalent, find α ∈ F ∗ with N(α) > 0 and b = αa.

Those equivalence problems can be solved by means of reduction theory
for O-ideals which is explained in the next sections.

9.1.2 Reduced O-ideals

We define reduced O-ideals. We use the correspondence between forms and
ideals from Section 8.4.1.

Definition 9.1.6. The ideal a is called reduced if q = 1 and fa is a reduced
form.

We recall a few important results in the language of ideals.

Proposition 9.1.7. Let ∆ < 0.

1. The ideal a is reduced if and only if a = N(a) = min{N(α) : α ∈ a, α �= 0}
and b ≥ 0 for a = c.

2. If a is reduced, then N(a) <
√
|∆|/3.

3. If N(a) <
√
|∆|/2, then a is reduced.

Proof. The assertions follow from Theorem 5.7.6, Lemma 5.4.1, and
Lemma 5.5.1. �	
Proposition 9.1.8. Let ∆ > 0 and let a be an integral primitive O-ideal.

1. The ideal a is reduced if and only if there is no non-zero α in a with |α| <
N(a) and σ(α) < N(a).

2. If a is reduced, then N(a) <
√

∆.
3. If N(a) <

√
|∆|/2, then a is reduced.

Proof. The assertions follow from Theorem 6.8.6, Lemma 6.2.7, and
Lemma 6.5.1. �	
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9.1.3 Reduction of O-ideals

We define the reduction operator for fractional O-ideals. We set

ρ(a) = L(ρ(fa)) . (9.1)

We determine ρ(a) more explicitly. Define

γ(a) =
−b +

√
∆

2aq
=

−2c

q(b +
√

∆)
. (9.2)

Lemma 9.1.9. We have
ρ(a) = γ(a)a.

Proof. Since for any form g the lattice L(g) is an invariant of the Γ-orbit of g
we have ρ(a) = L(c,−b, a). Now

−b +
√

∆
2aq

a =
−b +

√
∆

2a
L(a, b, c) = Zc + Z

−b +
√

∆
2

= L(c,−b, a) = ρ(a) .

�	

The following lemma explains the connection between the reducing factor
γ(a) of the ideal a and the point associated to fa in C or A1, respectively. For
∆ > 0 we use the identification (8.2).

Lemma 9.1.10. Let a be a primitive ideal. If ∆ < 0, then γ(a) = −θ(fa)σ. If
∆ > 0, then γ(a) = −θ2(fa).

Proof. This follows from Definition 4.3.14 and (9.2). �	

Lemma 9.1.11. If ∆ > 0 and a is reduced, then γ(a) > 0.

Proof. By definition b <
√

∆, and a, q > 0. �	

Lemma 9.1.12. If a is primitive, but not reduced, then |γ(a)|, |γ(a)σ| < 1.

Proof. For ∆ < 0 the assertion follows from Lemmas 9.1.10 and 5.13.2. For
∆ > 0 this follows from Lemma 9.1.10 and Corollary 6.3.3. �	

We explain an algorithm for reducing a. If ∆ < 0, then we apply the
reduction algorithm from Section 5.3 to the form fa. If ∆ > 0, then we ap-
ply the reduction algorithm from Section 6.4 to fa. Let T be the reducing
transformation and let (s, u) be its first column. Set

α(a) =
1
q
(s + u

b−
√

∆
2a

). (9.3)

Then Proposition 4.4.5 implies
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L(fT ) = α(a)a . (9.4)

We call α(a) the reducing number for a. By Lemma 5.6.1 and Lemma 6.6.1
we have

|s|, |u| ≤ K +
2|K|√
|∆|

(9.5)

where K = max{|a|, |b|, |c|}. Algorithm reduce(a) receives as input the O-
ideal a and returns the pair (α(a)a, α(a)).

Example 9.1.13. We use Example 5.3.10 to illustrate ideal reduction. Let

a = Z · 195751 + Z
37615 +

√
−3

2
.

Then
fa = (195751, 37615, 1807) .

Applying the reduction operator to fa we obtain

(1, 1, 1) = fa

(
−22 −49
229 510

)
.

The form (1, 1, 1) is reduced. In fact, that form is the only reduced form of
discriminant −3. Hence, the reducing number for a is

α(a) =
(
−22 + 229

1−
√
−3

2
)

and we have

Z + Z
1 +

√
−3

2
=

(
−22 + 229

1−
√
−3

2
)(

Z · 195751 + Z
37615 +

√
−3

2

)
.

9.1.4 Equivalence testing in imaginary quadratic orders

Let ∆ < 0. Then all numbers in F ∗ have positive norm. Therefore, the equiv-
alence problem and the proper-equivalence problem are identical. Also, by
Theorem 5.7.7 every ideal class of O contains exactly one reduced ideal.

To decide equivalence of two fractional O-ideals a and b we can proceed as
follows. We compute the reduced ideals a′ and b′ that are equivalent to a and
b, respectively. If a′ = b′, then a and b are properly equivalent. Otherwise, a

and b are not equivalent. Also, if a′ = b′, then we have

α(a)a = a′ = b′ = α(b)b .

If we set
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α =
α(a)
α(b)

,

then we have
b = αa .

This solves the equivalence problem for ideals in imaginary quadratic orders.
Theorem 5.6.6 implies that the running time of this algorithm is quadratic in
the length of the input.

Example 9.1.14. Let

a = Z · 195751 + Z
37615 +

√
−3

2
and

b = Z + Z
1 +

√
−3

2
.

As we have seen in Example 9.1.13, the ideal b is reduced and reducing a

yields b. Also,

α(a) =
(
−22 + 229

1−
√
−3

2
)

and
α(b) = 1.

Hence, the O-ideals a and b are equivalent and we have b = α(a)a.

9.1.5 Equivalence testing in real quadratic orders

Let ∆ > 0. Let a be a fractional O-ideal. Then by the results of Section 6.10
the equivalence class of the form fa contains a cycle (f1, . . . , fl) of reduced
forms. We call (L(f1), . . . , L(fl)) the cycle of reduced ideals in the ideal class of
a. The following simple lemma implies that this cycle is enumerated starting
from b1 = L(f1) by successive application of the operator ρ.

Lemma 9.1.15. If a is reduced, then fρ(a) = (τρ)(fa).

Proof. If fa = (a, b, c), then a > 0 and by Lemma 6.2.7 c < 0. Thus
Lemma 9.1.15 follows immediately from the definitions of the operators ρ
in (9.1) and τ in (6.27).

Proposition 6.10.3 allows us to deduce the considerably deeper fact that the
cycle contains all reduced ideals in the ideal class of a.

Example 9.1.16. By Example 6.10.1 the cycle of

a = Z + Z
3 +

√
17

2
is (

Z + Z
3 +

√
17

2
, Z · 2 + Z

1 +
√

17
2

, Z · 2 + Z
3 +

√
17

2
)
.
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To decide equivalence of the fractional O-ideals a and b we can proceed as
follows. We compute the cycle of a. Also, we apply the reduction algorithm
to b. Let b′ be the result of that reduction. If b′ is in the cycle of a, then
a and b are equivalent. Otherwise, they are not. If a and b are equivalent,
then using the method explained in Section 6.11 we can find a transformation
U ∈ GL(2, Z) with fb = faU . Proposition 4.4.5 can be used to determine
α ∈ F ∗ with b = αa.

Suppose that a and b are equivalent and that α is found with b = αa.
We explain how proper equivalence of a and b can be decided. If N(α) > 0,
then a and b are properly equivalent. Let N(α) < 0. Then we determine the
fundamental unit ε of the ring of multipliers of a as explained in Section 8.3.
If its norm is negative, then N(εα) > 0. Hence a and b are properly equivalent
since b = εαa. However, if N(ε) > 0, then a and b are not properly equivalent.
This can be seen as follows. Suppose that b = α′a with α′ ∈ F ∗ and N(α′) > 0.
Then αa = b = α′a. Hence α/α′ is a unit of negative norm in the ring of
multipliers of a which is impossible.

Example 9.1.17. Let

a = Z + Z
7 +

√
73

2
and

b = Z · 4 + Z
3 +

√
73

2
.

Then
fa = (1, 7,−6) , fb = (4, 3,−4) .

By Example 6.10.6 both forms are reduced and fb is in the cycle of fa. Also,
we have

fb = fa

(
7 10
9 13

)

It follows from Proposition 4.4.5 that

b =
(
7 + 9

1−
√

73
2

)
· a .

9.2 Ambiguous ideals and classes

In Sections 1.4.3 and 2.8 we have introduced and characterized ambiguous
forms and ambiguous form classes. In Section 6.14 we have seen that the cycle
in an ambiguous class of integral irreducible indefinite forms is symmetric.
In this section we translate those notions and results into the language of
ideals.
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Definition 9.2.1.
1. An O-ideal a is called ambiguous if the corresponding form fa is ambigu-

ous.
2. An O-ideal a is called symmetric if the corresponding form fa is symmetric.
3. An equivalence class of reduced O-ideals is called ambiguous if the corre-

sponding equivalence class of reduced forms is ambiguous.

We characterize ambiguous and symmetric O-ideals.

Proposition 9.2.2. 1. An O-ideal a is ambiguous if and only if a = σ(a).
2. A reduced O-ideal a is symmetric if and only if ρ(a) = σ(a).

Proof. Let f = fa = (a, b, c).
1. Let a be ambiguous. Then f = (a, ka, c) with k ∈ Z. Hence a = aZ +

(ka +
√

∆)/2Z = aZ + (ka − 2ka +
√

∆)/2Z = aZ + (−ka +
√

∆)/2Z =
aZ + (ka −

√
∆)/2Z = σ(a). Conversely, assume that a = σ(a). Then aZ +

(b +
√

∆)/2Z = aZ + (b−
√

∆)/2Z. So b ∈ a. But a ∩ Z = aZ. Hence b = ka
with k ∈ Z. So a is ambiguous.

2. Let a be reduced and symmetric. Then f = (a, b,−a). Hence, ρ(a) =
aZ+(b−

√
∆)/2Z = σ(a). Conversely, if ρ(a) = σ(a), then cZ+(b−

√
∆)/2Z =

aZ + (b −
√

∆)/2Z. Hence c = ±a. But a and c have opposite sign by
Lemma 6.2.7. Hence f = (a, b,−a). �	

As lattices, ambiguous ideals are symmetric with respect to the real line
R.

Let ∆ > 0. If the equivalence class of the O-ideal a is ambiguous, then by
Theorem 6.14.6 the cycle of a and the cycle of σ(a) are the same. In the next
theorem this is used to prove that the embedding of the reduced forms into
the cycle of a is symmetric in one of three possible ways.

Theorem 9.2.3. Assume that the equivalence class of the O-ideal a is am-
biguous. Let ai = ρi(a), i ∈ Z.

1. If the length l of the cycle of a is odd, then this cycle contains one ambiguous
and one symmetric ideal. If a0 is the ambiguous ideal in the cycle and
l = 2k + 1 with k ≥ 0, then the cycle is

(
σ(ak), . . . , σ(a1), a0, a1, . . . , ak

)
and ak is the symmetric ideal.

2. Let the length l of the cycle of a be even, that is, l = 2k, k ≥ 1.
Then this cycle contains two symmetric and no ambiguous or two
ambiguous and no symmetric ideal. In the first case, the cycle is(
σ(ak−1), . . . , σ(a1), σ(a0), a0, a1, . . . , ak−1

)
and a0 and ak are the symmet-

ric ideals. In the second case, the period is
(
σ(ak−1), . . . , σ(a1), a0, a1, . . . , ak

)
and f0 and ak are the ambiguous ideals.

Proof. Exercise 10.4.4. �	
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9.3 Fundamentals on class groups

9.3.1 Definition

We introduce a few groups.

Definition 9.3.1.
1. By I∆ we denote the group of all invertible O-ideals.
2. By P∆ we denote the group of all principal O-ideals.
3. By P+

∆ we denote the group of all principal O-ideals which have a generator
of positive norm.

The group P+
∆ is a subgroup of P∆ which, in turn, is a subgroup of I∆.

Also, the coset of a fractional O-ideal a in the quotient group I∆/P∆ is its
equivalence class. The coset of a in the quotient group I∆/P+

∆ is its proper
equivalence class.

Definition 9.3.2. The class group of O is the quotient group I∆/P∆. It is
denoted by Cl∆. The narrow class group of O is the quotient group I∆/P+

∆.
It is denoted by Cl+∆.

Theorem 9.3.3. Class group and narrow class group of O are finite Abelian
groups. The order of the class group is the class number h(∆). The order of
the narrow class group is the narrow class number h+(∆).

Proof. The assertion follows from Corollary 5.4.2 and Theorem 6.17.1. �	

If a is an O-ideal, then we denote by [a] the equivalence class of a. Also, if
(a, b, c) is a form of discriminant ∆, then we denote by [a, b, c] the equivalence
class of the O-ideal L(a, b, c).

9.3.2 Imaginary quadratic class groups

Let ∆ < 0. Then all non-zero elements in Q(
√

∆) have positive norm. There-
fore, if two fractional O-ideals are equivalent, then they are properly equiva-
lent. This implies that the class group Cl∆ is equal to the narrow class group
Cl+∆. Also, it follows from Corollary 4.6.3 that the equivalence classes of in-
vertible fractional O-ideals can be identified with the equivalence classes of
integral positive definite primitive forms of discriminant ∆. Therefore, the
elements of Cl∆ can also be considered as equivalence classes of integral prim-
itive forms of discriminant ∆. By Theorem 5.7.7, each equivalence class of
primitive positive definite quadratic forms contains exactly one reduced form.
We represent each class in Cl∆ by its reduced representative (a, b, c). We have
the following estimate for the coefficients of the reduced forms that represent
the classes.

Proposition 9.3.4. If (a, b, c) is an integral positive definite reduced form of
discriminant ∆, then 0 < a <

√
|∆|/3, |b| ≤ a, and c ≤

(√
|∆|/3 + |∆|

)
/4.
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Proof. Since (a, b, c) is reduced we have |b| ≤ a and a <
√
|∆|/3 by

Lemma 5.4.1. Also, we have 4ac = b2+|∆| ≤ a2+|∆|. Hence c ≤ (a+|∆|)/4 ≤(√
|∆|/3 + |∆|

)
/4. �	

We explain the basic group operations in Cl∆ and their complexity.

1. (Equality) To decide equality of two elements of the class group, we com-
pare the reduced representatives . If they are equal, then the classes are
equal. Otherwise they are not. By Proposition 9.3.4 the binary length of
those representatives is O(log |∆|). Hence, this equality test takes time
O(log |∆|).

2. (Inverse) Let [a, b, c] ∈ Cl∆. Then [a, b, c]−1 = [a,−b, c]. The reduced rep-
resentative in that class is (a,−b, c) if −a < b < a and (a, b, c) if b = a.
By Proposition 9.3.4 the binary length of this representative is O(log |∆|).
Hence, computing the inverse takes time O(log |∆|).

3. (Product) Two classes in Cl∆ are multiplied by multiplying their reduced
representative and reducing the result. If we use the product formula from
Section 7.3.4 and the reduction algorithm from Section 5.3, then Theo-
rem 5.6.6 implies that computing the product of two classes takes time
O
(
(log |∆|)2

)
.

Example 9.3.5. Let ∆ = −31. Using algorithm classNumber from Section 5.11
we find that h(−31) = 3. Hence, the class group Cl−31 is cyclic of order 3.
The class [2, 1, 4] is not the identity in the class group. Therefore, its order is 3
and it generates the class group. We have [2, 1, 4]2 = [2,−1, 4] and [2, 1, 4]3 =
[1, 1, 8].

9.3.3 Real quadratic class groups

Let ∆ > 0. It follows from Corollary 4.6.3 that the equivalence classes of
invertible fractional O-ideals can be identified with the equivalence classes of
integral indefinite primitive forms of discriminant ∆. Therefore, the elements
of Cl∆ can also be considered as equivalence classes of integral primitive forms
of discriminant ∆. Each equivalence class of integral indefinite forms contains
exactly one cycle of reduced forms. By Proposition 6.10.3, that cycle consists
of all reduced forms (a, b, c) with a > 0 in the equivalence class of f . It follows
that the class groups Cl∆ can also be identified with the set of cycles of reduced
forms (a, b, c) of discriminant ∆ with a > 0. We represent an element of the
class group by a reduced form in the corresponding cycle.

We have the following estimate for the coefficients of the reduced forms
that represent the classes.

Proposition 9.3.6. If (a, b, c) is an integral indefinite reduced form of dis-
criminant ∆ then |a|+ |c| <

√
∆ and 0 < b <

√
∆.

Proof. The assertion follows from Lemma 6.2.7 and Definition 6.2.1. �	
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We explain the basic group operations and their complexity.

1. (Equality) Deciding equality of two classes in Cl∆ is much more compli-
cated than in the imaginary quadratic case. One possibility is to compute
the cycle of reduced form that represents the one class and to check whether
the reduced form that represents the other class belongs to that cycle. By
Proposition 6.13.1 this equality test takes time O

(
l(log ∆)2

)
where l is the

length of the cycle and typically has order of magnitude
√

∆.
2. (Inverse) Let [a, b, c] ∈ Cl∆. Then [a, b, c]−1 = [a,−b, c]. A reduced repre-

sentative in the inverse class [a, b, c]−1 is (−c, b, a). By Proposition 9.3.6,
computing the inverse takes time O(log ∆).

3. (Product) Two classes are multiplied by multiplying their reduced repre-
sentatives and reducing the result. If we use the product algorithm from
Section 7.3.4 and the reduction algorithm from Section 6.4 then Theo-
rem 6.6.4 implies that computing the product of two classes takes time
O
(
(log ∆)2

)
.

By Corollary 4.6.3, the elements of the proper class group Cl+∆ can be
identified with the proper equivalence classes of integral forms of discriminant
∆. By Theorem 6.17.3 and Proposition 8.3.8, the narrow class group Cl+∆ is
equal to the class group Cl∆ if and only if the fundamental unit of O has
norm −1. If the norm of the fundamental unit of O has norm 1, then the class
group Cl∆ is isomorphic to a quotient group Cl+∆/

〈
L(−c, b, 1)

〉
where (1, b, c)

is the principal form of discriminant ∆ (see Exercise 9.8.3).

Example 9.3.7. Let ∆ = 21. Then h(∆) = 1 and
(
(1, 3,−3), (3, 3,−1)

)
is the

only cycle of reduced forms of discriminant 21. The class group Cl(21) is
trivial.

However, since the period length of the above cycle is even, the narrow class
number h+(12) is 2. The narrow class group Cl+(21) is

{
[−1, 1, 3]+, [1, 1, 3]+ =

[−1, 1, 3]2+
}

where [a]+ denotes the narrow equivalence class of a.

9.3.4 The class number formula

The analytic class number formula connects the class number h∆ with the
value of the series

L(1, χ∆) =
∞∑

n=1

χ∆(n)n−s , where χ∆(n) =
(

∆
n

)
(9.6)

at s = 1. The series is called a Dirichlet series . It was introduced by Dirichlet
in his proof that an arithmetic progression contains an infinitude of primes if
it does not have a common divisor.
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For a proof that the series (9.6) indeed converges for s = 1, see [Apo86]
Chapter 11.6. There it is proven that in general a series of the form

∞∑
n=1

f(n)n−s

converges for s with �s > 0 if the sums

N∑
n=1

f(n)

are bounded independent of N . We prove this boundedness for f(n) =
(
∆
n

)
.

It is true in general for non-trivial homomorphisms from a group G to C
∗.

Such homomorphisms are called characters. The group in question here is
G = (Z/|∆|Z)∗. Characters on this group are also called Dirichlet characters.

Lemma 9.3.8. Let χ be a character of G. Denote |G| by n. Then

∑
g∈G

χ(g) =

{
n if χ(g) = 1 for all g ∈ G

0 else.

Proof. If χ is constant, then we have
∑
g∈G

χ(g) =
∑
g∈G

1 = n.

Let χ not be constant so that there is a h ∈ G with χ(h) �= 1. Then we
have

(1− χ(h))
∑
g∈G

χ(g) =
∑
g∈G

(χ(g)− χ(h)χ(g)) =
∑
g∈G

χ(g)−
∑
g∈G

χ(hg). (9.7)

The map G → G, g �→ hg is a bijection. This implies that if g runs through
all the elements of G, then also g ·h runs through all the elements of G. Hence
(9.7) implies that

(1− χ(h))
∑
g∈G

χ(g) = 0.

Since 1− χ(h) �= 0 the assertion
∑

g∈G χ(g) = 0 is proved. �	

It remains to see that the Kronecker symbol always defines a non-trivial
character on (Z/|∆|Z)∗.

Lemma 9.3.9. Let ∆ be a discriminant. Then there exists n ∈ Z such that(
∆
n

)
= −1.



188 9 Class Groups

Proof. Without loss of generality, we may assume that ∆ is a fundamental
discriminant. First, suppose that ∆ is a power of 2. The only such fundamental
discriminants are ∆ = −4, 8 and −8. From Theorem 3.4.13 we obtain

(
−4
3

)
= −1,

(
8
5

)
= −1,

(
−8
5

)
= −1.

Now let p be an odd prime divisor of ∆ and let x be a quadratic nonresidue
modulo p. Choose n such that

n ≡ x mod p, n ≡ 1 mod |∆/p|, n ≡ 1 mod 4.

Then we obtain from Theorem 3.4.13
(

∆
n

)
=

(
p

n

)(
∆/p

n

)
=

(
n

p

)
= −1. �	

The class number formula involves the Dirichlet structure constant κ∆

which is defined as follows.
Let ∆ < 0. Let w be the number of roots of unity in O∆. In general, we

have w = 2. Only if ∆ = −4 we have w = 4 and if ∆ = −3 we have w = 6.
Then

κ∆ =
2π

w
√
|∆|

.

Let ∆ > 0. Let R∆ be the regulator of O∆. Then

κ∆ =
2R∆√

∆
.

Now let ∆ be again an arbitrary discriminant. If we denote by h∆ the class
number of O∆ then analytic class number formula can be stated as follows.

Theorem 9.3.10 (Class number formula). κ∆h∆ = L(1, χ∆).

For a proof see Part IV of [Lan66] where this is Theorem 209. This formula
can, for example, be used to compute the class number if one determines the
values of κ∆ and L(1, χ∆) to sufficient precision. This will be explained below.

In the sequel, we will, however, frequently need only an estimate for the
size of the class group Cl∆. Such estimate can be found by bounding the size
of the value of L(1, χ∆).

Let

c1(∆) =

{
( 1
2 log ∆ + 1) if ∆ > 0

( 1
2 log |∆|+ log log |∆|+ 1) if ∆ < 0.

(9.9)

We quote the following result from [Hua42].

Theorem 9.3.11.
1. If ∆ < 0, then h∆ ≤ c1(∆)

√
|∆|.

2. If ∆ > 0, then h∆R∆ ≤ c1(∆)
√

∆ and R∆ > .48.
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Lower bounds for h∆, or h∆R∆, respectively, were proven by, among
others, Carl Ludwig Siegel (asymptotics only) and Titao Takuzawa (effec-
tively computable bounds). These bounds can be used to establish lists of
quadratic orders with small class number and short period length, see e.g. the
work or Richard Mollin and Hugh Williams [MW92].

From Theorem 9.3.11, we see that h∆ grows at most only slightly faster
than

√
|∆|. The following estimate is useful for small |∆|.

Corollary 9.3.12. h∆ < |∆|/4.

Proof. For ∆ < −21 or ∆ > 74 this follows directly from Proposition 9.3.11.
Note that R∆ > log(1 +

√
∆/2) by Definitions 8.3.6 and 6.12.6. For the re-

maining discriminants the inequality can be directly verified. �	

We will now show how to approximate L(1, χ∆) to within a factor of
2. The bounds we will give here were proved by Bach in [Bac95] Theorem
9.1. They are based on the hypothesis that all zeros s of the Dirichlet L-
series L(s, χ∆) with 0 < �s < 1 have �s = 1/2. This is called the Extended
Riemann Hypothesis (ERH). A looser unconditional bound can be found in
many textbooks on analytical number theory, e.g. in [Lan66].

Bach’s result is motivated by another representation for L(1, χ∆), the so
called Euler product .

A function f : N → C is called multiplicative if f(mn) = f(m)f(n) for
any two positive integers m,n with gcd(m,n) = 1. The function f is called
completely multiplicative if f(mn) = f(m)f(n) for any two positive integer
m,n.

Theorem 9.3.13. Let f be a multiplicative function such that the series∑∞
n=1 f(n) is absolutely convergent. Then the sum of the series can be ex-

pressed as an absolutely convergent infinite product

∞∑
n=1

f(n) =
∏
p

{1 + f(p) + f(p2) + . . .}

extended over all primes. If f is completely multiplicative the product simplifies
and we have ∞∑

n=1

f(n) =
∏
p

1
1− f(p)

.

Proof. A proof can be found in [Apo86] where it is Theorem 11.6.

In each case of Theorem 9.3.13 the product is called the Euler product of the
series.

The character χ∆ is a completely multiplicative function. The Dirichlet
series (9.6) is absolutely convergent if �s > 1. This suggests to approximate
L(1, χ∆) by truncated Euler products.
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For positive real numbers x set

B(x, χ) =
∏
p<x

(
1− χ(p)

p

)−1

. (9.10)

where the product is taken over all prime numbers < x.
Let n be an integer, n ≥ 2. We introduce weights ai, defined by

ai(n) =
(n + i) log(n + i)∑n−1

j=0 (n + j) log(n + j)
, 0 ≤ i ≤ n− 1. (9.11)

The following theorem which is true under the assumption of the Extended
Riemann Hypothesis describes the precision with which the value of the L-
series at 1 can be expressed as a weighted sum of the truncated Euler products
B(x, χ).

Theorem 9.3.14. (ERH) Let n0, A,B be any triplet from Table 9.1. Then
for n ≥ n0 we have

| log L(1, χ)−
n−1∑
i=0

ai(n) log B(n + i, χ)| ≤ A log ∆ + B√
n log n

.

n0 A B

5 16.397 47.183

10 12.170 38.831

50 8.628 29.587

100 7.962 27.145

500 7.106 22.845

1000 6.897 21.528

5000 6.593 19.321

10000 6.510 18.606

50000 6.378 17.397

100000 6.338 17.031

500000 6.269 16.409

1000000 6.246 16.217

Table 9.1. Bach constants

We will now explain how Theorem 9.3.14 can be used to compute an
approximation of the class number h(∆) when ∆ < 0 and of R∆h(∆) when
∆ > 0.

We need the following auxiliary result.
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Lemma 9.3.15. Let y ∈ R with 0 < y < 1. Then

max
(
−x,

|x|
1 + y

)
≤ | log(x + 1)| ≤ |x|

1− y

for x ∈ R with |x| ≤ y.

Proof. First, consider the function

f(x) = log(1 + x)− x

1− y
.

Its derivative is
f ′(x) =

1
1 + x

− 1
1− y

.

If |x| ≤ y then f ′(x) ≤ 0. Since f(0) = 0 it follows that f(x) ≤ 0 for 0 ≤ x ≤ y
and f(x) ≥ 0 for −y ≤ x ≤ 0. Hence

| log(1 + x)| = log(1 + x) ≤ x

1− y
=

|x|
1− y

, 0 ≤ x ≤ y

and

| log(1 + x)| = − log(1 + x) ≤ −x

1− y
=

|x|
1− y

, −y ≤ x ≤ 0.

Next, assume 0 ≤ x ≤ yt and consider the function

f(x) = log(1 + x)− x

1 + y
.

Its derivative is
f ′(x) =

1
1 + x

− 1
1 + y

and we have f ′(x) ≥ 0. Since f(0) = 0 it follows that f(x) ≥ 0. Hence

| log(1 + x)| = log(1 + x) ≥ x

1 + y
=

|x|
1 + y

, 0 ≤ x ≤ y

Finally, assume −1 ≤ −x < 0 and consider the function f(x) = log(1+x)−x.
Its derivative is

f ′(x) =
1

1 + x
− 1

and we have f ′(x) > 0 for −1 < x < 0. Since f(0) = 0 it follows that f(x) ≤ 0.
Hence

−x ≤ − log(1 + x) = |log(1 + x)|. �	

For a positive integer n set

�(n,∆) = exp
(n−1∑

i=0

ai(n) log B(n + i, χ∆)
)

. (9.12)
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Also fix any triplet n0, A,B from Table 9.1 and set

C(n) =
A log |∆|+ B√

n log n
.

Then we obtain from Theorem 9.3.14

| log(L(1, χ∆)/�(n,∆))| ≤ C(n), n ≥ n0. (9.13)

Theorem 9.3.16. If C(n) < log 2 then
∣∣∣∣
L(1, χ∆)
�(n,∆)

− 1
∣∣∣∣ <

C(n)
1− C(n)

.

This theorem shows that for n in O(log|∆|)2, and h̃ = �(n,∆)/κ∆, the quotient
h∆/h̃, or respectively, h∆R∆/h̃ is close to 1.

Proof. Fix n ≥ 0 and set

x = L(1, χ∆)/�(n,∆)− 1.

Then | log(1 + x)| ≤ C(n) < log 2. Hence 1/2 < 1 + x < 2 and this implies
|x| < 1. Therefore, Lemma 9.3.15 with y = |x| and (9.13) yield

|x|
1 + |x| < | log(1 + x)| < C(n).

An easy computation implies the assertion. �	

9.4 Computing in finite Abelian groups

The class group Cl∆ is a finite Abelian group. In this section we describe
some computational problems concerning finite Abelian groups and we present
algorithms for solving those problems. Those generic algorithms can be applied
to class groups.

Let G be a finite Abelian group, written multiplicatively with neutral
element 1. We assume that the following operations are efficiently computable.

– For a, b ∈ G we can compute c = a ∗ b.
– For a ∈ G we can compute the inverse a−1.
– For a, b ∈ G we can decide whether a = b.

As we have seen in Sections 9.3.2 and 9.3.3, those assumptions are satisfied for
class groups. We call these the group operations. Note that from every group
element a we can determine the neutral element 1 = a ∗ a−1.

We introduce a few basic notions. Let M = (g1, . . . , gk) be a sequence of
elements of G. If v ∈ Z

k, v = (vi)1≤i≤k, then we set
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Mv =
k∏

i=1

gvi
i . (9.14)

The subgroup of G generated by M is

〈M〉 =
{

Mv : v ∈ Z
k
}

. (9.15)

With respect to inclusion, it is the smallest subgroup of G that contains M .
If M has only one element, that is, M = {g}, then we write 〈M〉 = 〈g〉. If
〈M〉 = G, then M is called a generating system for G. We also say that G is
generated by M . The group G is called cyclic if it is generated by one element.
Such an element is called a generator of G. Finally, if T ∈ Z

(k,l) with column
vectors t1, . . . , tl, then we set

MT =
(
M t1 , . . . ,M tl

)
. (9.16)

Example 9.4.1. Let G = Cl−31. By Example 9.3.5 the group G is cyclic of
order 3 with generator [2, 1, 4]. A generating system for G is

M = ([2, 1, 4], [2,−1, 4])

and we have

M (2,−1) = [2, 1, 4]2[2,−1, 4]−1 = [2,−1, 4][2, 1, 4] = [1, 1, 8] .

Also, we have

M


1 2

0 −1




= (M (1,0),M (2,−1)) =
(
[2, 1, 4], [1, 1, 8]

)
.

9.4.1 Basic problems

We describe a few important computational problems for G.

Problem 9.4.2 (Root problem (RP)). Given g ∈ G and a positive integer
e,

1. decide whether g is the eth power of an element in G, and
2. if g is the eth power of an element in G, find an eth root of g; that is, find

h ∈ G with he = g.

Problem 9.4.3 (Order problem (OP)). Given g ∈ G compute order g, the
order of g in G, that is, the least positive integer x such that gx = 1.

Problem 9.4.4 (Discrete logarithm problem (DLP)). Given g, h ∈ G,

1. decide whether h belongs to the cyclic subgroup 〈g〉 of G generated by g,
and

2. if h ∈ 〈g〉, find logg h, the discrete logarithm of h to the base g, that is, the
least non-negative integer x such that gx = h.
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9.4.2 Structure

In this section we present the problem of finding the structure of G. That
problem contains the order problem and the discrete logarithm problem as
special cases. We start by explaining what we mean by the the structure of
G. That notion is based on the following theorem.

Theorem 9.4.5. There are positive integers s1, . . . , sk such that sk > 1, si

divides si−1, 1 < i ≤ k, and there are cyclic subgroups Gi of order si, 1 ≤ i ≤ k
such that

G = G1 ×G2 × · · · ×Gk . (9.17)

The sequence (si)1≤i≤k is uniquely determined.

We will prove Theorem 9.4.5 in Section 9.7.

Definition 9.4.6. The sequence of invariants of G is (s1, . . . , sk) from The-
orem 9.4.5. Each si, 1 ≤ i ≤ k, is called an invariant of G.

Example 9.4.7. Consider the group G = Cl−31. By Example 9.3.5 we have

G = 〈[2, 1, 4]〉 .

Hence, there is only one invariant of G and that invariant is 3.

Corollary 9.4.8. There are prime numbers p1, . . . , pm, positive integers
e1, . . . , em, and cyclic subgroups Hi of G of order pei

i , 1 ≤ i ≤ m, such that

G = H1 ×H2 × · · · ×Hm . (9.18)

Up to permutation, the sequence
(
(pi, ei)

)
is uniquely determined.

Proof. Exercise 9.8.4. �	

We formulate the structure problem.

Problem 9.4.9 (Structure problem (SP)). Given a generating system for
G, compute the sequence (s1, . . . , sk) of invariants of G and elements g1, . . . , gk

such that the subgroup generated by gi has order si for 1 ≤ i ≤ k and
G = 〈g1〉 × · · · × 〈gk〉.

9.4.3 Connections between the problems

In this section we explain the connection between the root problem, the order
problem, the discrete logarithm problem, and the structure problem.

We first discuss a special case of the root problem.

Proposition 9.4.10. Let g ∈ G, let n be a positive integer multiple of the
order of g and let e, f be integers with ef ≡ 1 (mod n). Then gf is an eth
root of g in G.
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Proof. Since ef ≡ 1 (mod n) we can write ef = 1 + kn with an integer k.
Hence

(gf )e = gfe = g1+kn = g(gn)k = g .

�	

Proposition 9.4.10 implies the following. If a small positive integer multiple
n of the order of G is known, and if e is an integer that is coprime to n and if
g ∈ G, then an eth root of g can be computed using one gcd-computation and
O(log |G|) group operations. As we have seen in Section 3.4.4, the problem of
extracting eth roots in G is much more complicated if e is not coprime to the
order of G.

We explain how the order problem can be solved efficiently using a discrete
logarithm algorithm.

Proposition 9.4.11. Let g ∈ G. If l is the discrete logarithm of g−1, then the
order of g is l + 1.

Proof. By definition, we have l = min{k ≥ 0 : gk = g−1}. It follows that
l = min{k ≥ 0 : gk+1 = 1}. This implies the assertion. �	

We note that the algorithm from Section 9.7 that solves the structure
problem also solves the general root problem, the order problem, and the
discrete logarithm problem.

9.5 Generating systems

In this section we present two generating systems for the class group Cl∆.
The first is big but it can be fully proved to be a generating system for Cl∆.
The second is only known to be a generating system for Cl∆ if the truth of
an extended Riemann hypothesis is assumed.

We set

c2(∆) =




�
√
|∆|/3� for ∆ < 0 ,

�
√

∆/2� for ∆ > 0 .

We present a first generating system for the class group.

Proposition 9.5.1. The class group Cl∆ is generated by the set

{ [a] | a is an integral primitive O-ideal with N(a) < c2(∆) } .

Proof. By Corollary 5.3.9 and Corollary 6.5.4, each O-ideal class contains a
reduced ideal. If ∆ < 0, then by Lemma 5.4.1 the norm of that ideal is bounded
by c2(∆). If ∆ > 0 and if the class contains the reduced ideal L(a, b, c), then it
also contains the reduced ideal L(−c, b,−a). By Lemma 6.2.7 the norm of one
of those ideals is bounded by c2(∆). So each ideal class contains an integral
primitive O-ideal of norm ≤ c2(∆). �	
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For a positive real number c we let

P(∆, c) =
{

p ∈ P :
(

∆
p

)
�= −1, p ≤ c, p � f(∆)

}
(9.19)

and
P(∆, c) = {p(∆, p) : p ∈ P(∆, c)} .

Now assume that ∆ is a fundamental discriminant. For this case, we
present a smaller generating system.

Proposition 9.5.2. The set
{
[p] : p ∈ P

(
∆, c2(∆)

)}
generates the class group

Cl∆.

Proof. Since ∆ is a fundamental discriminant it follows from Theorem 8.6.8
that each O-ideal of norm ≤ c2(∆) is a product of prime ideals of O whose
norm is in P

(
∆, c2(∆)

)
. For any p ∈ P

(
∆, c2(∆)

)
there are at most two prime

ideals of norm p. They are p(∆, p) and σ(p(∆, p)). Also, σ(p(∆, c)) is equiv-
alent to p(∆, p)−1. Proposition 9.5.1 implies that any ideal class is a power
product of ideal classes of prime ideals in P

(
∆, c2(∆)

)
. �	

Again, let ∆ be a fundamental discriminant. We set

c3(∆) =





6(log |∆|)2 for ∆ < 0 ,

12(log ∆)2 for ∆ > 0 .
(9.20)

In [Bac90] the following is shown under the assumption of the Extended
Riemann Hypothesis (GRH).

Proposition 9.5.3. (ERH) The set
{
[p] : p ∈ P

(
∆, c3(∆)

)}
generates the

class group Cl∆.

9.6 Computing a generating system in time |∆|1/2+o(1)

Let ∆ be a fundamental discriminant. The smallest fully proved generating
system that was presented in Section 9.5 has approximately |∆|1/2 elements.
The computation of each generator requires extracting a square root modulo
a prime number. If the fastest deterministic algorithm for extracting square
roots modulo primes is used, then the determination of the generating system
requires approximately time |∆|3/4. In this section we describe Algorithm
GeneratingSystem that computes a generating system for the class group
Cl∆ and the class number h∆ in time |∆|1/2+o(1). It avoids the computation
of all generators. The algorithm is based on an idea of H.W. Lenstra Jr. It is
the fastest known deterministic class number algorithm.
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9.6.1 The idea

Algorithm GeneratingSystem proceeds iteratively. In each iteration the algo-
rithm knows a sequence M of elements in Cl∆, all elements of the subgroup

Cl = 〈M〉

of Cl∆, and the set

P = {p : p ∈ P
(
∆, c2(∆)

)
, [p(∆, p)] �∈ Cl} .

The set P contains the norm of all elements of the generating system from
Proposition 9.5.2 that do not belong to the subgroup Cl of Cl∆ found so far.

Algorithm GeneratingSystem selects a prime number p in P and computes
p = p(∆, p) from (8.16). Algorithm GeneratingSystem replaces M by M◦([p])
and Cl by 〈M〉 = 〈Cl ∪ {[p]}〉. Then it deletes all primes q in P such that
[p(∆, q)] ∈ Cl. We will show that it is possible to decide efficiently whether
[p(∆, q)] ∈ Cl without actually computing p(∆, q).

If P is empty, then Cl = Cl∆ and M is a generating system for Cl∆.
Otherwise, GeneratingSystem starts a new iteration. Note that the algorithm
also calculates the class number h(∆) = |Cl|.

The advantage of this approach is the following. In each iteration exactly
one prime ideal is computed and the subgroup Cl grows by a factor at least
two. Therefore, at most �log2 |Cl∆|� iterations are necessary to compute Cl∆
and the generating system. By Theorem 9.3.11, the size of the generating sys-
tem is O(log |∆|) and the number of prime ideals that are actually computed
is also O(log |∆|).

9.6.2 Updating Cl, S, and P

We explain how Algorithm GeneratingSystem represents, initializes, and up-
dates M , Cl, and P .

Algorithm GeneratingSystem stores the ideal classes in M and Cl in terms
of reduced representatives. In order to be able to decide whether an ideal class
represented by a reduced ideal is contained in Cl, Algorithm GeneratingSys-
tem also uses the set S of all reduced ideals of the classes in Cl. For ∆ < 0, the
sets Cl and S are basically the same since the ideal classes are stored in terms
of their uniquely determined reduced representatives. For ∆ > 0 this is not
true since each ideal class contains a cycle of reduced ideals, cf. Section 10.1.2.

Initially, GeneratingSystem sets

M = () , Cl = {[O]}, S = {O}

and
P = P

(
∆, c2(∆)

)
.

In each iteration, GeneratingSystem selects the smallest prime number in P ,
and computes the prime ideal p = p(∆, p).
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To update Cl, GeneratingSystem finds the order e of the coset [p] · Cl in
the quotient group Cl∆/Cl. To find this order, Algorithm GeneratingSystem
computes the first positive integer e such that a reduced representative of [p]e

is in S. When e is found, Algorithm GeneratingSystem replaces Cl by

Cl ∪1≤x<e [p]xCl .

Also, Algorithm GeneratingSystem updates S by computing

S ∪ {a : a reduced ideal in [p]xC, 1 ≤ x < e,C ∈ Cl} .

Now we explain how P is updated.
Let ∆ > 0. Suppose that the reduced ideal a is inserted into S. If a =

p(∆, p) for a prime number p ∈ P , then p is removed from P . Except for this
modification, P remains unchanged.

This is justified as follows. Let p ∈ P . Then p ≤
√

∆/2. Hence, by
Lemma 6.5.1 the prime ideal p(∆, p) is reduced. This means that the ideal
class [p(∆, p)] is in Cl if and only if the ideal p(∆, p) is in S.

Let ∆ < 0. Then the update procedure for P is slightly more complicated
since the ideals p(∆, p) with p ∈ P are not necessarily reduced. Algorithm
GeneratingSystem uses the following result.

Lemma 9.6.1. Let ∆ < 0 and let p ∈ P(∆, c2(∆)). Then the class [p(∆, p)]
belongs to Cl if and only S contains p(∆, p) or L(a, b, p) with b ≤ 0 or L(a, b, c)
with p = a− b + c and 0 ≤ 2a− b ≤ p.

Proof. Set p = p(p,∆).
Assume that [p] belongs to Cl. We show that the reduced ideal in the

equivalence class of p has the asserted form.
If p is reduced, then p is in S.
Assume that p is not reduced. Then ρ(p) is reduced by Lemma 5.5.3 since

p <
√
|D|/3 <

√
|∆|. Let

f = (p,B,C) =
(
p, b(p,∆), c(p,∆)

)
, s = s(f) .

It follows from the proof of Lemma 5.5.3 that |s| ≤ 1. Since B ≥ 0 by the
definition of b(p,∆), it follows that s ∈ {0, 1}. Hence, ρ(f) = (C,−B, p) or
ρ(f) = (C,−B + 2C, p−B + C). It follows that the reduced ideal in the class
of p(∆, p) is of the form (a, b, p) with b ≤ 0 or (a, b, c) with p = a− b + c and
B = 2a− b. So 0 ≤ 2a− b ≤ p.

Now assume that S contains an ideal as described in the lemma. If that
ideal is p(∆, p), then [p(∆, p)] is in Cl.

Assume that L(a, b, p) with b ≤ 0 is in S. Then b is a square root of ∆
mod 4p and 0 ≤ −b < a ≤ p. Hence p(∆, p) = L(p,−b, a). Since L(a, b, p) and
L(p,−b, a) are equivalent, it follows that [p(∆, p)] is in Cl.

Assume that L(a, b, c) with p = a− b + c and 0 ≤ 2a− b ≤ b is in S . We
know that L(a, b, c) is equivalent to L(a − b + c, 2a − b, a) = L(p, 2a − b, a).
Since 0 ≤ 2a − b ≤ p, it follows that L(p, 2a − b, a) = p(∆, p). So [p(∆, p)] is
in Cl. �	
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Let ∆ < 0. Using Lemma 9.6.1 Algorithm GeneratingSystem updates P
as follows. Suppose that the reduced ideal a is inserted into S. If there exists
p ∈ P with a = p(∆, p) or a = L(a, b, p) with b ≤ 0 or a = L(a, b, c) with
p = a− b + c and 0 ≤ 2a− b ≤ p then Algorithm GeneratingSystem removes
p from P .

Here is the algorithm.

Algorithm 9.1 GeneratingSystem (∆)
Input: A quadratic discriminant ∆.
Output: A generating system M for Cl∆ and the class number h(∆).

M ← (), Cl = S ← ∅
P ← P

(
∆, c2(∆)

)
while P �= ∅ do

Select a prime number p ∈ P
p ← p(∆, p)
M ← M ◦ ([p])
e ← 0, C ← [O∆]
repeat

e ← e + 1
a ← reduced ideal in C ← C · [p]

until a ∈ S
Cl ← Cl ∪ {[p]xC : 1 ≤ x < e, C ∈ Cl}
S ← S ∪ {a : a reduced ideal in [p]xC, 1 ≤ x < e, C ∈ Cl}
Update P as described above

Return M and h(∆) ← |Cl|

9.6.3 Examples

Example 9.6.2. Let ∆ = −227. Then −∆ is a prime number. Hence, ∆ is
a fundamental discriminant. Since c2(∆) = �

√
|∆|/3� = 8 and

(
2
∆

)
= −1,(

3
∆

)
= 1,

(
5
∆

)
= −1, and

(
7
∆

)
= 1, we initially have

P = P
(
∆, c2(∆)

)
= {3, 7} ,

M = () ,Cl = {[O]}, S = {O} .

GeneratingSystem calculates p(∆, 3) = L(3, 1, 19) and determines e. We
have [3, 1, 19]2 = [7, 5, 9], [3, 1, 19]3 = [7,−5, 9], [3,−1, 19]4 = [3,−1, 19], and
[3, 1, 19]5 = [1, 1, 57]. Hence e = 5,

Cl =
{

[1, 1, 57], [3, 1, 19], [7, 5, 9], (2), [7,−5, 9], [3,−1, 19]
}

.

It follows that the new S is

S =
{

(1, 1, 57), (3, 1, 19), (7, 5, 9), (7,−5, 9), (3,−1, 19)
}

,
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So GeneratingSystem removes 3 and 7 from P . Then P is empty and
GeneratingSystem has found that the class group Cl−227 is generated by
[3, 1, 19] and has order 5. In fact, we have even found that Cl−227 is cyclic.

Example 9.6.3. Let ∆ = 229. Then ∆ is a prime number. Hence, ∆ is a fun-
damental discriminant. Since c2(∆) = �

√
∆/2� = 7 and

(
2
∆

)
= −1,

(
3
∆

)
= 1,(

5
∆

)
= 1, and

(
7
∆

)
= −1, we have

P = P
(
∆, c2(∆)

)
= {3, 5} .

Also,
M = () , Cl = {[O]}, S = {O} .

Algorithm GeneratingSystem calculates p1 = p(3, 229) = L(3, 1,−19)
and determines e. We have [3, 1,−19] = [3, 13,−5], [3, 1,−19]−2 = [9,−7,−5],
[3, 1,−19]−3 = [1, 15,−1]. Hence, e = 3 and

Cl =
{

[1, 15,−1], [3, 13,−5], [9, 7,−5]
}

.

The cycle of (1, 15,−1) is ((1, 15,−1)), of (3, 13,−5) it is
(
(3, 13,−5) (5, 7,

−9) (9, 11,−3)
)
, and of (9, 7,−5) it is (9, 7,−5) (5, 13,−3) (3, 11,−9). So we

obtain

S =
{

(1, 15,−1), (3, 13,−5), (5, 7,−9), (9, 11,−3)), (9, 7,−5),

(5, 13,−3), (3, 11,−9)
}

.

Since (3, 13,−5) ∈ S we delete 3 from P . Since (5, 7,−9) we also delete 5 from
P . Then P is empty. Hence, Algorithm GeneratingSystem has proved that
the class group Cl(229) is of order 3 and generated by [3, 13,−5]. In fact, we
have proved that Cl(229) is cyclic of order 3.

9.6.4 Analysis

In order to give a bound for the running time of GeneratingSystem, we first
need an estimate for the length of the generating system that the algorithm
computes.

Proposition 9.6.4. The length of the generating system computed by Algo-
rithm GeneratingSystem is in O(log |∆|).

Proof. Assume that the generating system computed by Algorithm Generat-
ingSystem is of length l. In each iteration the size of Cl is at least doubled.
Algorithm GeneratingSystem terminates when the subgroup Cl is equal to
Cl∆. Hence, l ≤ log2 h∆ and the assertion follows from Proposition 9.3.11. �	
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Theorem 9.6.5. Algorithm GeneratingSystem computes a generating sys-
tem for and the order of the class group Cl∆ in time |∆|1/2+o(1).

The factor |∆|o(1) entering the time bound can in fact be explicitly given as a
small constant times the product of c1(∆) and a term in O(log|∆|)2 depending
on the arithmetic used for calculating and reducing products of ideals with
norm smaller than

√
|∆|, cf. sections 5.6 and 6.6.2.

Proof. We use the notation from Sections 9.6.1 and 9.6.2.
We first analyze the computation of the generating system M . To com-

pute an element of that system we extract a square root of ∆ mod p for a
prime number p with p <

√
|∆|. This can be done in time |∆|1/2+o(1). So by

Proposition 9.6.4, the computation of the elements of the generating system
takes time |∆|1/2+o(1).

Next we estimate the time for computing the sets Cl and S. The com-
putation of an element of Cl requires one multiplication in the class group
which takes time |∆|o(1). Using the bound for the number of elements in Cl
which follows from Proposition 9.3.11 we see that the time for computing Cl
is |∆|1/2+o(1). This implies that the computation of S for ∆ < 0 also takes
time |∆|1/2+o(1). If ∆ > 0, then determining S requires computing the cycle in
all ideal classes of O∆. One element of such a cycle can be computed in time
|∆|o(1). By Corollary 10.1.7 the number of elements in one cycle is O(R∆).
Hence, S contains O(h∆R∆) elements. Using the upper bound for h∆R∆ from
Proposition 9.3.11, we see that S is computed in time |∆|1/2+o(1). �	

9.7 Computing the structure of a finite Abelian group

Let G be a finite Abelian group. We explain how to compute the structure of
G from a generating system

M = (g1, . . . , gl)

of G.

9.7.1 The basic algorithm

Definition 9.7.1. A relation for M is a vector v ∈ Z
l such that Mv = 1.

Proposition 9.7.2. The set L(M) of all relations for M is an l-dimensional
lattice in Z

l. Its determinant is the order of G.

Proof. The map
Z

l −→ G , z �→Mz .

is a homomorphism of groups which is surjective since M is a generating
system for G. The kernel of that map is L(M). The homomorphism theorem
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implies that Z
l/L(M) ∼= G. Therefore, L(M) is of finite index |G| in Z

l which
means that L(M) is a lattice of dimension l. The index of L(M) in Z

l is the
determinant of L(M). Hence, the the determinant of L(M) is the order of
G. �	

The lattice L(M) is called the relation lattice of M .
The algorithm for solving the structure problem is based on the following

result which also proves Theorem 9.4.5.

Proposition 9.7.3. Let B ∈ Z
(l,l). Assume that the columns of B form a ba-

sis of the relation lattice L(M). Let D ∈ Z
(l,l) be the Smith normal form

of B. Let D = diag(n1, . . . , nk, 1, . . . , 1) with nk > 1. Let U ′D = BV
with U ′, V ∈ GL(l, Z). Let U ∈ Z

(l,l) with U ≡ U ′ (mod |G|). Let MU =
(h1, . . . , hk, hk+1, . . . , hl). Then the following are true.

1. The order of G is |det B|.
2. The order of hi is ni, 1 ≤ i ≤ k, hk+1 = . . . = hl = 1 and

G = 〈h1〉 × · · · × 〈hk〉 . (9.21)

3. If the group G can be written as

G = G1 × · · · ×Gm (9.22)

where m is a non-negative integer, Gi are nontrivial cyclic subgroups of G,
1 ≤ i ≤ m, with |Gi+1| | |Gi|, 1 ≤ i < m, then m = k and |Gi| = ni,
1 ≤ i ≤ k.

Proof. 1. This is a consequence of Proposition 9.7.2
2. and 3. We claim that MU is a generating system for G. Clearly, we have

(MU )v ∈ G for any v ∈ Z
l. Conversely, let g ∈ G. Then there is v ∈ Z

l with
g = Mv. Since gcd(det U, |G|) = 1, it follows that there is Ũ ∈ Z

(l,l) such that
UŨ ≡ Il (mod |G|) where Il is the l × l-identity matrix. Set ṽ = Ũv. Then

(MU )ṽ = (MU )Ũv = MUŨv = Mv = g.

This proves our claim.
Next, we show that the columns of D form a basis for the relation lattice of

MU . Since (MU )D = MUD = MU ′D = MBV , it follows that the columns of D
are relations for MU . Let v be a relation for MU . Then 1 = (MU )v = MU ′v.
It follows that U ′v is a relation for M . Since BV is a basis for L(M), there
is x ∈ Z

l with U ′v = BV x = U ′Dx. Hence, v = Dx. This proves that D is a
basis of L(MU ). It follows that the ith diagonal element di of D is the order
of hi, 1 ≤ i ≤ l. In particular, we have hk+1 = . . . = hl = 1. This implies that
(h1, . . . , hk) is a generating system for G.

Since D is a basis of L(MU ), it follows that if (h1, . . . , hk)e = 1 for some
e ∈ Z

k, then ei ≡ 0 (mod ni) where ei is the ith entry in e, 1 ≤ i ≤ k. This
proves (9.21).
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4. Assume that we have two representation G = G1×· · ·×Gm = G′
1×· · ·×

G′
m′ as in (9.22), m′ ≥ m. Let j ∈ {1, . . . , m}. We will show that |Gi| = |G′

i|,
1 ≤ i < j. Then

j−1∏
i=1

|Gi|
|Gj |

= |G|Gj || =
j−1∏
i=1

|Gi|
|Gj |

m′∏
i=j

|G′
i|

gcd(|G′
i|, |Gj |)

. (9.23)

It follows that |Gj | = gcd(|Gj |, |G′
j |). Hence, |Gj | divides |G′

j |. The same
argument shows that |G′

j | divides |Gj |. Hence, |Gj | = |G′
j |. Also, we see that

m = m′. �	

By Proposition 9.7.3, the structure of G can be computed as follows. We
determine a basis B of the relation lattice L(M). Then we use Algorithm
snfModular to find the Smith normal form D of B and a matrix U ∈ Z

(n,n)

with the properties from Proposition 9.7.3. The invariants and the represen-
tation of G as a product of cyclic groups whose orders are the invariants can
be computed as described in Proposition 9.7.3.

We explain a simple algorithm for computing a basis of the relation lattice
L(M). We let Gi be the subgroup of G generated by the first i elements of
the generating system M , 1 ≤ i ≤ l; that is,

Gi =
〈
(g1, . . . , gi)

〉
, 1 ≤ j ≤ l . (9.24)

Also, set
G0 = {1} . (9.25)

Proposition 9.7.4. Let B = (bij) ∈ Z
(l,l) be a matrix in upper triangular

form whose columns are relations for M and such that bj,j is the smallest
positive integer e with ge

j ∈ Gj−1 for 1 ≤ j ≤ l. Then B is a basis of the
relation lattice L(M).

Proof. Since B is non-singular by definition, it suffices to show that
the columns (b1, . . . ,bl) of B form a generating system for L(M). Let
v = (v1, . . . , vl) ∈ L(M). We show by induction that there are integers
xl, xl−1, . . . , x1 such that for j = l, l − 1, . . . , 1, 0 the last l − j entries of
v −

∑l
i=j+1 xibi are zero.

For j = l the assertion is trivial. Assume that the assertion holds for some
j, 1 ≤ j ≤ l. Set w = v −

∑l
i=j+1 xibi. Then

w = (w1, . . . , wj , 0, . . . , 0) .

We show that
wj = xjbj,j , xj ∈ Z . (9.26)

Then the last l − j + 1 entries of v−
∑l

i=j xibi are zero. Let x, y be integers
with

gcd(bj,j , wj) = xwj + ybj,j . (9.27)
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Then the jth entry of the vector xw + ybj is gcd(bj,j , wj) and the last l − j
entries of that vector are zero. Since xw + ybj is a relation for M , it follows
that

g
gcd(bj,j ,wj)
j ∈ Gj−1 . (9.28)

So gcd(bj,j , wj) = bj,j , since bj,j is the smallest positive integer e with ge
j ∈

Gj−1. This implies (9.26). �	

We explain how to compute a basis B as in Proposition 9.7.4. Let
j ∈ {1, . . . , k}. Assume that we know b1, . . . ,bj−1. To compute bj , we
search for the smallest positive integer e such that there is v ∈ Z

j−1 with
(g1, . . . , gj−1)vge

j = 1. Then bj = v ◦ (e) ◦ (0, . . . , 0) ∈ Z
l. Note that e is

the order of the coset gjGj−1 in the factor group G/Gj−1. We may choose
v = (v1, . . . , vj−1) such that 0 ≤ vi < bi,i, 1 ≤ i ≤ j − 1. Then the basis
computed in this way is in Hermite normal form.

Example 9.7.5. We determine the subgroup G of Cl(−1123) that is generated
by the classes [7, 5, 41] and [17, 13, 19]. We have M =

(
[7, 5, 41], [17, 13, 19]

)
.

The neutral element of G is [1, 1, 281]. We first determine the smallest pos-
itive integer e with [7, 5, 41]e = [1, 1, 281], that is, the order of [7, 5, 41]. We
obtain [7, 5, 41]0 = [1, 1, 281], [7, 5, 41]1 = [7, 5, 41], [7, 5, 41]2 = [17,−13, 19],
[7, 5, 41]3 = [17, 13, 19], [7, 5, 41]4 = [7,−5, 41], [7, 5, 41]5 = [1, 1, 281]. The first
element of the basis of L(M) is (5, 0). Next, we compute [7, 5, 41][17, 13, 19] =
[7,−5, 41] and [7, 5, 41]2[17, 13, 19] = [1, 1, 281]. The second vector of the basis
of L(M) is (2, 1). The matrix, whose columns are the basis vectors, is

B =

(
5 2
0 1

)
.

It is immediately clear that G = 〈M〉 is cyclic of order 5. The only invariant
of G is 5. The representation (9.21) of G is G =

〈
[7, 5, 41]

〉
.

We analyze this simple algorithm.

Proposition 9.7.6. Assume that a generating system (g1, . . . , gl) for G is
known. Then the structure problem for G can be solved

1. using O(l|G|) group operations,
2. storing O(l) group elements, and
3. computing the Smith normal D form of an upper triangular matrix B ∈

Z
(l,l) whose entries are bounded by |G| including a matrix U ∈ Z

(l,l) as in
Proposition 9.7.3.

Proof. For j ∈ {1, . . . , l} computing bj requires O(
∏j

i=1 bi,i) = O(|G|) group
operations, 1 ≤ j ≤ l. To find those vectors, it suffices to store the generators
and O(1) additional group elements. Once the basis B of L(M) is known,
its Smith normal form and the transformation U ∈ Z

(l,l) is computed. By
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construction, the entries of B are bounded by |G|. The computation of the
generators of the cyclic factors requires O(l log |G|) group operations (see Ex-
ercise 9.8.5). �	

We explain how the structure algorithm presented in this section can be
used to solve the order problem and the discrete logarithm problem.

We start with the order problem. Let g ∈ G. The order of g is the single
entry in the HNF-basis of the relation lattice L(g).

Next, we discuss the discrete logarithm problem. Let g, h ∈ G. To solve
the discrete logarithm problem we determine the HNF-basis

(
b1,1 b1,2

0 b2,2

)

of the relation lattice L(g, h). Then h ∈ 〈g〉 if and only if b2,2 = 1 and if b2,2 =
1, then b1,2 is the discrete logarithm of h to the base g (see Exercise 9.8.6).

9.7.2 Terr’s algorithm – computing orders

We explain a more efficient algorithm for computing the order of an element
in G. The algorithm was invented by Terr [Ter00] based on earlier ideas of
Shanks [Sha71]. The algorithm uses the following result.

Lemma 9.7.7. Let g ∈ G. Then there is e ∈ N and f ∈ {0, . . . , e − 1} with
ge(e+1)/2 = gf . If e is chosen minimal with this property, then e(e − 1)/2 <
order(g) ≤ e(e + 1)/2 and order(g) = e(e + 1)/2− f

Proof. Let e ∈ N such that e(e − 1)/2 < order(g) ≤ e(e + 1)/2. Since e(e −
1)/2 + e = e(e + 1)/2, such an e exists. Let f = e(e + 1)/2 − order g. Then
f ∈ {0, . . . , e − 1}. Also, since ge(e+1)/2−f = gorder(g) = 1, it follows that
ge(e+1)/2 = gf . This proves the existence of e and f .

We prove the minimality of e. Let e′ ∈ N, f ′ ∈ {0, . . . , e′ − 1} such that
ge′(e′+1)/2−f ′

= 1. Then e′(e′+1) ≥ e′(e′+1)/2−f ′ ≥ order(g) = e(e+1)/2−
f > e(e−1)/2. Since e and e′ are integers, this implies e′(e′−1)/2 ≥ e(e−1)/2.
Hence, e′ ≥ e. �	

For e = 1, 2, . . . Terr’s algorithm computes the set

babySet = {(gf , f) : 0 ≤ f < e} (9.29)

and checks whether there exists a pair of the form (ge(e+1)/2, f) in babySet for
some f . By Lemma 9.7.7 this will eventually happen. If this happens for the
first time, then we have order(g) = e(e + 1)/2− f . In the eth iteration of the
algorithm we use

babyElement = ge, giantElement = ge(e+1)/2 .
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Here is the algorithm.

Algorithm 9.2 order (g)
Input: A group element g.
Output: The order n of g.

babySet ← {(1, 0)}.
e ← 1
babyElement ← g
giantElement ← g
loop

if babySet contains a pair (giantElement, f) then return n = e(e + 1)/2 − f
insert (babyElement, e) into babySet
babyElement ← g · babyElement
e ← e + 1
giantElement ← giantElement · babyElement

We analyze Terr’s algorithm.

Theorem 9.7.8. Let g ∈ G and let n = order(g). Given g, algorithm
order(g) terminates and returns n. Algorithm order(g) executes no more
than

√
2n+1/2 iterations, 2

√
2n−1 multiplications in G and

√
2n+1/2 table

look-ups. Also, algorithm order(g) stores at most
√

2n + 1/2 elements of G.

Proof. It follows from Lemma 9.7.7 that order terminates and upon termina-
tion we have e(e− 1)/2 < n ≤ e(e + 1)/2. Since e and n are integers we have
(e − 1/2)2 = e(e − 1) + 1/4 < 2n which implies e <

√
2n + 1/2. In the first

e − 1 iterations of the while loop, 2 multiplications are executed. In the last
iteration no multiplication is performed. Also, table babySet is accessed twice
in each iteration, once to test whether (giantElement, f) ∈ babySet, and once
to store the pair (babyElement, e) in babySet. Since the number of iterations
is at most

√
2n + 1/2, this implies the assertion. �	

Here is an example.

Example 9.7.9. Let ∆ = −227 and f = (3, 1, 19). Then ∆(f) = ∆. We deter-
mine the order of the equivalence class C = [3, 1, 19] of f in the class group
Cl−227.

Initialization: We have babySet1 = {
(
[1, 1, 57], 0

)
}, and babyElement1 =

giantElement1 = [3, 1, 19].
e = 1: The set babySet1 does not contain a pair with first compo-

nent giantElement2. babySet2 = {
(
[1, 1, 57], 0

)
,
(
[3, 1, 19], 1

)
, }, babyElement2 =

[7,−5, 9], giantElement2 = [7,−5, 9].
e = 2: The set babySet2 does not contain a pair with first compo-

nent giantElement2. babySet3 = {
(
[1, 1, 57], 0

)
,
(
[3, 1, 19], 1

)
,
(
[7, 5, 9], 2)},

babyElement2 = [7,−5, 9], giantElement3 = [3, 1, 19].
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e = 3: The set babySet3 contains the pair
(
[3, 1, 19], 1) with first component

giantElement3. Hence, the order of C is orderC = 3(3 + 1)/2− 1 = 5.

9.7.3 Terr’s algorithm – computing the structure

We now explain Algorithm HNFRelationBasis that uses algorithm order
from the previous section to compute the structure of G. Let

M = (g1, . . . , gl) .

be a generating system for G.
Our algorithm computes the matrix B ∈ Z

(l,l) from Proposition 9.7.3. We
write

bj = (b1,j , . . . , bl,j) .

Let j ∈ Z, 1 ≤ j ≤ l and suppose that we have computed the basis vectors
b1, . . . ,bj−1. We describe the computation of bj . The idea is as follows. Let

ei = (0, . . . , 0︸ ︷︷ ︸
i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
l−i

) ∈ Z
l, 1 ≤ i ≤ l .

The subgroup H generated by g1, . . . , gj−1 is

H = {
j−1∏
i=1

gxi
i : 0 ≤ xi < bi,i, 1 ≤ i < j} . (9.30)

Note that H depends on j, but for simplicity, we omit the index j. The entry
bj,j is the order of the coset gjH in the factor group G/H. So we can use the
order algorithm from the previous section to calculate that entry. We have to
look for the smallest e such that

g
e(e+1)/2
j = gf

j h (9.31)

for some f ∈ {0, . . . , e− 1} and some h ∈ H. As in algorithm order, we could
store the values on the right hand side and try to find an e that satisfies (9.31).
However, H can be as big as the whole group G. This is too large to obtain
the complexity that we want. Therefore, we split H into two parts. We use a
decomposition

{1, . . . , j − 1} = I1 ∪ {m} ∪ I2 (9.32)

where the three sets on the right hand side are pairwise disjoint. Those sets
will be specified later. Let

H1 = {(M−v,v) : v =
∑
i∈I1

xiei, 0 ≤ xi < bi,i, i ∈ I1} (9.33)

and
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H2 = {(Mv,v) : v =
∑
i∈I2

xiei, 0 ≤ xi < bi,i, i ∈ I2} . (9.34)

The decomposition in (9.32) is chosen such that

|Hi| ≤
√
|H|, i = 1, 2 . (9.35)

We set
s =

⌈√
|H|/|H1|

⌉
(9.36)

and
t =

⌈√
|H|/|H2|

⌉
. (9.37)

Now we have the following result.

Lemma 9.7.10. Any h ∈ H can be written as h = h−1
1 gqs+r

m h2 where hi is
the first entry of a pair in Hi, i = 1, 2 and we have 0 ≤ q < t and 0 ≤ r < s.

Proof. By (9.30) and (9.32) we can write

h = h−1
1 gn

mh2

where hi is the first entry of a pair in Hi, i = 1, 2 and n ∈ {0, . . . , bm,m − 1}.
Write n = qs + r with 0 ≤ r < s. Then qs < bm,m. Hence q < bm,m/s ≤
bm,m|H1|/

√
|H| = |H|/(|H2|

√
|H|) ≤ t. �	

Now we modify (9.31). To find bj we look for the smallest e such that

g
e(e+1)/2
j h2g

qs
m = gf

j h1g
−r
m , (9.38)

where (hi,vi) ∈ Hi for some vi, i = 1, 2, 0 ≤ r < s, 0 ≤ q < t, and 0 ≤ f < e.
Then

bj = v1 + v2 + (qs + r)em + (e(e + 1)/2− f)ej . (9.39)

To look for a match of the form (9.38) we use two sets. The first one is

babySet = {(gf
j h,v − fej) : (h,v) ∈ auxiliaryBabySet, 0 ≤ f < e}

where

auxiliaryBabySet = {(h1g
−r
m ,v + rem) : (h1,v) ∈ H1, 0 ≤ r < s} .

So in babySet we store the elements from the right hand side of (9.38). The
second set is

giantSet = {(h2g
qs
m ,v + qsem) : (h2,v) ∈ H2, 0 ≤ q < t} .

As in the order algorithm we use

babyElement = ge
j , giantElement = g

e(e+1)/2
j .
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In iteration e we multiply giantElement with each element of giantSet and check
whether the product is in babySet. If this happens, we have the match we were
looking for and can compute bj . If there is no such match, we increment e,
update babySet, babyElement and giantElement and repeat the procedure. If bj

has been determined and j = l, then the algorithm terminates. If bj has been
determined and j < l, then a new decomposition (9.32) is determined and the
sets I1, I2, H1, H2, auxiliaryBabySet, and giantSet are updated. If bj,j = 1, then
the decomposition (9.32) and the sets I1, I2, H1, H2, auxiliaryBabySet remain
unchanged. The treatment of the other cases can be seen in the algorithm.

We explain the choice of I1, I2 and m. Initially, we set I1 = I2 = ∅, m = 0,
H1 = H2 = H = {1}. Then (9.35) is satisfied. Suppose that 1 ≤ j < l and
assume that bj has been determined. We explain how to update I1, I2, and
m for the next iteration. If

bj,j

∏
i∈I1

bi,i ≤

√√√√
j∏

i=1

bi,i , (9.40)

then we replace I1 by I1 ∪{j} and (9.35) is still satisfied. If (9.40) is false and
if m > 0, then

∏
i∈I2∪{m}

bi,i <

√√√√
j∏

i=1

bi,i . (9.41)

So we replace I2 by I2 ∪ {m} and m by j and (9.35) is satisfied. Finally, if
(9.40) is false and if m = 0, then we set m equal to j and (9.35) is satisfied.

Here is an example.

Example 9.7.11. Let ∆ = −227 and f1 = (3, 1, 9), f2 = (7, 5, 9). Then ∆(fi) =
∆, 1 ≤ i ≤ 2. We determine the structure of the group generated by the
equivalence classes Ci = [fi], 1 ≤ i ≤ 2. We use the generating system M =
(C1, C2).

In Example 9.7.9 we have already found that the order of C1 is 5. Therefore,
the first basis vector of the HNF-basis of M is (5, 0).

We explain the computation of b2.
Initialization: m = 1, H1,H2 = ([1, 1, 57], (0, 0)), s = t = 3

auxiliaryBabySet =





(
C0

1 = [1, 1, 57], (0, 0)
)
,(

C−1
1 = [3,−1, 19], (1, 0)

)
,(

C−2
1 = [7,−5, 9], (2, 0)

)





,

giantSet =





(
C0

1 = [1, 1, 57], (0, 0)
)
,(

C3
1 = [7,−5, 9], (3, 0)

)
,(

C6
1 = [3, 1, 19], (6, 0)

)





.

We also have babyElement = giantElement = C2, babySet = auxiliaryBabySet.
e = 1. We find that (giantElement ∗ [7,−5, 9] = [1, 1, 57], (0, 0)) ∈ babySet.

Hence, b2 = (0, 0) + (3, 0) + (0, 1) = (3, 1).
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Algorithm 9.3 HNFRelationBasis (M)
Input: A sequence M = (g1, . . . , gl) of group elements
Output: The HNF-Basis B = (b1, . . . ,bl) of L(M)

Hi ← {
(
1, (0, . . . , 0)

)
}, i = 1, 2

Ii ← ∅, i = 1, 2
s ← 0, t ← 0, m ← 0
auxiliaryBabySet ← H1, giantSet ← H2

for j = 1, . . . , l do
e ← 1
babySet ← auxiliaryBabySet, babyElement ← gj , giantElement ← gj

loop
for all (g,v) ∈ giantSet do

if babySet contains a pair (g · giantElement,w) then
bj ← v + w + (e(e + 1)/2)ej

break
babySet ← babySet ∪ {(g · babyElement,v − eej) : (g,v) ∈ auxiliaryBabySet}
e ← e + 1, babyElement ← babyElement · gj , giantElement ← giantElement ·
babyElement

if j < l and bj,j > 1 then

if bj,j

∏
i∈I1

bi,i ≤
√∏j

i=1 bi,i then

I1 ← I1 ∪ {j}
H1 ← H1 ∪ {(g−x

j g,v + xej) : (g,v) ∈ H1, 0 ≤ x < bj,j}
else

if m > 0 then
I2 ← I2 ∪ {m}
H2 ← H2 ∪ {(gx

mg,v + xem) : (g,v) ∈ H2, 0 ≤ x < bm,m}
m ← j

s ←
⌈√∏j

i=1 bi,i/
∏

i∈I1
bi,i

⌉

t ←
⌈√∏j

i=1 bi,i/
∏

i∈I2
bi,i

⌉

auxiliaryBabySet ← {(h1g
−r
m ,v + rem) : (h1,v) ∈ H1, 0 ≤ r < s}

giantSet ← {(h2g
qs
m ,v + qsem) : (h2,v) ∈ H2, 0 ≤ q < t}

return (b1, . . . ,bk)

9.7.4 Analysis of the structure algorithm HNFRelationBasis

In the analysis of the structure algorithm we need the following auxiliary
lemma which compares sums and products of arbitrary numbers in R≥1.

Lemma 9.7.12. 1. Let k ∈ N and a1, . . . , ak ∈ R≥1. Then∑k
j=1 aj ≤

∏k
j=1 aj + (k − 1)

2. Let k ∈ N and a1, . . . , ak ∈ R≥2. Then∑k
j=1

∏j
i=1

√
aj ≤ (2 +

√
2)

∏k
j=1

√
aj

Proof. 1. For any x, y ∈ R≥1 we have
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x + y − xy − 1 = (x− 1)︸ ︷︷ ︸
≥0

(1− y)︸ ︷︷ ︸
≤0

≤ 0.

Hence
x + y ≤ xy + 1. (9.42)

Now, we prove the first statement of the lemma by induction.
For k = 1, the assertion is true.
Assume that the statement is true for k − 1. Then (9.42) implies

k∑
j=1

aj =
k−1∑
j=1

aj + ak ≤
k−1∏
j=1

aj

︸ ︷︷ ︸
≥1

+ak + (k − 2) ≤
k∏

j=1

aj + (k − 1)

2. Let B =
∏k

j=1

√
aj . Then

k∑
j=1

(
j∏

i=1

√
ai

)
= B

k∑
j=1




k∏
i=j+1

1√
ai


 ≤ B

k∑
j=1




k∏
i=j+1

1√
2




= B

k∑
j=1

(
1√
2

)k−j

= B

k−1∑
j=0

(
1√
2

)j

= B
1− (1/

√
2)k

1− 1/
√

2

= B(2 +
√

2− 2 +
√

2
√

2
k

) ≤ (2 +
√

2)
k∏

j=1

√
aj

�	

We now present the complexity result. By l(M) we denote the number of
diagonal entries in the HNF-basis of L(M) that are greater than 1.

Theorem 9.7.13. Algorithm HNFRelationBasis computes the HNF-basis of
the lattice of relations on M and executes

– at most l = |M | inversions,
– at most (48 + 8l − 6l(M))

√
|G|+ 2l(M) log

√
|G| multiplications in G,

– at most 4(2 +
√

2 + l − l(M))
√
|G| table look-ups.

The algorithm uses

– two tables of at most
√
|G|,

– two tables of at most 2
√
|G|,

– one table of at most 4
√
|G|

pairs (g,q) ∈ G× {0, . . . , �
√
|G|�}|M |.
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Proof. Correctness of HNFRelationBasis follows from Theorem 9.7.8,
Lemma 9.7.10 and the arguments following the proof of this lemma.

We first estimate, the sizes of the sets H1, H2, babySet, auxiliaryBabySet,
and giantSet. Then we estimate the number of group operations and table
look-ups.

Consider the computation of bj . Let e(j) be the final value for e in the
computation of bj . By Lemma 9.7.8 we have

e(j) <
√

2bj,j + 1/2 ≤ 2
√

bj,j .

First, HNFRelationBasis computes the order of the coset gjH in the fac-
tor group G/H, and the vector bj . Then, it updates the sets H1, H2,
auxiliaryBabySet, and giantSet for the next loop.

We analyze the first step. By (9.35) we have

|Hi| ≤
√
|H| =

√√√√
j∏

i=1

bi,i ≤
√
|G|, i = 1, 2. (9.43)

It follows from (9.36) and (9.37) that

|auxiliaryBabySet| = s|H1| ≤ 2
√
|G| and |giantSet| = t|H2| ≤ 2

√
|G|. (9.44)

The set babySet is constructed from set auxiliaryBabySet from the (j − 1)th
iteration. Therefore we have

|babySet| ≤ e(j)|auxiliaryBabySet| ≤ 4
√

bj,j ·

√√√√
j−1∏
i=1

bj,j ≤ 4
√
|G|.

We estimate the number of table look-ups. We consider the cases e(j) = 1
and e(j) > 1. In the first case, we have bj,j = 1. In the second case we have
bj,j ≥ 2. By Lemma 9.7.12 we have at most

l∑
j=1

e(j)|giantSet| ≤
l∑

j=1

2e(j)

√√√√
j−1∏
i=1

bi,i ≤
l∑

j=1

4
j∏

i=1

√
bi,i

≤ 4
l∑

j=1,e(j)>1

j∏
i=1

√
bi,i + 4

l∑
j=1,e(j)=1

j∏
i=1

√
bi,i

≤ 4(2 +
√

2)
l∏

j=1,e(j)>1

√
bi,i + 4(l − l(M))

l∏
j=1

√
bi,i

≤ 4(2 +
√

2 + l − l(M))
√
|G|

table look-ups.
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We estimate the number of multiplications. The number of multiplications
necessary to multiply all first elements of giantSet by giantElement is

M1 ≤
l∑

j=1

e(j)|giantSet| ≤ 4(2 +
√

2 + l − l(M))
√
|G|.

The number of multiplications to update babySet is

M2 ≤
l∑

j=1

e(j)|auxiliaryBabySet| ≤ 4(2 +
√

2 + l − l(M))
√
|G|.

The number of multiplications necessary to update babyElement and
giantElement is

M3 ≤
l∑

j=1

(2e(j)− 2) ≤ 2
l∑

j=1

e(j)− 2l = 2
l∑

j=1,e(j)>1

e(j) + 2
l∑

j=1,e(j)=1

e(j)− 2l

≤ 2
l∑

j=1,e(j)>1

(
√

2bj,j + 1/2) + 2(l − l(M))− 2l

≤ 2
√

2
l)∑

j=1,e(j)>1

√
bj,j + l(M)− 2l(M)

≤ 2
√

2
l∏

j=1,e(j)>1

√
bj,j + 2

√
2(l(M)− 1)− l(M) (Lemma 9.7.12)

≤ 2
√

2|G|+ 2l(M).

Now we analyze the number of multiplications necessary to update H1, H2,
auxiliaryBabySet, and giantSet. No multiplications are executed, if bj,j = 1. In
each loop with bj,j > 1 either |H1| multiplications are necessary to update H1

or |H2| multiplications are necessary to update H2. Next, |auxiliaryBabySet|+
|giantSet| multiplications are used to update auxiliaryBabySet and babySet,
and finally at most 2�log

√
|G|� multiplications are performed to compute gs

m

during the computation of giantSet. By (9.43), (9.44) and Lemma 9.7.12, the
total number of multiplications required for those updates is

M4 ≤
l∑

j=1

(5

√√√√
j∏

i=1

bi,i + 2�log
√
|G|�)

≤ 5(2 +
√

2)
√
|G|+ 2l(M) log

√
|G|.

So the number of multiplications is

M ≤ M1 + M2 + M3 + M4 ≤ (48 + 8l − 6l(M))
√
|G|+ 2l(M) log

√
|G|

Finally the algorithm executes at most l inversions. �	
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Corollary 9.7.14. Computing the structure of the finite Abelian group
G from the generating system M requires storing O(

√
|G|) pairs

(g,q) ∈ G × {0, . . . , �
√
|G|�}|M |, O(|M |

√
|G|) multiplications and inver-

sions in G, O(|M |
√
|G|) table look-ups, and (|M | log |G|)O(1) bit operations.

Proof. The number of group operations and table look-ups is estimated in
Theorem 9.7.13. We estimate the number of bit operations. When the al-
gorithm updates the sets auxiliaryBabySet, babySet, giantSet, H1, and H2

it executes |M |
√
|G|(log |G|)O(1) bit operations. By Propositions A.5.17

and A.5.19, the computation of the Smith normal forms is possible in time
(|M | log |G|)O(1) The entries of the HNF-basis are in {0, . . . , |G|}, and the di-
mension of that matrix is |M | × |M |. �	

9.7.5 Application to class groups

We can now prove the first complexity result for class group structure com-
putation. By o(1) we mean a function that converges to zero as |∆| goes to
infinity.

Proposition 9.7.15. Let ∆ be a discriminant. The structure of Cl∆ can be
computed using time and storage |∆|1/2+o(1).

Proof. Let ∆ < 0. Using the algorithm from Section 9.6 a generating sys-
tem for Cl∆ can be computed using |∆|1/2+o(1) group operations and storing
|∆|1/2+o(1) group elements. Then a generating system for Cl∆ of length |∆|o(1)
is known. An application of Proposition 9.7.6 and Proposition 9.3.11 implies
the assertion.

The proof for the case ∆ > 0 is left to the reader as Exercise 9.8.8. �	

Proposition 9.7.16. (ERH) Let ∆ be a discriminant. Assuming the ERH
the structure of the class group Cl∆ can be computed in time |∆|1/4+o(1).

Proof. Let ∆ < 0. We use the generating system from Proposition 9.5.3.
The number of elements in the generating system is |∆|o(1). Also, we have
h∆ = |∆|1/2+o(1) by Proposition 9.3.11. Hence, Corollary 9.7.14 implies the
assertion.

To prove the Proposition for the case ∆ > 0 we have to apply the results
of Chapter 10. The proof is left to the reader as Exercise 10.4.3. �	

9.8 Exercises

Exercise 9.8.1. Verify Example 9.1.2.

Exercise 9.8.2. Prove that equivalence and proper equivalence of O-ideals
are equivalence relations.
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Exercise 9.8.3. Let ∆ > 0 and assume that the norm of the fundamental
unit of O is 1. Show that the class group Cl∆ is isomorphic to the quotient
group Cl+∆/

〈
L(−c, b, 1)

〉
where (1, b, c) is the principal form of discriminant

∆.

Exercise 9.8.4. Prove Corollary 9.4.8.

Exercise 9.8.5. Show that the computation of MU in Proposition 9.7.3 re-
quires O(l log |G|) group operations if U is chosen such that the entries in U
are bounded by |G|.

Exercise 9.8.6. Let G be a finite Abelian group. Let g, h ∈ G. Let
(

b1,1 b1,2

0 b2,2

)

be the HNF-basis of the relation lattice L(g, h). Prove that h ∈ 〈g〉 if and only
if b2,2 = 1. Also show that if b2,2 = 1, then b1,2 is the discrete logarithm of h
to the base g.

Exercise 9.8.7. Let G be a group. Let g ∈ G and let n be the order of G.

1. Prove the following. There are e ≥ 1 and f ∈ {1, . . . , e} such that
ge(e−1)/2+f = 1. If e is chosen minimal with this property, then e(e −
1)/2 ≤ order(g) < e(e + 1)/2, f is uniquely determined, and order(g) =
e(e− 1)/2 + f .

2. Describe and analyze an algorithm for computing the order of an element
of G that is based on 1.

Exercise 9.8.8. Prove Proposition 9.7.15 for the case ∆ > 0.

Exercise 9.8.9. Determine the structure of the class group Cl−163.
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Infrastructure

Let O be a real quadratic order, let ∆ be the discriminant of O, and let R
be the regulator of O. In this chapter we describe an algorithm that is based
on an idea of Shanks [Sha72] and Terr [Ter00]. It computes the fundamental
unit of O in time O((log ∆+

√
R)(log ∆)2) = |∆|1/4+o(1). That algorithm can

also be used to decide equivalence of O-ideals and to calculate generators of
principal O-ideals. If the input ideals are reduced, then the running time of the
equivalence algorithm admits the same running time bound as the regulator
algorithm.

We let F be the field of fractions of O. By I we denote the group of frac-
tional invertible O-ideals and by P we denote the group of principal fractional
O-ideals. Also, ε is the fundamental unit of O.

10.1 Geometry of reduction

The algorithms described in this chapter are based on a geometric interpre-
tation of reduction which we explain in this section. We let a be a fractional
O-ideal.

10.1.1 Distance between ideals

We introduce a length of elements in F ∗.

Definition 10.1.1. For α ∈ F ∗ we set Log α = (1/2) log |σ(α)/α|.

For α ∈ F ∗ we can also write

Log α = log |σ(α)| − (1/2) log |N(α)| . (10.1)

Here are a few properties of this logarithm map.
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Proposition 10.1.2.
1. The map F ∗ → R, α �→ Log α is a homomorphism of the multiplicative

group F ∗ into the additive group R. The kernel of that homomorphism is
Q

∗ ∪Q
∗√∆.

2. If η is a unit in O, then Log η = − log |η|. In particular, we have Log ε =
−R.

3. For any α ∈ F ∗ we have Log α = −Log σ(α).

Proof. Exercise 10.4.1. �	

Next, we show how to construct a homomorphism of the group P of frac-
tional principal O-ideals into the circle group R/RZ.

(10, 29)

(14, 21)

(10, 19)

(10, 31)

(4, 27)

(17, 7)

(16, 19)
(13, 13)

(10, 21)

(14, 7)

(17, 27)

(4, 29)

(16, 13)

O1001

Log(−31+
√

1001
2

)

Fig. 10.1. Embedding the principle cycle of O1001 into R/RZ

Proposition 10.1.3. The map

d : P → R/RZ, αO �→ Log α + RZ (10.2)

is a well defined homomorphism of the multiplicative group P into the additive
group R/RZ.

Proof. We show that the map is well defined. Let α, β ∈ F ∗ with αO = βO.
Then α/β is a unit in O by Exercise 8.7.11. It follows from Theorem 8.3.5
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that α/β is modulo sign a power of the fundamental unit ε of O. Hence,
Log α/β = Log α− Log β is an integer multiple of the regulator R.

By Lemma 10.1.2 the map is a homomorphism. �	

We extend the map d from (10.2) to pairs of O-ideals in the same ideal
class. It follows from Proposition 10.1.3 that the map

d : F ∗a× F ∗a → R/RZ, (αa, βa) �→ Log β − Log α + RZ (10.3)

is well defined (see Exercise 10.4.2).
We can now define the (oriented) distance between two O-ideals in the

same ideal class.

Definition 10.1.4. Let a and b be equivalent O-ideals. Then we call d(a, b)
the distance from a to b.

Fixing one argument a, the distance function d(a, ·) can also be viewed as
a map of the O-ideal class of a to a circle of circumference R.

10.1.2 Cycles of reduced O-ideals

Let a be an O-ideal and let (a, b, c) = f = fa be the corresponding normal
form of discriminant ∆ as defined in (8.9). Recall Lemma 9.1.9 which says

ρ(a) = γ(a)a (10.4)

with γ(a) from (9.2). Also, for reduced a define

γ′(a) = γ(aσ)σ (10.5)

and
ρ−1(a) = γ′(a)a . (10.6)

This is proved in Exercise 10.4.7.
Set

ai = ρi(a) , i ∈ Z . (10.7)

Also, let
fi = fai

= (ai, bi, ci), i ∈ Z . (10.8)

Recall from Lemma 9.1.15 that fi = (τρ)(fi−1).
Then the sequence (ai)i∈Z≥0 is eventually periodic of finite period length l.

The period is the cycle of reduced ideals in the ideal class of a. If a is principal,
then the cycle is called the principal cycle of O. We explain what the image
of that cycle on the circle R/RZ looks like. Figure 10.1 shows this image for
∆ = 1001. Set

γi = γ(ai) , αi =
i−1∏
j=0

γj , i ∈ Z≥0 . (10.9)
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Then
ai = ρ(ai−1) = γi−1ai−1 = αia , i ∈ Z≥0

by Lemma 9.1.9. Hence,

d(ai, ai+1) = Log γi + RZ and Log γi =
1
2

log
√

∆ + bi√
∆− bi

> 0, i ∈ Z .

(10.10)

Lemma 10.1.5. If a is reduced, then Log αi < Log αi+1 and Log αl = R∆.

Proof. Note that 0 < bi <
√

∆ if fi is reduced. In this case, (
√

∆+ bi)/(
√

∆−
bi) > 1. Hence Log γi > 0 and Log αi < Log αi+1.

By (10.9) and Lemma 9.1.10

γi = γ(ai) = −θ2(fi) and σ(γi) = σ(−θ2(fi)) = −θ1(fi) = −θ1(fi)

Proposition 8.3.7 says

σ(
l−1∏
i=0

γi) = (−1)l
l−1∏
i=0

θ1(fi) = (−1)lε∆ .

The second assertion follows now immediately from Proposition 10.1.2.

Let a be again arbitrary and ak be the first reduced ideal in the sequence. If
we map ai with i ≥ k to δ(ak, ai), then Lemma 10.1.5 shows that we traverse
the circle R/RZ in positive direction and encounter the reduced ideals in the
order ak, ak+1, . . . , ak+l = ak.

We prove upper and lower bounds on the distance from ai to ai+1 and a
lower bound for the distance from ai to ai+2, i ∈ Z.

Lemma 10.1.6.
1. 1/

√
∆ < Log γi < 1

2 log ∆, i ∈ Z.
2. Log γi + Log γi+1 > log 2, i ∈ Z.

Proof. 1. Let i ∈ Z. Then

Log γi =
1
2

log
√

∆ + bi√
∆− bi

=
1
2

log
(bi +

√
∆)2

4|aici|
.

Since fi is reduced we have 1 ≤ bi <
√

∆. Therefore, |aici| ≥ 1 implies

Log γi <
1
2

log
√

∆ .

Also, we have

Log γi =
1
2

log
√

∆ + bi√
∆− bi

≥ 1
2

log
√

∆ + 1√
∆− 1

>
1√
∆

.
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The last inequality follows from log(x + 1) − log(x − 1) > 2/x for all
x > 1.

2. To prove the second lower bound, we note that |γiγi+1| = |µi/µi+2| with
µi as in Section 6.8.3. It follows that

Log γi + Log γi+1 =
1
2
(log |µi+2/µi|+ log |σ(µi/µi+2)|) .

Lemma 6.8.8 and Exercise 6.18.18 imply

Log γi + Log γi+1 > log 2 . �	

Corollary 10.1.7. The length l of the cycle of any O-ideal is bounded by
2R/ log 2 + 1.

Proof. It follows from Lemma 10.1.6 that R =
∑l

i=1 Log γi > �l/2� log 2. This
implies the assertion. �	

We prove an upper bound for the distance traversed during reduction of a
non-reduced ideal a. Recall that ak is the first reduced ideal in the sequence
ai, i ≥ 0.

Lemma 10.1.8. We have

|Log αk| < 1/2 log a0 .

Proof. We prove the upper bound for Log αk. If ai >
√

∆, then, by definition,
|bi| ≤ ai. Hence

Log γi =
1
2

log
(bi +

√
∆)2

4|aici|
<

1
2

log
4a2

i

4|aici|
=

1
2
(log|ai| − log|ci|) .

Let m be the largest index for which ai >
√

∆. Since ai+1 = ci, we see

m∑
i=0

Log γi <
1
2
(log|a0| − log|cm|) .

If k = m+1, i.e. if am+1 is reduced, then we are done. If am+1 is not reduced,
then am+1 <

√
∆ implies that am+2 is indeed reduced, and k = m + 2.

Moreover, we know bm+1 < 2am+1 −
√

∆ since am+1 is not reduced. Hence

Log γm+1 = log(bm+1 +
√

∆)− 1/2 log(4|am+1cm+1|)
< log(2am+1)− 1/2 log(4am+1) = 1/2 log(am+1) = 1/2 log|cm| .

The lower bound for Log αk is proved in analogy using

Log γi =
1
2

log
4|aici|

(bi −
√

∆)2
>

1
2

log
4|aici|
4a2

i

=
1
2
(log|ci| − log|ai|) . �	
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10.2 A Terr algorithm

Embedding the set of reduced principal ideals into the circle R/RZ of circum-
ference R is similar to embedding a cyclic group of order n into the circle
R/nZ of circumference n. (See Figure 10.1.) While two neighboring group ele-
ments on the second circle have a fixed distance of 1, two reduced ideals have
a distance of at least 1/

√
∆ and at most 1

2 log ∆ (see Lemma 10.1.6). This
indicates that computing the regulator is similar to computing the order of a
cyclic group. Also, computing the logarithm of a generator of a reduced ideal
is like computing the discrete logarithm of a group element.

In this section we will use those analogies to develop an algorithm for
computing the regulator R and for solving the equivalence problem. That
algorithm will be similar to the Terr algorithm described in Section 9.7.2.

The situation is the following. We are given reduced O-ideals a and b. The
goal is to decide whether or not a and b are equivalent. Also, if a and b are
equivalent, then we want to find λ ∈ F with

b = λa, 0 ≤ Log λ < R .

10.2.1 Outline of the algorithm

The algorithm uses two sequences of reduced O-ideals. The first sequence
a0, a1, . . . starts at

a0 = a

and is defined by
ai+1 = ρ(ai) , i ≥ 0 .

It is called the baby-step sequence because the distance between two consecu-
tive elements of the sequence is very small. Set

αi =
i−1∏
j=0

γj , i ≥ 0

with γj from Section 10.1.2. Then

ai = αia , i ≥ 0 . (10.11)

Also, it follows from Lemma 10.1.6 that

Log αi+1 > Log αi > 0 , i ≥ 0 , (10.12)

Log αi+2 ≥ Log αi + log 2 , i ≥ 0 , (10.13)

and
lim

i→∞
Log αi = ∞ . (10.14)
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Initially, the baby-step sequence is calculated until L ≥ 0 is found with

Log α2(L+1) ≥
1
2

log ∆ . (10.15)

Define
si = Log α2(L+i) , i ≥ 1 . (10.16)

The second sequence b0, b1, . . . starts at

b0 = b .

It is called the giant-step sequence since the distances between the consecu-
tive elements of that sequence become larger and larger. More precisely, the
algorithm determines positive numbers δi ∈ F such that

bi = (δi/α2(L+i))bi−1 , i ≥ 1 ,

is reduced. If
βi = δi/α2(L+i), i ≥ 1 , (10.17)

then we require

si −
1
2

log ∆ < −Log βi ≤ si , i ≥ 1 . (10.18)

In section 10.2.3 we will show how to construct δi and b with the desired
properties.

The algorithm is based on the following proposition.

Proposition 10.2.1. Assume that a and b are equivalent. Then the following
are true.

1. There are e, f such that e ≥ 0 and

be = af , f ∈ {1, . . . , 2(e + L + 1)} . (10.19)

2. If (e, f) is the lexicographically smallest pair that satisfies (10.19), then for

λ = αf/
e∏

i=1

βi , (10.20)

we have b = λa and
0 < Log λ ≤ R . (10.21)

Also,
e < �E∆� (10.22)

where
E∆ = log2 ∆ +

√
2R/ log 2 . (10.23)
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3. If a = b = O and e, f , and λ are as in 2., then Log λ = R and the
fundamental unit of O is 1/λ.

For e = 1, 2, . . . the algorithm calculates the baby-step sequence
(ai)1≤i≤2(e+L+1) and the giant-step be. If a match (10.19) is found, then
the equivalence of a and b is proved and with λ from (10.20) we have b = λa

and 0 < Log λ ≤ R.
Note that

λ =
f−1∏
i=0

γi ·
2L+1∏
j=0

γe
j ·

e−1∏
k=1

(γ2(L+k)γ2(L+k)+1)e−k ·
e∏

l=1

δ−1
l . (10.24)

Since γi = γ(ai) can easily be determined from ai, it suffices to store ai,
1 ≤ i ≤ max{f, 2(e + L)}, and δi, 1 ≤ i ≤ e, in order to compute the power
product representation of λ in (10.24). This will actually be the representation
of output λ of our algorithm.

If for no e < �E∆� a match (10.19) is found, then it is established that
a and b are not equivalent. It follows from (10.22) that e and f are of the
order of magnitude

√
2R = ∆1/4+o(1). We will see that the running time of

the algorithm is of the same order of magnitude.
To show Proposition 10.2.1 we prove the following auxiliary result.

Lemma 10.2.2. There is some k ≥ 0 with Log λk ≤ sk+1. Also, if e is the
smallest such k, then Log λe > 0.

Proof. It follows from (10.18), the definition of si in (10.16), and (10.14) that

lim
i→∞

Log βi = −∞ . (10.25)

This proves the existence of k. Let e be the smallest such k. Assume that
Log λe ≤ 0. Then Log λe−1 = Log λe−Log βe ≤ se by (10.18). This contradicts
the minimality of e. �	

Proof (of Proposition 10.2.1). Choose a positive λ ∈ F with

b = λa (10.26)

and
0 < Log λ ≤ R . (10.27)

Define

λk = λ

k∏
i=1

βi , k ≥ 0 . (10.28)

Then
bk = λka , k ≥ 0 . (10.29)
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Proof of 1. Let e be as in Lemma 10.2.2. Then Lemma 10.2.2 and (10.27)
imply 0 < Log λe ≤ R.

Let f be the smallest positive index such that be = af which exists since
be is reduced and sits on the cycle {ai} of reduced ideals in the class of a. Then
0 < Log αf ≤ R. It follows that Log αf = Log λe ≤ Log α2(e+L+1). Hence we
also have 0 < f ≤ 2(e + L + 1).

This concludes the proof of 1.
Proof of 2. Let (e, f) be the lexicographically smallest pair that satisfies

(10.19). Let e′ be the value of e in Lemma 10.2.2. Then the proof of 1. shows
that

e ≤ e′ (10.30)

and we have
0 < Log αf = Log λe + kR (10.31)

for some integer k. Now Log λe = Log λ +
∑e

i=1 Log βi ≤ R since Log λ ≤ R
and Log βi < 0 by (10.18) and (10.15). Hence, (10.31) implies k ≥ 0
and Log αf ≥ Log λe. Since f ≤ 2(e + L + 1), it follows that se+1 =
Log α2(e+L+1) ≥ Log λe. This implies e ≥ e′. Together with (10.30) we
have e = e′ and Log λe > 0 by Lemma 10.2.2. The minimality of f implies
k = 0. Hence Log λ = Log αf −

∑e
i=1 Log βi. Indeed, Exercise 10.4.5 implies

λ = αf/
∏e

i=1 βi so that λ chosen at the beginning of the proof coincides with
the one defined in the Proposition and (10.21) holds.

We prove the upper bound on e. Set E = �E∆�. Then

log λE = Log λ +
E∑

i=1

Log βi

≤ Log λ−
E∑

i=1

(Log α2(L+i) −
1
2

log ∆)

≤ Log λ + E/2 log ∆− E(E + 1)
2

log 2 .

Now we have E(E + 1)/2 · log 2 > E2/2 · log 2 > E/2 · log ∆ + R. Hence,
λE < 0. Since Log λe > 0 by Lemma 10.2.2 it follows that e < E.

Proof of 3. Let a = b = O. Let λ be the number defined in 2. Then
O = λO. So λ is a unit in O. Also 0 < Log λ ≤ R. Finally, all factors of λ
given in (10.24) are positive, hence so is λ. Proposition 10.1.2 then says that
1/λ is the fundamental unit, as desired. �	

10.2.2 Auxiliary algorithms

In order to be able to construct the giant-step sequence we need a few auxiliary
algorithms.

Algorithm reduce(a) from Section 9.1.3 receives as input an O-ideal a and
returns a pair (c, γ) where c is a reduced O-ideal and γ ∈ F with c = γa.
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Algorithm 10.1 close(a)
Input: An O-ideal a.
Output: A pair (c, γ), where c is a reduced O-ideal, γ ∈ F , c = γa, and 0 ≤ Log γ <
1
2

log D.

(c, γ) ← reduce(a)
if Log γ < 0 then

while Log γ < 0 do
(c, γ) ← (ρ(c), γ · γ(c)).

else
while Log γγ′(c) ≥ 0 do

(c, γ) ← (ρ−1(c), γ · γ′(c)).

Next, we explain algorithm close(a). Input is the O-ideal a. Output is a
pair (c, γ) such that c is a reduced O-ideal, γ ∈ F , c = γa, and 0 ≤ Log γ <
1
2 log ∆. This algorithm works as follows. First, the algorithm calculates

(c, γ) ← reduce(a) .

If Log γ < 0, then c is replaced by ρ(c) and γ by γ · γ(c) with γ(a) from
(9.2) until for the first time Log γ ≥ 0 is true. If Log γ ≥ 0, then c is replaced
by ρ−1(c) and γ is replaced by γ ·γ′(c) with γ′(c) from (10.5) until for the last
time Log γ ≥ 0. We prove the following bound on Log γ.

Lemma 10.2.3. If γ is constructed as described, then we have 0 ≤ Log γ <
1
2 log ∆.

Proof. Assume that the call reduce(a) returns (c0, γ0).
First, let Log γ0 < 0. Then our algorithm calculates

ci = ρ(ci−1), γi = γi−1γ(ci−1) , i ≥ 1

until the first γi is found with Log γi ≥ 0. That γi is γ. Now we have 0 ≤
Log γi = Log γi−1 + Log γ(ci−1). Since Log γi−1 < 0 and 0 < Log γ(ci−1) <
1
2 log ∆ by Lemma 10.1.6, it follows that Log γ < 1

2 log ∆. The case Log γ0 ≥ 0
is treated analogously. �	

We explain how we can decide whether Log γ < 0. We are given γ as

γ =
x + y

√
∆

2z

with x, y, z ∈ Z, z > 0. So

Log γ =
1
2

log

∣∣∣∣∣
x− y

√
∆

x + y
√

∆

∣∣∣∣∣ .

Hence, Log γ ≥ 0 if and only if
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∣∣∣∣∣
x− y

√
∆

x + y
√

∆

∣∣∣∣∣ ≥ 1 . (10.32)

A calculation with integers only decides whether or not (10.32) holds.
We analyze Algorithm close in a special situation that is used later. We

want to bound the run-time of close and the size required to store its out-
put. For the latter we define the size of a quadratic number α in standard
representation (x + y

√
∆)/(2d) to be the sum of the sizes of x, y, d, and ∆,

and denote it by size(α).

Lemma 10.2.4. If the input ideal a in Algorithm close is the quotient of two
reduced O-ideals, then the running time of Algorithm close is O((log ∆)3) and
size(γ) = O((log ∆)2).

Proof. It follows from Lemma 6.2.7 and Proposition 7.3.17 that fa = (a, b, c)
has coefficient a < ∆. Hence it follows from Theorem 6.6.4 and Lemma 6.6.3
that the reduction algorithm reduce takes time O((log ∆)2).

Each single reduction in the while loop likewise takes time O((log ∆)2).
Lemmas 10.1.8 and 10.1.6 imply that the while loops in close are traversed
no more than 2 log2 ∆ times. This proves the run-time bound.

Also, by (9.5) we can write the reducing number α(a) = (x + y
√

∆)/z
with integers x, y, z, z > 0 and |x|, |y|, z = O(∆2). Each reducing number
computed in the while loop likewise requires space in O(log ∆). Together with
the previously given bound on the number of iterations in the loops, this yields
the space bound. �	

Note that Lenstra states in [Len82] that the number of iterations required
in close is actually 0, 1 or 2. This implies quadratic run-time and linear space
bounds for close applied to ideals of norm in O(∆).

10.2.3 Construction of the giant-steps

We explain how a giant-step is computed. We let b0 = b. For some e ≥ 0
we are given the giant-step ideal be and the baby-step ideal a2(L+e+1). We
compute

(be+1, δe+1) ← close(bea
−1
2(L+e+1)) .

Then
βe+1 = δe+1/α2(L+e+1) .

That number is not stored explicitly. This is too space consuming. It suffices
to store δe+1.

Lemma 10.2.5. We have se+1 − 1
2 log δ < −Log βe+1 ≤ se+1.

Proof. By construction we have −Log βe+1 = se+1 − Log δe+1. Since
− 1

2 log ∆ < −Log δe+1 ≤ 0 by Lemma 10.2.3, we have se+1 − 1
2 log ∆ <

Log βe+1 ≤ se+1 as asserted. �	
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10.2.4 The complete algorithm

We present the algorithms for computing the fundamental unit of O and for
deciding equivalence between two O-ideals. In those algorithms the baby-step
ideals ai, i ≥ 1, are used. They are stored in a hash table. Then deciding
whether a given reduced O-ideal is in that table takes time O(log ∆).

Each algorithm consists of a set-up stage in which the baby-step table is
filled with a few ideals starting from ρ(O), or ρ(a), respectively. This ensures
that the following giant-steps have negative width. If in this set-up stage the
target ideal (O or b) is found, then we can stop the algorithm immediately.

In the main loop, both algorithms compute one giant and two baby steps
per iteration. After each giant-step, a table look-up in the baby-step table is
performed. If this look-up was successful, then the algorithm terminates. The
output allows the computation of the fundamental unit, or a relative generator
using (10.24).

Note that TerrEquivalent presumes that an approximation to the reg-
ulator has been computed in advance. This is only used to obtain an in-
teger close to and larger than E∆. (The rounding in the calculation of E
need not be exact.) The pre-computation of R can be avoided by computing
two giant step sequences, one beginning at b and one at a, and terminating
with result nil when there is a match of the second one with the baby step
table.

Details of TerrUnit and TerrEquivalent, as well as a detailed description
of the indicated variation can be found in [Vol03].

Example 10.2.6. Table 10.1 on page 230 lists the ideals computed in the course
of the execution of TerrUnit for ∆ = 2521. Ideals in standard representation
aZ+Z(b+

√
∆)/2 are listed as (a, b). Distances given are distances to the unit

ideal (1). We set ω = (1 +
√

∆)/2. Finally, note that 1/2 · log ∆ ≈ 3.916.
The table shows that a11 = b6 (connected by an arrow). Using (10.24) the

data in the table yields the fundamental unit. We obtain R ≈ 85.768.

10.2.5 Analysis of the algorithm

Proposition 10.2.7. Algorithms TerrUnit and TerrEquivalent both require
time O((log ∆ +

√
R)(log ∆)3) and space O((log ∆ +

√
R)(log ∆)2).

Proof. It follows from (10.13) that L = O(log ∆). Also, it follows from Propo-
sition 10.2.1 that Algorithms TerrUnit and TerrEquivalent both terminate
with the correct output and e = O(log ∆ +

√
R).

In each iteration of the precomputation, the algorithms apply the reduc-
tion operator twice to reduced O-ideals. That application has running time
O((log ∆)2). In each iteration of the main loop, both algorithms apply close
once to the quotient of two reduced O-ideals and the operator ρ at most twice
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Algorithm 10.2 TerrUnit(O)
Input: The order O
Output: a1, . . . , a2(e+L), δ1, . . . , δe, f such that λ from (10.24) is the fundamental
unit of O

a0 ← O.
L ← −1
repeat

L ← L + 1
a2L+1 ← ρ(a2L), a2L+2 ← ρ(a2L+1)

until Log α2L+2 > 1
2

log ∆
if O = af for some 1 < f ≤ 2(L + 1) then

return a1, . . . , af , f
e ← 0
b0 ← O
loop

(be+1, δe+1) ← close(bea
−1
2(L+e+1))

e ← e + 1
if be = af for some f ≤ 2(L + e) then

return a1, . . . , a2(e+L), δ1, . . . , δe, f
a2L+2e+1 ← ρ(a2L+2e), a2L+2e+2 ← ρ(a2L+2e+1)

Algorithm 10.3 TerrEquivalent(a, b)
Input: Reduced O-ideals a and b, regulator bound R > R∆.
Output: If a and b are inequivalent, the algorithm returns nil. Else, the algorithm
returns a1, . . . , a2(e+L), δ1, . . . , δe, f such that for λ as in (10.24) we have b = λa

and 0 ≤ Log λ < R.

E ← 
log2 ∆ +
√

2R/ log 2�.
a0 ← a.
L ← −1
repeat

L ← L + 1
a2L+1 ← ρ(a2L), a2L+2 ← ρ(a2L+1)

until Log α2L+2 > 1
2

log ∆
if b = af for some 0 ≤ f ≤ 2(L + 1) then

return a1, . . . , af , f
e ← 0
(b0, δ0) ← (b, 1)
while e + 1 < E do

(be+1, δe+1) ← close(bea
−1
2(L+e+1))

e ← e + 1
if be = af for some f ≤ 2(L + e) then

return a1, . . . , a2(e+L), δ1, . . . , δe, f
a2L+2e+1 ← ρ(a2L+2e), a2L+2e+2 ← ρ(a2L+2e+1)

return nil
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L e i baby step distance giant step distance δe

ideals ai ideals be

0 1 (30,11) 2.203

2 (20,29) 2.426

1 3 (21,13) 3.085

4 (28,43) 3.350

2 5 ( 6,41) 4.630

6 (35,29) 5.776

1 7 (12,43) 6.435 (35,41) −5.776 35

8 (14,41) 7.715

2 9 (15,49) 8.861 (10,31) −13.491 2

10 ( 2,47) 11.065

3 11 (39,31) 12.770 ( 5,41) −24.555 1

12 (10,49) 13.491

4 13 ( 3,47) 15.694 (12,37) −37.833 1 − ω/5

14 (26, 5) 17.400

5 15 (24,43) 17.500 ( 9,35) −54.379 6 − ω/6

16 ( 7,41) 18.779

6 (39,31) −72.998 (−7 + 2ω)/9

Table 10.1. Baby and giant step ideals computed by TerrUnit for ∆ = 2521

each time with reduced O-ideals as arguments. By Lemma 10.2.5 each applica-
tion of close takes time O((log ∆)3). Also, each application of ρ has running
time O((log ∆)2). This proves the running time estimate.

Both algorithms store O(log ∆ +
√

R) reduced O-ideals and numbers δi.
The size of a reduced O-ideal is O(log ∆), and by Lemma 10.2.5 each δi

requires space O((log ∆)2). This implies the space estimate. �	

10.3 Further applications

We may use computations in the infrastructure of a real quadratic field not
only for the computation of its regulator, but also for the computation of its
class group and for the factorization of its discriminant.

Class Group. In Section 9.7.1 we have explained how to compute the struc-
ture of a finite Abelian group from generators and relations. However, that
algorithm and its improvements described in Section 9.7.3 cannot be immedi-
ately used in the context of real quadratic class groups since deciding equality
of real quadratic ideal classes is more difficult. Nevertheless, the algorithms
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for deciding equivalence from this chapter can be used to construct a de-
terministic class group algorithm for real quadratic orders that runs in time
∆1/4+o(1).

Factorization. Dan Shanks proposed an algorithm which utilizes the in-
frastructure to compute a factorization of a given number N . For reasons
which become clear below he called it SQUFOF (Square Form Factorization).

SQUFOF aims to compute an ambiguous ideal in a ring O whose dis-
criminant ∆ is a small multiple of N . For a primitive ambiguous ideal a we
have gcd(Na,∆) > 0 unless it is the unit ideal. This is clear if it has a non-
trivial common divisor with the conductor of ∆. If it does not, then it is
invertible and its factorization contains only prime ideals with norm dividing
∆, cf. Propositions 8.6.4 and 8.6.11. Note that the algorithm fails if the gcd
computed equals ∆.

The idea is to walk along the principal cycle until an ideal c = ρ2k(O) is
found which has square norm. If c has norm coprime to the conductor of ∆,
then there exists b with b2 = c, cf. Proposition 8.6.11. Let γ be a generator of
c. Set β = γ + Nb, and a = β−1b. Then

a2 = β−2b2 =
γ

β2
O =

Nb

N(β)
O .

Hence a is ambiguous. It differs from the unit ideal unless b has been encoun-
tered on the cycle before c.

Unfortunately, it is possible that no square ideal is found on the principal
cycle. This is especially likely if the regulator of the used order is small. Even
if one assumes the regulator to be at the order of magnitude of

√
∆, there

is no proven bound for the number of ideals on the principal cycle which
need to be enumerated before a square ideal is found. It is, however, plausible
and confirmed by experiments that O( 4

√
∆) reductions suffice to find a square

ideal.
Shanks used the language of forms to formulate his algorithm. He intro-

duced for the first time a notion of distance between ideals on a cycle. The
distance between ideals we introduced in section 10.1.1 is indeed only a slight
modification of Shanks’ distance function δ due to Lenstra [Len82]. On the
principal cycle of forms with discriminant ∆, SQUFOF seeks to find a re-
duced form f which is a square of another, say g. It then computes a form h
for which 2δ(h, g) = δ(1, f) where 1 denotes the unit form. The form h which
corresponds to a constructed above is ambiguous, and yields a (possibly triv-
ial) factorization of ∆, cf. section 1.4.3.

10.4 Exercises

Exercise 10.4.1. Prove Proposition 10.1.2.

Exercise 10.4.2. Prove that the map in (10.3) is well defined.
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Exercise 10.4.3. Prove Proposition 9.7.16 for the case ∆ > 0.

Exercise 10.4.4. Prove Theorem 9.2.3.

Exercise 10.4.5. Let O be a real quadratic order with field of fractions F
and regulator R. Let a and b be two equivalent fractional O-ideals. Prove that
there is exactly one λ ∈ F with b = λa, λ > 0, and 0 < Log λ ≤ R.

Exercise 10.4.6. Use the notation of Proposition 10.2.1. Let e be minimal
such that (10.19) holds for some f and assume that e > 1. Prove that f is
uniquely determined.

Exercise 10.4.7. Prove (10.6).

Exercise 10.4.8. Prove that the sequence (ai)i∈Z from Section 10.1.2 is cyclic
of finite period length. Also prove that the period contains all reducedO-ideals
that are equivalent to a.

Exercise 10.4.9. Develop an algorithm that calculates the class group of a
real quadratic order of discriminant ∆ in time ∆1/4+o(1).

Exercise 10.4.10. Prove that the bound for Log γ(a) in Lemma 10.1.6 can
be sharpened to 1/2 log ∆− log 2.
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Subexponential Algorithms

In this chapter we describe probabilistic algorithms for computing class num-
bers and regulators. We also show how they can be extended to solve the
equivalence problem. Those algorithms are much faster than the determinis-
tic algorithms presented in Chapter 9. They use an approach dubbed index
calculus which originated in work by Kraichik [Kra22] and seemingly inde-
pendent work by Western and Miller [WM68]. The first proposals to apply
this approach in the context of imaginary quadratic class groups came from
Seysen [Sey87] and Hafner/McCurley [HM89]. In this chapter we let ∆ be a
fundamental discriminant. It is rather straightforward, however, to extend the
algorithms of this chapter to the case of nonfundamental discriminants.

11.1 The function Lx[a, b]

For real numbers a, b, x with x > e where e is Euler’s constant, we define

Lx[a, b] = exp(b(log x)a(log log x)(1−a)) . (11.1)

This function is used to describe the running time of algorithms. We explain
its meaning. We have

Lx[0, b] = exp(b(log x)0(log log x)1) = (log x)b (11.2)

and
Lx[1, b] = exp(b(log x)1(log log x)0) = xb . (11.3)

Consider an algorithm that computes the class number h∆. It receives as input
∆ and returns h∆. The binary length of ∆ is �log2 |∆|�+ 1. If our algorithm
has running time L|∆|[0, b], then it is a polynomial time algorithm; its com-
plexity is bounded by a polynomial in the size of the input. The algorithm is
considered efficient, although its real efficiency depends on the degree b of the
polynomial. If the algorithm has running time L|∆|[1, b], then it is exponen-
tial; its complexity is bounded by an exponential function in the length of the
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input. The algorithm is considered inefficient. All class number algorithms,
that we have seen so far, are exponential. If the algorithm has running time
L|∆|[a, b] with 0 < a < 1, then it is called subexponential. The algorithm is
slower than polynomial but faster than exponential. In this section we will
present probabilistic algorithms for the major computational problems such
as the computation of regulators and class numbers that under the assump-
tion of a certain Riemann hypothesis have expected running time bounded by
L|∆|[1/2, b + o(1)] with some b > 0 and a function o(1) that goes to zero as ∆
goes to infinity. They are subexponential.

By o(1) we always mean a function that can be evaluated in polynomial
time, maps discriminants ∆ to real numbers, and approaches 0 as |∆| goes to
infinity.

11.2 Preliminaries

The following two easy lemmas from elementary calculus will help us through-
out in bounding the number of calls to probabilistic algorithms which might
fail.

Lemma 11.2.1. For all x ≥ 2 we have

(1− 1/x)x ≥ 1/4 .

Proof. The function f(x) = (1− 1/x)x increases monotonously with growing
x (to the limit 1/e). Indeed, consider the derivative f ′(x) = f(x)(log(1 −
1/x) + 1/(x − 1)). Set g(x) = log(1 − 1/x) + 1/(x − 1). This is positive at
x = 2, tends to zero with growing x, and decreases monotonously itself since
g′(x) = −x−1(x− 1)−2. It follows that f ′(x) is positive on [2,∞]. �	

Lemma 11.2.2. Let f ∈ Z>1, p ∈ R, 0 < p ≤ 1, and l ∈ N with

pl > log f . (11.4)

Then (
1− (1− p)l

)f ≥ 1
4

. (11.5)

Proof. The statement is trivial for p = 1. Assume p < 1. By Lemma 9.3.15
assumption (11.4) implies

2 ≤ f < (1− p)−l .

Hence (
1− (1− p)l

)f
>

(
1− (1− p)l

)(1−p)−l

.

An application of Lemma 11.2.1 yields the assertion. �	
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11.3 The factor base

Our algorithm seeks to compute the relations lattice of a large set generating
the class group. These generators are given by representatives from a large
set F of ideals. The algorithm obtains individual relations by finding two
exponent vectors v and w such that [F ]v = [F ]w. The first vector, v, is
chosen randomly so that [F ]v is a random element of the class group in a
sense to be made precise later. The second vector w is obtained by finding
a reduced representative of [F ]v and factor it over F using its factorization
into a power product of prime ideals. This is successful if all prime ideals
occuring in the factorization actually are elements of F . Thus, depending on
the proportion of prime ideals in F within the set of all prime ideals occuring
in the factorization of reduced ideals, the process may have to be repeated
many times before it will yield a relation.

Since F needs to contain the prime ideals which the found reduced ideals
are factored into, it is called a factor base. We will choose our factor base to
contain the set Fz of all prime ideals p(∆, p) and their conjugates for which p
is a prime number with

(
∆
p

)
= 1 and

p ≤ L|∆|[
1
2
, z]

for some positive real number

z ≤ 1

that is specified later. Depending on the problem we will want to solve, F
will just contain the specified prime ideals, or one or two ideals in addition to
them. Denote by f the cardinality of the factor base. By the prime number
theorem there will be aproximately L|∆|[1/2, z]/(z

√
log|∆| log log|∆|) prime

ideals in F . Thus, in all cases f will be in L|∆|[1/2, z + o(1)].
We order F in some way and write

F = (p1, . . . , pf ) . (11.6)

All but at most two of the ideals pi are prime.
We need [F ] to generate the class group. We will assume that the ERH

holds and apply Proposition 9.5.3. This proposition says that [F ] will generate
the class group if |∆| is sufficiently large. Comparing c3(∆) from (9.20) with
L|∆|[1/2, z], we see that this is certainly the case if ∆ < −157 or ∆ > 41
which we will subsequently assume. We call an O-ideal F-smooth if all the
factors in the prime ideal factorization of a are in F .

Algorithm factorBase shown on the following page computes the prime
ideals the factor base is to contain.
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Algorithm 11.1 factorBase (∆, z)
Input: The discriminant ∆, the parameter z.
Output: The factor base Fz or nil.

Set L ←
⌈
L|∆|[1/2, z]

⌉
, k ← 
log L�

Set F ← ∅
for all primes p < L do

if kronecker(∆, p) = 1 then
i ← 0
repeat

i ← i + 1
g ← primeForm(∆, p)

until i > 2k or g �= nil

if f �= nil then
F ← F ∪ {L(g), L(g)σ}

else
Return nil

Return F

Lemma 11.3.1. Algorithm factorBase succeeds with probability exceeding
1/4.

Proof. Corollary 3.4.26 implies that Algorithm factorBase succeeds with
probability larger than

(1− 2−k)L .

This probability is by Lemma 11.2.2 larger than 1/4 since 2k > log L. �	
Lemma 11.3.2. A call of factorBase takes time L|∆|[1/2, z + o(1)].

Proof. Algorithm factorBase calls primeForm fewer than 2kL times. Accord-
ing to Corollary 3.4.26, each call to primeForm takes time O(log|∆| · log L +
(log L)4). �	

Finally, we prove a very loose bound for the cardinality of F which will be
useful later on. It is exponential whereas we already know f to be subexpo-
nential.

Lemma 11.3.3. If z ≤ 1, then f < 8|∆|/h∆ + 1.

Proof. We use the Chebyshev bound for the number π(x) of prime numbers
below x (see e.g. [HW79], Chapter 22)

π(x) < 9/8 · x/ log(x) .

Thus we have f < 2 + 9/4L/ log(L) where L = L|∆|[1/2, z] is the norm
bound for the prime ideals in our factor base. Theorem 9.3.11 yields lower
bounds for 8|∆|/h∆ which an easy calculation shows to be larger than 1 +
9/4L/ log(L) if ∆ < −4 or ∆ > 5. In this calculation we use again the lower
bound R∆ > log((1 +

√
∆)/2) for ∆ > 8. For the exceptional discriminants

∆ ∈ {−4,−3, 5, 8} the statement of the Corollary can be directly verified. �	
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11.4 The imaginary quadratic case

Let ∆ < 0.
Our algorithm calculates random relations in the relation lattice L([F ])

until a generating system for that lattice is found. As described in Proposi-
tion 9.7.3, Hermite and Smith normal form computation can then be used to
determine the structure of the class group Cl.

11.4.1 Random relations

The calculation of the random relations is done by applying Algorithm ran-
domRelation. That algorithm selects an exponent vector v ∈ Z

f
0..|∆|−1 ran-

domly with the uniform distribution. It calculates the reduced ideal a in the
ideal class [Fv+w] where w is some fixed offset vector that is also input for
randomRelation. If the reduced ideal happens to be F-smooth, that is,

a = Fa (11.7)

for some a ∈ Z
f , then

[Fv+w] = [a] = [Fa] . (11.8)

Hence, the relation
z = a−w − v ∈ L([F ]) (11.9)

is found.
Here is the algorithm.

Algorithm 11.2 randomRelation (∆,F ,w)
Input: The discriminant ∆, the factor base F of length f , the offset vector w ∈ Z

f .
Output: A relation z for [F ] or nil.

Select v ∈ Z
f
0..|∆|−1 uniformly at random.

Calculate the reduced ideal a in [Fv+w].
if a = Fa with a ∈ Z

f then
Return z = v + w − a.

else
Return nil

We explain how Algorithm randomRelation decides whether the reduced
ideal a factors over the factor base F . Let a = L(a, b, c) with a reduced form
(a, b, c). We know from Proposition 8.6.11 that a factors over F if and only if
a factors into the norms of the prime ideals in F . Proposition 8.6.11 also tells
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Algorithm 11.3 reducePowerProduct (∆,F ,u)
Input: The discriminant ∆, the power product base F = {p1, . . . , pf}, the exponent
vector u.
Output: The reduced ideal in [Fu].

Initialize r ← (1).
for (i ← 1, i ≤ f, i ← i + 1) do

if ui = 0 then
Initialize q ← (1).

else
Initialize q ← pi.

for (j ← max(j | uij) − 1, j ≥ 0, j ← j − 1) do
q ← reduce(q2).
if uij = 1 then

q ← reduce(q · pi).
r ← reduce(r · q).

return r.

us how to determine the factorization of a from the prime factorization of a.
We use trial division to determine the prime factorization of a.1

For the computation of the reduced ideal in [Fu], the algorithm random-
Relation employs a fast exponentiation technique. Write the entries of u in
binary form

u = (u1, . . . , uf ) , ui =
k∑

j=0

uij2j , for i = 1, . . . , f .

Algorithm reducePowerProduct shown on the top of this page applies the
so-called left-right binary exponentiation method to the class group of an
imaginary quadratic order.

Lemma 11.4.1. On inputs discriminant ∆, power product base F =
{p1, . . . , pf} with reduced ideals pi, i = 1, . . . , f , and exponent vec-
tor u log2|u|∞ ≤ k, algorithm reducePowerProduct executes in time
O(f(log|u|∞)(log|∆|)2).

Proof. Note that in algorithm reducePowerProduct the function reduce is
applied at most 2(�log2|u|∞�) · f times, each time to the product of two
reduced ideals. By Proposition 9.1.8, these products have norm at most |∆|.
Thus, Lemma 11.4.1 follows from Theorem 5.6.6. �	

We estimate the running time of randomRelation.

1 For large factor bases it is faster to use a factorization algorithm on the basis of
elliptic curve arithmetic. If large numbers of ideals are to be tested for smoothness
at the same time, then it will be advantageous to use Bernstein’s algorithm [Ber]
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Lemma 11.4.2. If the entries of the offset vector w are bounded in absolute
value by a polynomial in |∆|, then a call of randomRelation takes time
L|∆|[1/2, z + o(1)].

Proof. We need to bound the time needed for the computation of the reduced
ideal in the second step, and the time needed for the trial division in the third.

For the second step we apply Lemma 11.4.1. Here f = L|∆|1/2, z + o(1)
and k = O(log|∆|). Thus, this step can be performed in time L|∆|1/2, z + o(1).

Since the numbers to be factored in the third step are smaller than
√
|∆|,

trial division can be performed in time O((log|∆|)2) for each divisor tried. We
need to test at most f factors. Thus, also the third step of randomRelation
can be executed in time L|∆|1/2, z + o(1). �	

We analyze the success probability of randomRelation. randomRelation
can only be successful if there are reduced O-ideals that factor completely into
prime ideals from F . We prove a lower bound for the number of such ideals.
For y ∈ R>0 we call a positive integer y-smooth if it has only prime factors
≤ y. Here is a lower bound for the number of smooth ideals of bounded norm.

Proposition 11.4.3. For any ε > 0 there is a positive real number c(ε) such
that for any x, y ∈ R>0 and any fundamental discriminant ∆ with

max{(log x)1+ε, (log |∆|)2+ε} ≤ y ≤ exp((log x)1−ε) ,

the number of primitive integral O∆-ideals with y-smooth norm ≤ x is at least

x exp(−u(log u + log log u + c(ε)))

where u = (log x)/(log y).

Proof. For ∆ < 0 this is proved in [Sey87]. That proof also works for the case
∆ > 0. For ∆ > 0 the statement also follows from [BH96]. �	

From Proposition 11.4.3 we deduce the lower bound that we are interested
in. We use the fact that by Proposition 9.1.8 an O-ideal with norm ≤

√
|∆|/2

is reduced.

Lemma 11.4.4. The number of reduced O∆-ideals that have L[12 , z]-smooth
norm is at least

√
|∆|L|∆|[12 ,−1/(4z) + o(1)].

Proof. For any z > 0 there are ∆(z) > 0 and ε with 0 < ε < 1/4 such that

(log |∆|)2+ε ≤ L|∆|[
1
2
, z] ≤ exp(log(

√
|∆|/2)1−ε)

for any fundamental discriminant ∆ with |∆| > ∆(z). We apply Proposi-
tion 11.4.3 with x =

√
|∆|/2, y = L|∆|[12 , z] and this ε. Now

u(log u + log log u + c(ε)) = (
1
4z
− o(1))

√
log |∆| log log |∆| . (11.10)
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Since by Proposition 9.1.8 an O-ideal with norm ≤
√
|∆|/2 is reduced, this

proves the assertion. �	
.

We also use the following results.

Lemma 11.4.5. Let l ∈ Z>0, and let L be a lattice of full rank in Z
l with

determinant d. Then for any w ∈ Z
l and any m ∈ Z>0 we have

1
d
(1− d− 1

m
) ≤ |Zl

0..m−1 ∩ (w + L)|
|Zl

0..m−1|
≤ 1

d
(1 +

d− 1
m

) .

Proof. We prove the lemma by induction. The statement is clear for l = 1.
Indeed, there are no less than

⌊m

d

⌋
≥ m− d + 1

d

elements in Z0..m−1 ∩ (w + L), and no more than

⌈m

d

⌉
≤ m + d− 1

d .

Assume l > 1. Let π be the projection

π : Z
l −→ Z : (a1, . . . , al) �−→ al .

Let L′ = π(L), and L′′ = L ∩ ker π. If d′ = detL′, and d′′ = detL′′, then
d′d′′ = d. We know already

1
d′

(1− d′ − 1
m

) ≤ |Z0..m−1 ∩ π(w + L)|
|Z0..m−1|

≤ 1
d′

(1 +
d′ + 1

m
) .

We consider the intersection of (w+L)∩Z
l
0..m−1 with the hyperplanes π−1(x)

with x running through Z0..m−1 ∩ π(w + L). For each such x choose some
vx ∈ L such that x = π(w + vx). Then

π−1(x) ∩ Z
l
0..m−1 ∩ (w + L) = Z

l
0..m−1 ∩ (w + vx + L′′) .

We apply the induction hypothesis to each of these sets. Since Z
l
0..m−1∩(w+L)

is their union we obtain

1
d′d′′

(1− d′ − 1
m

)(1− d′′ − 1
m

) ≤ |Zl
0..m−1 ∩ (w + L)|
|Zl

0..m−1|

≤ 1
d′d′′

(1 +
d′ − 1

m
)(1 +

d′′ − 1
m

) .

This inequality implies the claim. �	
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Lemma 11.4.6. The success probability of Algorithm randomRelation is
bounded from below by L|∆|[1/2,−1/(4z)− o(1)].

Proof. Let a be an F-smooth reduced O-ideal. Let a = Fa for some a ∈
Z

f . Then a is found in randomRelation if and only if the selected exponent
vector v is in the coset a−w + L([F ]). By Lemma 11.4.5 the probabiltity for
randomRelation to find a is at least

1
h

(1− h− 1
|∆| ) .

So by Lemma 11.4.4 the probability for randomRelation to find an F-smooth
a is at least √

|∆|
h

L[1/2,−1/4z − o(1)](1− h− 1
|∆| ) .

From Theorem 9.3.11 we see that the the first factor is bounded from below by
1/ log|∆|. Corollary 9.3.12 implies that the last factor is bounded from below
by a constant. This yields the desired lower bound for the success probability
of randomRelation. �	

11.4.2 Computing a sublattice of full rank

In this section we give an algorithm which determines a sublattice of full rank
in the relation lattice L([F ]) by calculating a strictly diagonally dominant
f × f matrix with integer entries whose columns are relations in L([F ]).

The following auxiliary functions are needed. We let g(∆, z) be a function
which for fixed z goes to 0 as −∆ goes to infinity and such that the probability
from Lemma 11.4.6 is at least

p(∆, z) = L|∆|[1/2,−1/(4z) + g(∆, z)] . (11.11)

Set
B1(∆) = (f − 1)|∆|+ log |∆| , (11.12)

and let
ei = (0, . . . , 0︸ ︷︷ ︸

i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
f−i

), 1 ≤ i ≤ f . (11.13)

So ei is the ith identity vector in Z
f .

The listing of the algorithm which we will call fullRank is shown on
page 242. For its analysis we need the following result.

Lemma 11.4.7. Let a be a reduced O-ideal and let a ∈ Z
f with a = Fa.

Then the number of non-zero entries in a is at most log |∆|, the entries are
non-negative, and each entry is smaller than log |∆|.
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Algorithm 11.4 fullRank (∆,F , z)
Input: The discriminant ∆, the factor base F , the parameter z.
Output: nil or relations z1, . . . , zf ∈ L([F ]) such that the matrix (z1, . . . , zf ) is
strictly diagonally dominant.

l = 
(log f)/p(∆, z)�.
for i = 1, 2, . . . , f do

j ← 0
repeat

j ← j + 1
zi ← randomRelation(∆,F , B1(∆)ei)

until j = l or zi �= nil

if zi = nil then
return nil

return z1, . . . , zf

Proof. We know from Lemma 5.4.1 that N(a) ≤
√
|∆|/3. Let

N(a) =
∏

p|N(a)

pe(p) (11.14)

be the prime factorization of N(a) and let l be the number of distinct prime
factors in that factorization. By Proposition 8.6.11 the entries of a are 0 or
e(p) at prime ideals with norm p that divide N(a).

We have
2l ≤ N(a) ≤

√
|∆|/3 .

It follows that
l <

1
2

log2(|∆|/3) < log |∆| . (11.15)

Also, for each prime p with p | N(a) we have

2e(p) ≤ N(a) ≤
√
|∆|/3 . (11.16)

As in (11.15) it follows that e(p) < log |∆|. �	
.

Proposition 11.4.8. Algorithm fullRank outputs nil with probability
smaller than 3/4. If fullRank does not output nil, then fullRank outputs
a diagonally dominant relation matrix.

Proof. By Lemma 11.4.6 the probability that l calls of randomRelation all
yield nil is at most (1 − p(∆, z))l. Hence, the probability that fullRank
computes f relations is a least

(1− (1− p(∆, f))l)f .



11.4 The imaginary quadratic case 243

Lemma 11.2.2 implies that randomRelation outputs nil with probability
smaller than 3/4.

Suppose that fullRank outputs a relation matrix. For 1 ≤ i ≤ f the ith
relation in that matrix is of the form

z = v + B1(∆) ei − a (11.17)

with v = (v1, . . . , vf ) ∈ Z
f
0..|∆|−1, a = (a1, . . . , af ) ∈ Z

f
≥0, and Fa = a for

some reduced O-ideal a. From Lemma 11.4.7 we know that |aj | ≤ log ∆. Thus
our choice of v implies

max(|aj |, |vj |) < |∆| for all j �= i . (11.18)

If z = (z1, . . . , zf ) then

zi ≥ B1(∆)− log |∆| = (f − 1)|∆| >
∑

j=1,...,f
j 	=i

max(|aj |, |vj |) ≥
∑

j=1,...,f
j 	=i

|zj | .

This shows that the relation matrix (z1, . . . , zf ) is strictly diagonally domi-
nant. �	

We analyze Algorithm fullRank.

Proposition 11.4.9. The running time of Algorithm fullRank is bounded
from above by L|∆|[1/2, 2z + 1/(4z) + o(1)].

Proof. In fullRank we have l = L|∆|[1/2, 1/(4z) + o(1)]. Algorithm full-
Rank calls randomRelation at most fl = L|∆|[1/2, z + 1/4z + o(1)] times.
By Lemma 11.4.2 each call of randomRelation takes time L|∆|[1/2, z + o(1)].
Hence, the total running time of fullRank is L|∆|[1/2, 2z+1/(4z)+o(1)]. �	

11.4.3 Computing L([F ])

Assume that we have applied fullRank successfully and have computed the
relation matrix

Z = (z1, . . . , zf ) . (11.19)

We explain the computation of a basis of the relation lattice L([F ]).
The idea is to compute sufficiently many additional relations

zf+1, . . . , zf+N

such that the full sequence S = (z1, . . . , zf+N ) generates L([F ]) with high
probability. Hermite and Smith normal form computation yield the structure
of the class group as explained in Section 9.7.1.

We determine the number l of additional relations. For this purpose we
estimate the determinant of the initial relation matrix Z. We set

B2(∆) = (f + 1)|∆|+ log|∆| . (11.20)
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Lemma 11.4.10. We have |det Z| ≤ B2(∆)f .

Proof. Fix i ∈ {1, . . . , f}. As in the proof of Proposition 11.4.8 we can write

zi = vi + B1(∆) ei − a , 1 ≤ i ≤ n .

For each entry zij of zi we have

− log|∆| ≤ zij <

{
|∆| if i �= j,
f |∆|+ log|∆| if i = j,

and hence

|zi|2 ≤ (f2+f−1)|∆|2+2f |∆| log|∆|+(log|∆|)2 < B2(∆)2 for all 1 ≤ i ≤ f .

Proposition A.5.1 implies the assertion. �	

It follows from Lemma 11.4.10 that we need to extend the relation lattice
computed by fullRank at most f log2(B2(∆)) times until we find the full
relation lattice L([F ]).

We estimate the probability that a successful call to randomRelation ex-
tends a given sublattice of L([F ]).

Lemma 11.4.11. Let L be a proper sublattice of L([F ]). Suppose that Algo-
rithm randomRelation outputs a relation z. Then the probability for z to be
outside of L is at least 2−17.

Proof. Suppose that randomRelation is successful. Then the algorithm has
found an F-smooth reduced O-ideal a. Fix one such a and denote by S the
set of vectors v ∈ Z

f
0..|∆|−1 that, when selected in randomRelation, yield a.

randomRelation has selected one of those vectors and found a relation z(v).
By N denote the number of vectors in S such that z(v) is outside of L. Set

S′ = S ∩ Z
f
0..|∆|−h∆−1 . (11.21)

If we can show that
N ≥ |S′|/2 , (11.22)

then the conditional probability N/|S| which we want to estimate is at least
|S′|/(2|S|). Lemma 11.4.5 says

|S′|
|S| ≥

|∆| − 2h∆ + 1
|∆|+ h∆ − 1

· (|∆| − h∆)f−1

|∆|f−1
.

We apply Corollary 9.3.12 and Lemmas 11.3.3 and 11.2.1 in order to see that
this fraction is larger than 2−17.

We prove (11.22). Let N ′ be the number of v ∈ S′ such that the relation
z(v) is inside of L. If N ′ < |S′|/2, then (11.22) is proved. Assume that N ′ ≥
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|S′|/2. Since L is properly contained in L([F ]), there is a Hermite normal form
basis vector b of L([F ]) that is not contained in L. Since the entries of b are
non-negative and bounded by the class number h∆, it follows that for each
v ∈ S′ the vector v + b is in S. Also, the relation z(v + b) = z(v) + b is
outside of L since b is not in L. This proves (11.22). �	

This suggests the following algorithm.

Algorithm 11.5 relationLattice (∆,F , z)
Input: The discriminant ∆, the factor base F with cardinality f , the parameter z.
Output: nil or relations z1, . . . , zN ∈ L[F ].

N ← 1, i ← 0, k ← 
f log2 B2(∆)�, n ←
⌈
217 log k

⌉
, l ← 
(log kn)/p(∆, z)�

repeat
i ← i + 1
zN+1 ← randomRelation(∆,F , 0)
if zN+1 �= nil then

N ← N + 1
until i ≥ kln or N ≥ kn
if N < kn then

return nil

else
return z1, . . . , zN

Proposition 11.4.12. Algorithm relationLattice outputs nil with
probability smaller than 3/4. Assume that relationLattice outputs
S = (zf+1, . . . , zf+N ). Then the probability that Z ∪ S generates L([F ])
is larger than 1/4.

Proof. The probability that relationLattice does not output nil is larger
than

(1− (1− p(∆, z))l)kn

which in turn is larger than 1/4 by Lemma 11.2.2 since lp(∆, z) > log kn and
p(∆, z) is a lower bound for the probability that a single call to randomRela-
tion succeeds.

Assume that relationLattice has output z1, . . . , zkn. Then the probabil-
ity that zi does not lie in the lattice Li−1 generated by Z and z1, . . . , zi−1 (pro-
vided Li−1 is not yet equal to L([F ])) is larger than 2−17 by Lemma 11.4.11.
Hence the probability that such an extension occurs k times or Li = L([F ])
for some i < kn is larger than

(1− (1− 2−17)n)k .

In either case, we have Ln = L([F ]). Since n > 217 log k, this probability is
again larger than 1/4. �	
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Proposition 11.4.13. The running time of relationLattice is bounded by
L[1/2, 2z + 1/(4z) + o(1)].

Proof. The proof is analogous to that of Proposition 11.4.9. �	

11.4.4 Computing the structure of Cl∆

Taking the algorithms from the preceding two sections together we obtain an
algorithm that computes with greater than constant probability the structure
of Cl∆.

The correctness of the output is checked using Theorems 9.3.10 and 9.3.16.
Set

h̃ = 4/3 ·
√
|∆|/π · �(∆, n) (11.23)

where �(∆, n) is defined in (9.12), and n is chosen larger than

max(9(A log ∆ + B)2, n0)

with n0, A and B suitably selected from Table 9.1.
Then we have by Theorems 9.3.10 and 9.3.16

h̃/2 < h∆ < h̃ . (11.24)

Let h be the determinant of the lattice L1 generated by the output of
fullRank and relationLattice.

Lemma 11.4.14. We have h = h∆ if and only if h < h̃.

Proof. Since L1 is a full rank sublattice of L, we have

h = yh∆ (11.25)

with a positive integer y.
Suppose that

h < h̃ . (11.26)

Then it follows from (11.24) and (11.26) that

h < h̃ < 2h∆ . (11.27)

This implies y = 1 and h = h∆. Conversely, assume that h = h∆. Then (11.24)
implies (11.26). �	
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Algorithm 11.6 classGroup (∆, ε)
Input: An imaginary quadratic discriminant ∆, parameter z.
Output: The structure of Cl∆ or nil.

F ← factorBase(∆, z), let f ← |F|
Z ← fullRank(∆,F , z)
S ← relationLattice(∆,F , z)
if any of the preceding algorithms fail then return nil.
Determine the determinant h of the lattice spanned by the columns of Z ◦ S.
Set h̃ ← 4/3 ·

√
|∆|/π · �(∆, n) with n = max(9(A log ∆ + B)2, n0).

if h < h̃ then
Determine the Smith normal form A of Z ◦ S and transformation matrices X
and Y such that A = X(Z ◦ S)Y .
Return A and X.

else
Return nil.

We analyze the performance of Algorithm classGroup.

Theorem 11.4.15. Algorithm classGroup succeeds with probability larger
than 1/256. If it does succeed, then it returns the structure of Cl∆. Its running
time is bounded by L|∆|[1/2,max(4z, 2z + 1/(4z)) + o(1)].

Proof. The success probability of classGroup follows from Lemma 11.3.1 and
Propositions 11.4.8 and 11.4.12.

The correctness of the output follows from Proposition 11.4.12 and
Lemma 11.4.14. Proposition 9.7.3 shows that the structure of the class group
can be read off the the data obtained.

The running time of classGroup is dominated by the relation generation
in the second and third step and the computation of the Smith normal form
of the relation matrix.

According to Propositions 11.4.9 and 11.4.13, the running time for the
relation generation is bounded by L|∆|[1/2, 2z + 1/(4z) + o(1)].

Using the algorithm from Proposition A.5.19, the computation of the
Smith normal form takes time O(mf3(log f |∆|)2) where f is the number of
rows of the found relation lattice Z ◦ S, i.e. the number of elements in the
factor base, and m is the number of its columns, i.e. the number of gener-
ated relations. Here we have used that the entries in Z ◦ S are bounded in
size by B1(∆) + |∆| + log|∆|, cf. Lemma 11.4.7. The numbers m and f are
in L|∆|[1/2, z + o(1)]. This yields a running time for this step bounded by
L|∆|[1/2, 4z + o(1)].

Taking the two bounds together yields the desired running time bound for
classGroup. �	

The bound for the running time of classGroup in Theorem 11.4.15 is
minimal if z = 1/

√
8. For this value of z it is L|∆|[1/2,

√
2 + o(1)].



248 11 Subexponential Algorithms

Corollary 11.4.16. The class number of an imaginary quadratic order can
be computed in time L|∆|[1/2,

√
2 + o(1)]. �	

11.5 The real quadratic case

Let ∆ > 0. Then O∆ is a real quadratic order. In addition to the structure of
the class group we also wish to compute the fundamental unit ε∆.

11.5.1 The idea

The idea of the subexponential algorithm for computing the structure of Cl∆
and the fundamental unit ε∆ is to extend the relation lattice by a real compo-
nent which records for each relation the length of a generator. The relations
are again computed among the prime ideals of a factor base F = F(∆, z) with
cardinality f = f(∆, z) as defined in section 11.3. The bound z will later be
set such that [F ] is a generating set for Cl∆.

Definition 11.5.1. The extended relation lattice L̃(F) for the set F =
{p1, . . . , pf} of prime ideals is the lattice of all vectors (b1, . . . , bf , d) ∈ Z

f ×R

such that there exists an α ∈ O such that

α =
f∏

i=1

p
bi
i and Log α = d . (11.28)

The projection π that maps from Z
f × R to Z

f by forgetting the real
component maps the extended relation lattice L̃(F) naturally onto the relation
lattice L([F ]).

Proposition 11.5.2. The set L̃(F) is an (f + 1)-dimensional lattice. If the
ideal classes of the elements of the sequence F generate the class group Cl∆,
then its determinant is h∆R∆.

Proof. The set L̃(F) is an additive group. The lattice L([F ]) is an f -
dimensional lattice with determinant h∆ since [F ] generates Cl∆.

Now let b1, . . . ,bf be f vectors in L̃(F) such that (π(b1), . . . , π(bl)) is a
basis of L([F ]). Also let bl+1 = (0, . . . , 0, R∆) ∈ Z

l × R. Then bf+1 ∈ L̃(F).
So we can write

(b1, . . . ,bf+1) =




b1,1 . . . b1,l 0
...

...
...

bf,1 . . . bf,f 0
Log α1 . . . Log αf R∆




(11.29)

where αj ∈ O are such that (αj) =
∏f

i=1 p
bi,j

i , 1 ≤ j ≤ f . We claim that
L̃(F) is an (f + 1)-dimensional lattice with basis (b1, . . . ,bf+1). The vectors
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b1, . . . ,bf+1 are linearly independent. Also, any linear combination of the bj

with integer coefficients is in L̃(F). Conversely, let b ∈ L̃(F), and assume
α satisfies (11.28). Then we can write π(b) =

∑f
k=1 xiπ(bi) with integer

coefficients xi, 1 ≤ i ≤ k. Set

β =
f∏

j=1

α
xj

j .

Then βO = Fπ(b). Since both α and β generate the same ideal, it follows
that β/α is a unit in O. We can therefore write Log β/α = xf+1R∆ with an
integer xf+1. It follows that b =

∑f+1
j=1 xjbj . �	

We generate random relations in L̃(F) until a generating system

A = (a1, . . . ,an) =




a1,1 . . . a1,n

... . . .
...

af,1 . . . af,n

Log α1 . . . Log αn




(11.30)

is found where αj ∈ F ∗ with

αjO = Fπ(aj), 1 ≤ j ≤ n . (11.31)

From that generating system a basis B of L̃(F) of the form (11.29) is com-
puted. The integer part π(B) of the basis B – i.e., its first f rows – is used to
compute the structure of Cl∆ as in the imaginary quadratic case. The entry
in the lower right corner of B is an approximation to the regulator R∆ of O∆.

The fundamental unit ε∆ can be computed from the regulator R∆. Since
it takes O(R∆) bits to write down the standard representation of ε∆, we will
require some compact representation.

11.5.2 Height

In this section we will introduce the height of a quadratic number. This is
a more manageable measure for the size of a number than the size function
introduced in section 10.2.2. Yet, it is still roughly proportional to the space
required to write the number down in standard representation.

Definition 11.5.3. For a quadratic number α ∈ O, the height H(α) is defined
as the maximum of |α| and |σ(α)|.

Lemma 11.5.4. If α ∈ O, then H(α) ≥ 1.

Proof. If α ∈ O, then 1 ≤ |N(a)| = |α||ασ|. Hence at least one of the numbers
|α| or |ασ| must be larger than or equal to 1. �	
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We relate the height of an integral number in O to its size as this was defined
in section 10.2.2.

Lemma 11.5.5. For non-zero α ∈ O, we have log2 H(α) ≤ size(α) ≤
2 log2 H(α) + 1/2 · log2 ∆ + 8.

Proof. If α = (x + y
√

∆)/2, then H(α) = (|x|+ |y|
√

∆)/2. It follows that at
least one of the terms |x| or |y|

√
∆ is larger than H(α). This implies the first

inequality. Moreover, |x|, |y|
√

∆ ≤ 2H(α). Taking logarithms and adding the
inequalities yields the second inequality. �	

There is an easy relationship between the height and the length of a number
introduced in section 10.1.1. On the one hand, numbers of small height have
small length. On the other hand, numbers of small length and small norm
have small height.

Lemma 11.5.6. For any α ∈ F 	 we have |Log α| ≤ log H(α).

Proof. By definition Log α = (log|α|− log|σ(α)|)/2. Each summand is smaller
in absolute value than 1/2 · log H(α). �	

Lemma 11.5.7. For any α ∈ F 	 with |Log(α)| < A and |N(α)| < B, we have
H(α) < eA

√
B.

Proof. The assumptions on α imply both

e−2A < |α|/|ασ| < e2A and |α||ασ| < B .

Multiplying (or, respectively, dividing) the two inequalities and taking square
roots yields the bound in the lemma. �	

Lemma 11.5.8. For any α, β ∈ O, we have H(αβ) ≤ H(α)H(β). �	

Lemma 11.5.9. For any α ∈ F 	, we have H(α) = |N(α)|H(1/α). �	

We can bound the height of reducing numbers of primitive ideals which were
defined in Section 9.1.3 on page 179.

Lemma 11.5.10. Let a be a primitive integral ideal, and α = α(a) be the
reducing number of a defined in (9.4). Then d(α) |N(a) and 1/N(a) ≤ H(α) <
1. Moreover, if we write 1/α = α′/d with minimal positive d = d(1/α) and
α′ ∈ O, then d ≤

√
∆ and H(α′) < N(a).

Proof. Note that it is clear from (9.3) that N(a)α is integral. Hence d(α)|N(a).
Since H(d(α)α) = d(α)H(α), Lemma 11.5.4 implies the first inequality.

We prove the second inequality. Let a0 = a, and ai = ρ(ai−1), i = 1, . . . , k
be the sequence of ideals computed by reduce. Thus ak is the first reduced
ideal in this sequence. Let ai = L(ai, bi, ci). Then
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α(a) =
k−1∏
i=0

γ(ai) =
k−1∏
i=0

−bi +
√

∆
2ai

.

Thus, it suffices to show 2ai > |bi|+
√

∆ for i < k. This inequality follows from
the bound (6.1.1) for bi if ai >

√
∆ or bi < 0. Assume ai <

√
∆, and bi > 0.

Then 2ai < bi +
√

∆ together with (6.1.1) would imply |2ai −
√

∆| < bi, and
thus that ai is reduced. Since i < k this is a contradiction.

We bound the denominator of 1/α. Let b = αa. Then N(b) ≤
√

∆. By
Proposition 7.3.11 b = αa implies (N(b)/α) = a·σ(b). This shows that N(b)/α
is integral, and d(1/α) |N(b).

Finally,

H(α′) = d(1/α) ·H(1/α) ≤ N(b) ·H(1/α)
≤ N(b) ·H(α)/|N(α)|
≤ H(α) ·N(a) < N(a) . �	

11.5.3 Compact representations

In real-quadratic number fields, numbers with small norm may have very large
height. In this section we will introduce a representation of numbers in such
a field which requires space that depends only logarithmically on its norm
and quadratically on the logarithm of the discriminant. We will show how to
find such a representation in polynomial time, and how to compute with it.
Compact representations of quadratic integers were introduced by Johannes
Buchmann, Christoph Thiel and Hugh Williams in [BTW95], and generalized
to fields of arbitrary degree by Christoph Thiel in [Thi94], For a detailed
exposition, see [Thi95].

Proposition 11.5.11. Let ∆ > 0 and γ ∈ O. Then there exist numbers k ∈
N, and γi ∈ F 	, 0 ≤ i ≤ k, such that

1.

γ = γ0

k∏
i=1

γ2k−i

i ; (11.32)

2. for all j with 1 ≤ j ≤ k, the ideal bj generated by

βj =
j∏

i=1

γ2j−i

i (11.33)

is reduced; and
3. the following size constraints are satisfied

a) k ≤ 2 + log2(1 + log H(γ)),
b) H(γ0) ≤ |N(γ)| and d(γ0) <

√
∆,

c) d(γi) ≤ ∆ for 1 ≤ i ≤ k, and
d) H(γi) ≤ ∆.
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Definition 11.5.12. Let γ ∈ O. Any sequence (k, γ0, . . . , γk) satisfy-
ing (11.32) and the size constraints of Proposition 11.5.11 is called a
compact representation of γ.

Proof. We will prove Proposition 11.5.11 constructively. If γ ∈ Z, we may
choose k = 0 and γ0 = γ. Moreover, the case that γ is imprimitive reduces
trivially to the primitive case. Thus we will assume that γ is primitive, and
not in Z.

Let α be the reducing number of (γ), and β = αγ. Set γ0 = 1/α. Then
γ = γ0β. Due to Lemma 11.5.10, H(γ0) ≤ |N(γ)| and d(γ0) ≤

√
∆. Thus

constraint 3b is satisfied.
Denote Log β by δ. Taking conjugates if necessary we may assume that

δ ≥ 0. If δ ≤ 3/4 · log ∆, then H(β) ≤ ∆ by Lemma 11.5.7, since |N(β)| <
√

∆.
Moreover, d(β) = 1 since β generates an integral ideal. Thus if we set k = 1
and γ1 = β constraints 2, 3c and 3d are satisfied. Since γ is integral, we
have H(γ) ≥ 1. Hence log2(1 + log H(γ)) > 0. This implies that k satisfies
constraint 3a of the proposition. Thus, all assertions of the proposition are
satisfied in this case.

Assume δ > 3/4 · log ∆. Let k = �log2 δ�+ 1. Then k > 1. Set δi = δ/2k−i

for 1 ≤ i < k. Note that by Lemma 10.1.8

δ = Log β = Log γ − Log γ0 ≤ Log γ +
1
2

log|N(γ)| = log|σ(γ)| ≤ log H(γ) .

(11.34)
Hence k ≤ 2 + log2 log H(γ). By Lemma 10.1.6 there exist βi ∈ O such that
(βi) is reduced and

|δi − Log βi| ≤ 1/4 · log ∆ .

Set finally β0 = 1 and βk = β. We define γi = βi/β2
i−1 for i = 1, . . . , k. This

implies (11.33), and condition 2 is satisfied. We obtain

γ = γ0β = γ0βk = γ0

k∏
i=1

γ2k−i

i .

We verify that constraints 3c and 3d are satisfied for i > 1. We have

Log γi = 2(δi−1 − Log βi−1)− (δi − Log βi) .

Hence |Log γi| ≤ 3/4 · log ∆. Also, N(βi) = N(γi)N(βi−1)2. Hence, |N(γi)| ≤√
∆. Thus Lemma 11.5.7 implies H(γi) ≤ ∆ which is constraint 3d for i > 1.

Constraint 3c is likewise fulfilled since N(βi−1)2γi = βi(βσ
i−1)

2 ∈ O implies
d(γi) |N(β2

i−1) ≤ ∆.
It remains to show d(γ1),H(γ1) ≤ ∆. By definition, γ1 = β1, and β1

generates a reduced, hence integral ideal. We thus have d(γ1) = 1.
Due to the choice of k, we have δ1 ≤ 1. Hence Log γ1 < 1 + 1/4 · log ∆.

Since 2 < log ∆ (otherwise ∆ = 5 and β = 1), this is smaller than 3/4 · log ∆.
Also, |N(γ1)| ≤

√
∆ since (β1) = (γ1) is reduced. Hence by Lemma 11.5.7

H(γ1) < ∆. Indeed, if 4 ≥ log ∆, then we may choose β1 = γ1 = 1. �	
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The construction in the proof of Proposition 11.5.11 can easily be turned into
an algorithm for the computation of compact representations which we will
call compactRepresentation. In order to compute βi and γi for i > 0 we need
to know Log γ. For the computation of γ0 we need to know the ideal generated
by γ. Hence we will take these two quantities as input for our algorithm. From
the proof it is also clear that we may restrict compactRepresentation to the
case that (γ) is reduced, and Log γ is sufficiently large (in particular, positive).

First we will need an algorithm that computes the βi and γi given δi and
βi−1 for all i with 1 ≤ i < k. We use that we know δi − Log(β2

i−1) which by
induction is smaller in absolute value than 1/2 · log ∆. Hence we need only
reduce (β2

i−1) and take a few corrective reduction steps.

Algorithm 11.7 proxReduced (b, δ)
Input: Integral ideal b, distance δ ∈ Q.
Output: Reduced ideal c and relative generator γ with c = γb and |Log γ − δ| <
1/4 · log ∆.

(c, γ) ← reduce(b).
while Log γ ≤ δ − 1/4 · log ∆ do

γ ← γ(c)γ and c ← ρ(c).
while Log γ ≥ δ + 1/4 · log ∆ do

γ ← γ′(c)γ and c ← ρ−1(c).
return (c, γ).

Note that the comparisons in the controlling conditions of the while loops
of proxReduced cannot be performed exactly. We determine the precision
sufficient for the correctness of proxReduced.

Assume we compute approximations to the quantity L = Log γ− δ + 1/4 ·
log ∆ with error smaller than ε and we execute the loop when L ≤ ε. Then it
is guaranteed that Log γ − δ + 1/4 · log ∆ > 0 after the loop whether it was
entered or not. If the loop was indeed executed at least once, then we also
have Log γ − δ + 1/4 · log ∆ < 2ε prior to the last run of the loop.

By Exercise 10.4.10 Log γ(c) < 1/2 · log ∆− log 2 for any reduced c. Hence
choosing 2ε < log 2 guarantees Log γ < δ + 1/4 · log ∆ after the first loop if
this is entered at all.

We proceed analogously to ensure Log γ < δ− 1/4 · log ∆ after the second
loop. Thus independently of whether any loop was entered, none or both, the
output (c, γ) has the property |Log γ − δ| < 1/4 · log ∆.

Next we require an algorithm for the computation of γk. This is done
in analogy to proxReduced. Hence we will skip a listing, and lieave it to
the reader to produce one in exercise 11.7.4. The algorithm will be called
reachReduced. It takes as input two integral ideals b and c the second of
which is reduced and an approximation to the length δ of a short relative
generator. reachReduced computes γ with c = γb by reducing b and then
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taking a few reduction steps, normal or inverse, until c is reached. Note that
by Lemma 10.1.6 the input c is superfluous if we know the ideal generated by
γ is reduced and the approximation to δ has error smaller than 1/(2

√
∆).

The following lemma summarizes the properties of proxReduced and
reachReduced. The run-time bounds are proved analogously to Lemma 10.2.4
on the basis of Lemmas 10.1.8 and 10.1.6.

Lemma 11.5.13. Algorithms proxReduced and reachReduced are correct. If
the input ideal b has norm smaller ∆, then the running time of the algorithms
is O((δ+log ∆)(log ∆)2), or O((|δ−Log γ|+log ∆)(log ∆)2), respectively. �	

We are now able to state algorithm compactRepresentation.

Algorithm 11.8 compactRepresentation (c, δ)
Input: Reduced principal ideal c and δ ∈ Q for which there exists a generator γ of
c such that δ approximates Log γ.

Output: Numbers k ∈ Z and γi ∈ F �, i = 1, . . . , k, such that γ =
∏k

i=1 γ2k−i

i

generates c.

k ← 
log2 δ� + 1, δi ← δ/2k−i for i = 1, . . . , k. β0 ← 1, b0 ← O, λ0 = 0.
for i = 1, . . . , k − 1 do

(bi, γi) ← proxReduced(b2
i−1, δi − 2λi−1). λi ← 2λi−1 + Log γi.

γk ← reachReduced(b2
k−1, c, δ − 2λk−1)

return k, γ1, . . . , γk.

In order for compactRepresentation to be correct we need to ensure
that proxReduced gets called with parameters of sufficient precision. This
means that for each i < k we need to compute Log γi with error smaller than
2i−k−1/i · log 2. The precision of the input to reachReduced only affects its
run-time.

Lemma 11.5.14. The output of compactRepresentation has the following
properties:
1. k ≤ log2(|δ − Log γ|+ log H(γ)) + 2,
2. H(γ0) ≤ |N(γ)| and d(γ0) <

√
∆,

3. d(γi) ≤ ∆ for 1 ≤ i ≤ k,
4. H(γi) ≤ ∆ for 1 ≤ i < k and H(γk) ≤ e|δ−Log γ|∆3/4.
The run-time of compactRepresentation is bounded by O(k(log ∆ + |δ −
Log γ|)(log ∆)2).

Lemma 11.5.14 says that compactRepresentation indeed returns a com-
pact representation of γ or −γ if given (γ) and a sufficiently good approxima-
tion to Log γ. Note that we may start with a poor approximation to Log δ,
recompute δ using the output of a first call to compactRepresentation, and
then call compactRepresentation again in order to obtain a true compact
representation of γ.
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Proof (of Lemma 11.5.14). The bound on k follows from (11.34). The bounds
on the denominators of all γi, and the height of all γi except γk follow from
the correctness of proxReduced and reachReduced and Lemma 11.5.7 as in
the proof of Proposition 11.5.11.

We prove the bound on the height of γk. Define βi by (11.33). Then bi =
(βi) and Log βi = λi for i < k by construction. From the correctness of
proxReduced it follows that

|δi−λi| = |δi−(2λi−1+Log γi)| = |(δi−2λi−1)−Log γi| < 1/4·log ∆ (11.35)

for all i < k. Hence

Log γk =Log γ−Log β2
i =(Log γ−δ)+2(δk−1−λk−1)<(1/2)·log ∆+|δ−Log γ| .

If we now use Lemma 11.5.7 and apply, as before, N(γi) <
√

∆, then we obtain
the asserted bound on H(γk).

The bound on the run-time, finally, follows from the bounds on the run-
time of proxReduced and reachReduced in Lemma 11.5.13, if we take into
account that their input is bound by 1/2 · log ∆ due to (11.35). �	

Corollary 11.5.15. Given two numbers α, β ∈ O in compact representation,
we can determine in time polynomial in |N(α)|, |N(β)| and log ∆:

1. the ideals (α) and (1/α),
2. the sign of α,
3. the norm of α,
4. a compact representation of αβ,
5. a compact representation of d(1/α)/α,
6. equality between α and β,
7. whether |α| > |β|,
8. whether α divides β in O, and, if the decision is positive, a compact repre-

sentation of α/β.

Proof. Assume we are given α in compact representation. For the components
of this representation and the derived quantities we adopt the notation of
Proposition 11.5.11 and its proof.

Note first that the computation of the ideals bj from bj−1 involves only
one squaring of reduced ideal bj−1, the reduction of the result, and O(log ∆)
reductions. Hence it can be effected in time cubic in log ∆, cf. the explicit
formulae of Proposition 8.4.8 and Corollary 7.3.18. We arrive at (α) by mul-
tiplying bk with (γ0) which in view of the explicit formulae, the bound on
the height of γ0 and Lemma 11.5.5 is done in time O((log|N(α)| + log ∆)2).
Equation (7.10) yields (1/α) in quadratic time.

Equation (11.32) implies that the sign of α is the product of the signs of
γ0 and γk.

From (α) and the sign of α we immediately obtain N(α).
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The compact representation of αβ is computed from (α)(β), the signs of
α and β and Log α + Log β. Likewise, d(1/α) and the compact representa-
tion of d(1/α)/α is obtained from 1/(α) and −Log α. Both computations can
be performed using compactRepresentation within the quasi-cubic run-time
bounds of Lemma 11.5.14.

Equality of α and β can be determined by comparing (α) and (β), Log α
and Log β, and the signs of both numbers. This is done in cubic time.

We show how to effect a size comparison between |α| and |β| if α and β are
given by compact representations. Without loss of generality we may assume
that |N(α)| ≤ |N(β)|. Note that this inequality can be checked exactly in cubic
time. If β �∈ Z, we compare |ασ(β)| with |N(β)|. Again, both numbers can be
computed in quasi-cubic time. Assume β ∈ Z and call it b instead. If |α| is
significantly smaller or larger than b, then the comparison is easily performed.
Assume that this is not the case. Then |σ(α)| is not significantly larger than
b either due to |N(α)| < b2. Hence H(α) is not significantly larger than b,
and the compact representation of α can be converted into the normal one in
quasi-quadratic time. The size comparison between a real-quadratic number
and an integer, finally, can be performed exactly in quadratic time.

The number α divides β in O if and only if (β/α) is an integral ideal.
Hence it suffices to compute (β)(1/α) to establish divisibility. The quotient
β/α is computed from (β/α), the signs of α and β and Log β−Log α. All this
can be done, as previously, in quasi-cubic time. �	

11.5.4 Generating random relations

We explain the computation of random relations in the extended relation
lattice L̃(F). It is similar to the generation of the random relations in the
imaginary quadratic case.

A random reduced ideal a is determined with almost uniform distribution
for which a decomposition

a = γFv (11.36)

is known with γ ∈ F 	 and v ∈ Z
f . This is done by first choosing v from some

large cube, and then choosing randomly a reduced ideal in the class [Fv].
Suppose that a admits another factorization

a = Fu (11.37)

with u ∈ Z
f . Since a is an almost uniformly distributed random reduced ideal,

the probability for this to be true can be estimated as in Section 11.4.1. We
obtain with

w = (v − u,−Log γ)

an extended relation in L̃(F).
We describe the algorithm for computing the random reduced ideal a. In

the imaginary quadratic case we have determined a as the reduced ideal in
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a random ideal class. However, in the real quadratic case each ideal class
contains a whole cycle of reduced ideals. We therefore proceed in two steps.
First, we calculate a random ideal class C with almost uniform distribution.
This is done as in the imaginary quadratic case. Then we choose a random
reduced ideal from the cycle in C.

We explain Algorithm randomReduced which computes a random reduced
ideal in a given ideal class C.

Algorithm 11.9 randomReduced (a, B)
Input: A reduced O-ideal a, B ∈ N with B > R∆.
Output: A random reduced ideal b in the equivalence class of a, β ∈ F with b = βa.

Choose d ∈ {0, . . . , B − 1} uniformly at random.
Determine Sd(a).
Choose (b, β) ∈ Sd(a) uniformly at random.
return (b, β).

Let a be some reduced O-ideal in C. For any d ∈ N we define the cycle
section

Sd = Sd(a) = {(b, β) : β ∈ F ∗, b = βa, b is reduced, d ≤ Log β/ log ∆ < d+1} .
(11.38)

Here is Algorithm randomRelation for the case ∆ > 0. The additional
offset w is introduced in order to obtain a relation matrix in the first part of
the computation of L̃(F) whose integral part is diagonally dominant.

Algorithm 11.10 randomRelation (∆,F ,w)
Input: Discriminant ∆, factor base F of length f , offset vector w.
Output: A relation for F .

loop
Choose v ∈ Z

f
0..∆−1 uniformly at random.

Calculate (a, α) ← reduce(Fv+w).
(b, β) ← randomReduced(a, ∆)
if b = Fu with u ∈ Z

f then
Return (w = v + w − u,−Log αβ).

Deferring the question of how the cycle sections get enumerated for a mo-
ment, we prove a lower bound for the success probability of randomRelation.
For this we need a lower bound for the probability that a particular b is chosen
by randomReduced.
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Lemma 11.5.16. Let a and b be two equivalent reduced ideals. Assume
B log ∆ > R∆ for some B ∈ Z. Then the probability that randomRe-
duced returns b on input of a and B is in the interval ((log 2)/(2R∆) −
1/(2B), (log ∆)/(2R∆) + 1/(2B)).

Proof. Let β be such that b = βa and 0 ≤ Log β < R. Denote Log β by d0.
Then b is chosen by randomReduced only if the selected index d fulfills

d log ∆ ≤ d0 + kR∆ < (d + 1) log ∆

for some k ∈ Z≥0. If such d is selected then b is chosen from Sd(a) with
probability s(d)−1 where s(d) = |Sd(a)|. Hence the total probability that b is
output is

1
B

∑
k : 0≤d0+kR<B log ∆

s(�(d0 + kR)/ log ∆�)−1 .

Note that by Lemma 10.1.6, we have 2 ≤ s(d) < 2 log2 ∆. Moreover, d0 +
kR∆ < B log ∆ is equivalent to k ≤ �(B log ∆− d0)/R∆�. The assumption on
B assures that there is at least one k satisfying this bound. Thus we obtain
for the probability P that b is chosen

1
log2 ∆

≤ 2BP

�(B log ∆ + R∆ − d0)/R∆�
< 1 .

This inequality implies the bounds given in the lemma. �	
Lemma 11.5.17. The success probability of algorithm randomRelation is
bounded from below by L∆[1/2,−1/(4z)− o(1)].

Proof. Let b be an F-smooth reduced ideal, say a = Fb for some b ∈ Z
f . Then

b is found in randomRelation only if the selected exponent vector v is in the
coset b−w + L([F ]). By Lemma 11.4.5 the probability for randomRelation
to choose such v is at least

1
h∆

(
1− h∆ − 1

∆

)
.

For any such v, Lemma 11.5.16 says that the probability that random-
Reduced finds b if given a reduced ideal a in the cycle of Fv+w is at least
(log 2)/(2R∆)− 1/(2∆). Note that ∆ log ∆ > R∆ due to Theorem 9.3.11.

So by Lemma 11.4.4, the probability for randomRelation to find an F-
smooth b is at least( √

∆
h∆R∆

log 2
2

− 1
2h∆

√
∆

)(
1− h∆ − 1

∆

)
L∆[1/2,−1/(4z)− o(1)] .

From Theorem 9.3.11 and Corollary 9.3.12 we see that
√

∆/(h∆R∆) > 2/(log ∆ + 2) and 1− (h∆ − 1)/∆) > 1/2 .

This yields the desired lower bound for the success probability of randomRe-
lation. �	
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Let a be a reduced O-ideal and let d ∈ N. We explain how the sets Sd(a)
are enumerated in Algorithm randomReduced. The reduced O-ideals that are
the first components of the elements of Sd(a) are all reduced O-ideals in a
small interval of the cycle of all reduced O-ideals in the class of a.

The enumeration proceeds in two steps. First, a reduced O-ideal b is com-
puted that is contained in the interval that we need to enumerate. This is
done by successive squaring in analogy to compactRepresentation from Sec-
tion 11.5.3. Then all elements of Sd(a) are determined by successive appli-
cation of the reduction operator ρ and its inverse. Here is a listing of the
enumeration algorithm cycleSection

Algorithm 11.11 cycleSection (∆, a, d)
Input: Discriminant ∆, reduced ideal a, distance parameter d ∈ N.
Output: Set S such that Sd(a) ⊂ S and |(S \ Sd(a))| ≤ 2.

δ ← (d + 1/2) log ∆, δ ← d · log ∆, δ ← (d + 1) log ∆,
k ← 
log2 δ� + 1, δi ← δ/2k−i for i = 1, . . . , k. β0 ← 1, b0 ← O, λ0 = 0.
for i = 1, . . . , k do

(bi, βi) ← proxReduced(b2
i−1, δi − 2λi−1). λi ← 2λi−1 + Log βi.

i ← 0, c0 ← bk, γ0 ←
∏k

j=1 β2k−j

j , λ ← λk.

while λ < δ do
S ← S ∪ {(ci, γi)}.
γi+1 ← γ(ci)γi, λ ← λ + Log γ(ci), ci+1 ← ρ(ci), i ← i + 1.

i ← 0, c0 ← bk, γ0 ←
∏k

j=1 β2k−j

j , λ ← λk.
while λ > δ do

S ← S ∪ {(ci, γi)}.
γi−1 ← γ′(ci)γi, λ ← λ + Log γ′(ci), ci−1 ← ρ−1(ci), i ← i − 1.

return S.

Note that the comparisons in the controlling conditions of the while loops
should not be performed exactly since this would take time proportional to δ.
Rather, they should be performed numerically in such a way that the loop is
entered whenever δi is smaller than δ (larger than δ), but possibly also slightly
larger (smaller). This ensures that the output does contain Sd(a).

Lemma 11.5.18. Algorithm cycleSection is correct. Its run-time is
bounded by O((log d + log log ∆)(log ∆)3).

Proof. The run-time bound follows from Lemmas 11.5.13 and 10.1.6. The
proof of correctness is left as an exercise. �	

Since it does not affect our analysis we will ignore that cycleSection may re-
turn a set which is slightly larger than desired. It is easy to introduce constant
factors into the bounds of Lemma 11.5.16 in such a way that the divergence
of cycleSection from its idealized behavior is taken into account.
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In order to complete the running time analysis for randomRelation, we
need to explain how the computation of the reduced ideal b and its relative
generator β is performed in the third step of the algorithm.

We use an adaptation of reducePowerProduct from Section 11.4.1 which
we will call reducePowerProductRQ.

Algorithm 11.12 reducePowerProductRQ (∆,F ,u)
Input: The discriminant ∆, the power product base F = {p1, . . . , pf}, the exponent
vector u and bound k satisfying log2|u|∞ < k.
Output: A reduced ideal r and α ∈ F such that r = αFu.

Initialize r ← (1), α ← 1.
for (i ← 1, i ≤ f, i ← i + 1) do

if ui = 0 then
Initialize q ← (1), β ← 1.

else
Initialize q ← pi, β ← 1.

for (j ← max(j | uij) − 1, j ≥ 0, j ← j − 1) do
(q, γ) ← reduce(q2).
β ← β2γ.
if uij = 1 then

(q, γ) ← reduce(q · pi).
β ← βγ.

(r, γ) ← reduce(r · q).
α ← αβγ.

return (r, α).

Note that reducePowerProductRQ should not compute either standard or
compact representation of the relative generator α it outputs. The norm of
d(α)α is too large. Instead it keeps a list of all factors it encounters, and the
exponents with which they enter into α. Alternatively, reducePowerProduc-
tRQ could be modified to output only (an approximation to) the length of the
relative generator instead of the generator itself, given a maximal admissible
error for this quantity.

Lemma 11.5.19. The relative generator output of reducePowerProductRQ
is a power product of no more than 2f �log2|u|∞� factors γi, i = 1, . . . with
exponents bounded by |u|∞. The denominator of each γi and the height of
d(γi)γi are bounded by |∆|.

Proof. The number of factors and the bound for their exponents are obvious.
The bounds for denominator and height follow from Lemma 11.5.10. �	

Lemma 11.5.20. The running time for reducePowerProductRQ is bounded
from above by O(f(log|u|∞)(log ∆)2).
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Proof. The lemma is obtained by counting the number of calls to reduce and
using Theorem 5.6.6.

Corollary 11.5.21. The running time for randomRelation is bounded by
L∆[1/2, z + o(1)]. �	

11.5.5 Computing the Extended Relation Lattice

The computation of the extended relation lattice L̃(F) proceeds in three steps.
In the first step we compute f = |F| extended relations such that their integral
parts form a diagonally dominant matrix, and thus generate a full rank sub-
lattice M of L([F ]). In the second step we compute a sufficiently large set N
of relations such that their integral parts together with M generate L([F ])
with high probability. These two steps are similar to the corresponding ones
in the imaginary case. In a third step we compute two more relations v and
w. If we subtract from these relations a suitable linear combination of vectors
in M ∪N , we obtain vectors whose integral parts are zero, and, hence, their
real parts contain lengths of units. We will be able to show that these units
generate the unit group with non-negligible probability. Thus M ∪N ∪{v,w}
generates L̃(F).

We proceed through the steps described. First, we give the adaptation of
fullRank from section 11.4.2.

We extend g(∆, z) from section 11.4.2 to the domain with ∆ > 0 in such
a way that for fixed z it goes to 0 as ∆ goes to infinity and such that the
probability from Lemma 11.5.17 is at least

p(∆, z) = L∆[1/2,−1/(4z) + g(∆, z)] . (11.39)

Set
B1(∆) = (f − 1)∆ + log ∆ . (11.40)

The listing of fullRank can be found on page 262. Bounds for success
probability and running time are given in the following two lemmas whose
proof is mutatis mutandis the same as in the imaginary-quadratic case.

Proposition 11.5.22. Algorithm fullRank outputs nil with probability
smaller than 3/4. If fullRank does not output nil, then fullRank outputs
a relation matrix whose integral part is diagonally dominant. �	

The running time of fullRank can also be bound as in the imaginary-
quadratic case if we take into account Lemma 11.5.18.

Proposition 11.5.23. The running time of Algorithm fullRank is bounded
by L∆[1/2, 2z + 1/(4z) + o(1)]. �	
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Algorithm 11.13 fullRank (∆,F , z)
Input: Discriminant ∆, factor base F , parameter z.
Output: nil or relations (z1, d1), . . . , (zf , df ) ∈ L̃(F) such that the matrix
(z1, . . . , zf ) is strictly diagonally dominant.

l = 
(log f)/p(∆, z)�.
for i = 1, 2, . . . , f do

j ← 0
repeat

j ← j + 1
(zi, di) ← randomRelation(∆,F , B1(∆)ei)

until j = l or zi �= nil

if zi = nil then
return nil.

return (z1, d1), . . . , (zf , df ).

Assume we have applied fullRank and have computed the relation matrix

Z̃ =

(
z1 · · · zf

d1 · · · df

)
with integral part Z = (z1 · · · zf ) .

Again, we want to compute sufficiently many additional relations
(

zf+1 · · · zf+N

df+1 · · · df+N

)

such that the full sequence S = (z1, . . . , zf+N ) of integral parts of all computed
relations generates L([F ]).

We can bound the determinant of Z the same way as in the imaginary-
quadratic case. With B2(∆) as defined in (11.20) we have |det Z| ≤ B2(∆)f .
Hence we need to extend Z̃ at most f log2(B2(∆)) times to get a relation
lattice whose integral part equals L([F ]).

Lemma 11.5.24. Let M be a proper sublattice of L([F ]). Suppose that Algo-
rithm randomRelation outputs a relation (z, d). Then the probability for z to
be outside of M is in Ω(1/(1 + log ∆)).

Proof. We need to adapt the proof of Lemma 11.4.11 only slightly taking into
account that starting from a given exponent vector we arrive at a fixed ideal
no longer deterministically, but only with a probability that we have bounded
from above and below.

Suppose that randomRelation is successful. Then the algorithm has found
an F-smooth reduced O-ideal b = Fb. Fix one such b and denote by S the
set of vectors v ∈ Z

f
0..∆−1 for which Fv ∼ b. randomRelation has selected

one of those vectors and found a relation (v−b, d). By N denote the number
of vectors in S such that v − b is outside of M . Set
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S′ = S ∩ Z
f
0..∆−h∆−1 . (11.41)

We prove
N ≥ |S′|/2 . (11.42)

as we did in (11.22).
The conditional probability which we want is |N |/|S| multiplied with the

minimum probability to reach b from a vector in S divided by the maximum
probability to reach b from S \ N . By Lemma 11.5.16 the latter fraction is
bounded from below by

log 2−R∆/∆
log ∆ + R∆/∆

. (11.43)

The first factor |N |/|S| is again at least |S′|/(2|S|), and thus, by Lemma
11.4.5, larger than

|S′|
|S| ≥

(1− (h∆ − 1)/(∆− h∆))
(1 + (h∆ − 1)/∆)

· (∆− h∆)f−1

∆f−1
. (11.44)

We apply Corollary 9.3.12 and Lemmas 11.3.3 and Lemma 11.2.1 and see
that the product of (11.43) and (11.44) is, for sufficiently large ∆, larger than
c/(1 + log ∆) for some suitable c. �	

Let pnew(∆, z) be a function which is for fixed z in Ω(1/(1 + log ∆)) such
that the probability in Lemma 11.5.24 is for any proper sub-lattice M of
L([F ]) at least pnew(∆, z). We are now ready to present the real-quadratic
version of relationLattice.

Algorithm 11.14 relationLattice (∆,F , z)
Input: The discriminant ∆, the factor base F with cardinality f , the parameter z.
Output: nil or relations z1, . . . , zN ∈ L[F ].

N ← 1, i ← 0, k ← 
f log2 B2(∆)�, n ← 
pnew(∆, z) log k�, l ← 
(log kn)/p(∆, z)�
repeat

i ← i + 1
zN+1 ← randomRelation(∆,F , 0)
if (zN+1, dN+1) �= nil then

N ← N + 1
until i ≥ kln or N ≥ kn
if N < kn then

return nil

else
return (z1, d1), . . . , (zN , dN )

We can bound the success probability and running time of relationLat-
tice as in the imaginary-quadratic case.
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Proposition 11.5.25. Algorithm relationLattice outputs nil with
probability smaller than 3/4. Assume that relationLattice out-
puts (zf+1, df+1), . . . , (zf+N , df+N ). Then the probability that Z ∪
{zf+1, . . . , zf+N} generates L([F ]) is larger than 1/4. �	

Proposition 11.5.26. The running time of relationLattice is bounded by
L[1/2, 2z + 1/(4z) + o(1)]. �	

Assume now that we have a set of extended relations (z1, d1), . . . , (zN , dN )
whose integral parts generate L([F ]). Call the matrix containing z1, . . . , zN as
column vectors A. Recall that N = L∆[1/2, z +o(1)]. Assume, moreover, that
two additional calls to randomRelation yielded two more extended relations
(zN+i, dN+i), i = 1, 2.

Then there exist xi such that

Axi = vN+i , i = 1, 2 . (11.45)

Apply an algorithm satisfying the properties given in Proposition A.5.20 –
call it dSolv– to find such xi. Since |A|∞, |vi|∞ < f∆ + log ∆ we get from
Proposition A.5.20

log|xi|∞ = O(N · log max(|A|∞, |vi|∞)) = L∆[1/2, z + o(1)] . (11.46)

Consider the real numbers

Ri = dN+i −
N∑

j=1

xi,jdj , i = 1, 2 . (11.47)

Because of (11.45), Ri = Log εi for two units εi = εai

∆ , i = 1, 2.
Let gcd(a1, a2) = y1a1 + y2a2 = a. Then y1l1 + y2l2 = aR∆. Assume that

we have computed h∆ from A as in section 11.4.4. Assume, moreover, that we
have computed an approximation

l̃ =
√

∆/2 · l(∆, n) (11.48)

to
√

∆/2L(1, χ∆) which by Theorem 9.3.10 equals h∆R∆. Then integers yi

can be determined from Ri by computing the continued fraction expansion
of l1/l2. The details of this procedure are explained in [Mau00], Chapter 12,
where the algorithm is called rgcd_cfrac. For our purposes we require as
output only the recombined regulator multiple aR∆.
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Algorithm 11.15 regulator (∆,F , S, z)
Input: Discriminant ∆, factor base F with cardinality f , set S of extended relations
(z1, d1), . . . , (zN , dN ), parameter z.
Output: nil or R, an approximation to the regulator R∆.

l = 
(log 2)/p(∆, z)�.
for i = 1, 2 do

j ← 0
repeat

j ← j + 1
(zN+i, dN+i) ← randomRelation(∆,F , 0)

until j = l or zi �= nil

if zi = nil then
return nil.

xi ← dSolv(z1, . . . , zN ; zN+i), i = 1, 2.
Ri ← dN+i −

∑N
j=1 xi,jdj , i = 1, 2.

return R ← rgcd_cfrac(R1, R2).

The following lemma helps us to bound the probability that a = 1.

Lemma 11.5.27. Let A,B,M ∈ Z with log(|A−B|+ 1) < M/100. Consider
the set S = { (x, y) ∈ Z

2 | A ≤ x < A + M,B ≤ y < B + M }. If M � 0 then
there are more than M2/2 pairs (x, y) ∈ S with gcd(x, y) = 1.

Proof. We define the following subsets of S:

T = { (x, y) ∈ S | gcd(x, y) �= 1 },
Tp = { (x, y) ∈ S | p | gcd(x, y) }

where p denotes some prime number. We need to show that |T | < M2/2. We
will show instead that

∑
p≤M

|Tp|+ |
⋃

p>M

Tp| < M2/2

which is certainly sufficient.
Let p ≤ M . Then a simple counting argument shows that |Tp| < (1 +

�M/p�)2. Thus
∑
p≤M

|Tp| <
∑
p≤M

(1 + M/p)2

< M(log log M + O(1)) + M2P (2)

where P is the prime zeta function, and P (2) = 0.452....
Let p > M . Then |Tp| ≤ 1. For any d ∈ Z we define yet another set

Ud = { (x, y) ∈ S | x − y = d }. Assume Tp ∩ Ud �= ∅. Then p | d. Moreover,
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|d| < |A − B| + M by the definition of S, and d has no more than log(|A −
B|+ M) prime divisors. Hence

|Ud ∩
⋃

p>M

Tp| < log(|A−B|+ M) .

From this we deduce

|
⋃

p>M

Tp| =
A−B+M∑

d=A−B−M

|Ud ∩
⋃

p>M

Tp|

< 2M(log(|A−B|+ M)) < M2/50 + M log M .

Adding the two estimates we obtain the desired result for sufficiently large
M . �	

Proposition 11.5.28. Algorithm regulator outputs nil with probability
smaller than 3/4. For sufficiently large ∆, if regulator does not output nil,
then it outputs an approximation to the regulator R∆ with probability larger
1/2.

Proof. We omit the proof of the given bound for the success probability of
regulator since it is the same as for fullRank. Assume that regulator has
output some R.

We estimate the probability that gcd(a1, a2) = 1. It suffices to do so condi-
tional on zN+i, xi, i = 1, 2, being some fixed vectors. In this case, Ri depends
on the distance parameters drawn in the i-th call to cycleSection that leads
to a successful completion of randomRelation, according to (11.47). It fol-
lows that each ai varies in an interval [Ai, Ci] of length ∆ log ∆/R∆. The size
bound (11.46) implies that

log|A1 −A2| = L∆[1/2, z + o(1)] .

For sufficiently large ∆, this is smaller than (∆ log ∆)/(100R∆). Thus, we can
apply Lemma 11.5.27 and obtain the desired probability bound. �	

Proposition 11.5.29. Algorithm regulator executes in time bounded by
L∆[1/2,max(z + 1/(4z), 3z) + o(1)].

Proof. The algorithm regulator executes l = L∆[1/2, 1/(4z) + o(1)] calls to
randomRelation, two to dSolv, and one to rgcd_cfrac.

The first sub-algorithm requires time L∆[1/2, z+o(1)] by Corollary 11.5.21,
the second L∆[1/2, 3z + o(1)] by Proposition A.5.20. According to [Mau00],
the running time of rgcd_cfrac is bounded by O(k2) with k = log R1R2. The
Ri, i = 1, 2, were defined by (11.47). Applying Lemma 11.5.19 and 11.5.6, we
get that di = ∆ ·L∆[1/2, 2z + o(1)]. Combinining this bound with (11.46), we
see that Ri, i = 1, 2, can be computed in time L∆[1/2, 2z + o(1)] (with error
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in O(1) which is sufficient). We also get k = L∆[1/2, z + o(1)] so that the call
to rgcd_cfrac costs time L∆[1/2, 2z + o(1)].

Taking all these running time bounds together we obtain the bound in the
proposition. �	

Theorem 11.5.30. Class number and regulator of a real quadratic order can
be computed in time L∆[1/2,

√
2 + o(1)].

Proof. This computation is effected by successive execution of fullRank,
relationLattice, a HNF (or determinant) computation on the matrix of
integral parts of the relations found, and regulator. According to Propo-
sitions 11.5.23, 11.5.26, and A.5.3, and Lemma 11.5.29 this takes time
L∆[1/2, 2z + 1/(4z) + o(1)], L∆[1/2, 2z + 1/(4z) + o(1)], L∆[1/2, 4z + o(1)],
and L∆[1/2,min(z + 1/(4z), 3z) + o(1)], respectively. This is minimized for
z = 1/

√
8 yielding the time bound given in the theorem. �	

We close this section by sketching a solution to the equivalence problem.
Given two ideals a and b we would like to decide whether they are equivalent,
and if so, find a relative generator. By computing (c, α) = reduce(a/b), we
reduce this problem to the principal ideal problem (PIP) for c: It suffices to
determine whether c is principal and, if so, find a generator γ for it. In the
latter case, we have b = (α/γ)a.

In order to solve the PIP for c we include this ideal in the factor base F
(at the beginning of the sequence), and call fullRank and relationLattice.
Let (z1, d1), . . . , (zN , dN ) be the relations obtained. Then, c is principal if and
only if there is x ∈ Z

N such that

(x1, . . . , zN )x = e1

where e1 = (1, 0, . . . , 0). We apply dSolv to find x. If it does find a solution,
then c has a generator of length

d =
N∑

i=1

xi · di .

Finally, we apply compactRepresentation to d mod R∆ to obtain a generator
of c in compact representation.

11.6 Practice

In practice, the algorithms are not used as specified in the preceding sections.
Many improvements can be applied.

The easiest measure is to include only one of each pair of conjugated prime
ideals in the factor base.

In randomRelation only the first c3(∆) entries of v need to be chosen
randomly, the rest can be set to zero. This still ensures that [Fv] is nearly
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uniformly chosen from Cl∆. The reduction of non-zero entries in the relation
matrix speeds up the linear algebra step considerably.

The number of relations computed by algorithm relationLattice can be
chosen to be only slightly larger than f . A more careful analysis than the
one we have given here for simplicity of argument will show that the relations
we obtain from fullRank and the thus modified relationLattice will still
generate L([F ]) with great likelihood (constant if ∆ < 0, or Ω(1/ log(∆)) if
∆ > 0). In fact, practical computations seem to indicate that relationLat-
tice need only compute a constant number of relations.

Moreover, we do not need that the lattice spanned by the relation vectors
the algorithm computes contain all relations between elements of the factor
base. It suffices if this lattice contains all relations between elements of a
generating system G for the class group. This further reduces the number of
relations we need to compute.

The linear algebra step can then be adapted to compute the Hermite Nor-
mal Form of the lattice of relations between the elements of G. The resulting
algorithm is cubic instead of quartic in the size of the matrix.

Finally, relation computation can be sped up by not trial dividing each
number N(A) occuring in a call to randomRelation. Instead, one can collect
all (or large batches of) these numbers and factor them simultaneously us-
ing Bernstein’s algorithm [Ber] in average polynomial time. Remember, trial
division costs time O(|F|).

Taking all these measures together one can prove a bound of
L|∆|[1/2,

√
9/8 + o(1)] for the expected running time of classGroup [Vol02].

We also note that there are heuristic approaches to speedier relation gen-
eration which use sieving, cf. [Jac99a, Jac99b]. These are used in most modern
computer algebra packages which allow the computation of class numbers and
regulators of number fields. Their running time behavior corresponds roughly
to the one expected from the theoretical algorithms.

11.7 Exercises

Exercise 11.7.1. Prove the existence of ε and ∆(z) in the proof of Proposi-
tion 11.4.4.

Exercise 11.7.2. Prove (11.10).

Exercise 11.7.3. Use Lemma 9.3.15 and Lemma 11.4.5 to prove that with S
and S′ from the proof of Lemma 11.4.11 we have |S|/(2|S|′) ≥ 1/c for some
efficiently computable positive integer c.

Exercise 11.7.4. Produce a listing for algorithm reachReduced.

Exercise 11.7.5. Let O be an imaginary quadratic order with discriminant
∆, and a and b be twoO-ideals. The goal of this exercise is to find an algorithm



Chapter references and further reading 269

that solves the following two tasks: 1. Determine whether there exists n ≥ 0
such that a ∼ bn, 2. in the positive case, determine one such n. The smallest
non-negative number n is called the discrete logarithm of [a] to the basis [b].
Obviously, we may restrict ourselves to the case that a and b are reduced.

Let F = (b, a, p1, . . . , pf ) with pi from (11.6). The results from Sec-
tions 11.4.1 through 11.4.3 show that we may compute a set of generators
for the lattice of relations on G with cardinality L|∆|[1/2, z + o(1)] in time
L|∆|[1/2, 2z + 1/(4z) + o(1)].

Use Proposition A.5.20 to find the order of b in Cl∆, to determine whether
[a] ∈

〈
[b]

〉
, and, if it does, to find the discrete logarithm n. Find a bound for

the running time of the resulting algorithm.

Exercise 11.7.6. In this exercise, we will extend the result of the previous
exercise to the real quadratic case.

Let O be a real quadratic order with discriminant ∆, and a and b be two
O-ideals. We seek to solve the following tasks: 1. Determine whether there
exists n ≥ 0 such that a ∼ bn, 2. in the positive case, determine one such n,
and 3. find α (in compact representation) such that

a = α · bn .

The smallest non-negative number n is called again the discrete logarithm of
a with respect to the basis b, and α its relative generator. Obviously, we can
again restrict ourselves to the case that a and b are reduced.

Proceed as in the previous exercise to arrive at an algorithm that computes
an extended relation of the form (n, 1, 0, . . . , 0, d)T. Give a size bound for the
last entry d output by your algorithm, and use Lemma 11.5.14 to prove a
run-time bound for the conversion of d into a compact representation of the
sought relative generator α.
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Cryptographic Applications

In this chapter, we will discuss several ways in which the theory of binary
quadratic forms can be employed for cryptographic applications. Goals of
cryptography encompass the maintenance of confidentiality, authenticity, in-
tegrity and non-reputability of electronic documents.

We will discuss two types of cryptographic techniques: public-key en-
cryption and digital signatures. Public-key encryption allows the confiden-
tial transfer of data without prior exchange of secret key material. Digital
signatures allow the verification of integrity of data and the non-reputable
attribution of these data to the authentic signer.

A public-key encryption scheme consists of message and ciphertext spaces
M and C, public and private key spaces Kpub and Kpriv, a map

φ : Kpriv −→ Kpub ,

and encryption and decryption maps

E : M×Kpub −→ C D : C × Kpriv −→M

with roughly the following properties

– E, D and φ are easy to compute.
– E and D are mutual inverses in the sense that

D(E(m,φ(k)), k) = m.

– Given c = E(m,φ(k)) and φ(k), it is hard to find m. In particular it is hard
to find k, i.e. to invert φ, or to find a possibly different k′ for which

D(c, k′) = m .

If a sender—lets call her Alice—wants to send an encrypted message to a
recipient—say Bob—she must have access to the public key φ(k) of Bob.
Public keys may be stored in public databases, and their authenticity needs
to be maintained in some manner.
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Public-key encryption schemes contrast with secret-key encryption
schemes which have trivial key maps φ so that public and private key spaces
coincide, sender and recipient must share a key, and keep it secret.

A digital signature scheme consists of message and signature spaces M
and S, public and private key spaces Kpub and Kpriv, a map

φ : Kpriv −→ Kpub ,

and signature and verification maps

S : M×Kpriv −→ S V : M×S ×Kpub −→ {true, false}

with roughly the following properties

– S, V and φ are easy to compute.
– Authentic signatures verify

V (m,S(m, k), φ(k)) = true .

– For any given public key φ(k), it is hard to forge a signature, i.e. find any
pair (m, s) such that

V (m, s, φ(k)) = true .

Again, if a verifier—lets call him Bob—wants to verify a signature as truly
pertaining to a signer—call her Alice—he needs to have access to the public
key of Alice.

The hardness referred to in the above definitions is measured by the compu-
tational effort an attacker needs to expand in order to subvert the mechanism,
i.e. decrypt an encrypted message, or forge a signature. Usually an attacker
is modeled to have additional resources. Thus he may be allowed to ask the
recipient of an encrypted message to encrypt cipher texts of his choosing (with
the exception of the one he tries to decrypt). Respectively, he may be allowed
to request signatures of documents of his choosing which, of course, he is then
not allowed to present as forgeries.

12.1 Problems

In order to prove that the attacker’s task is hard, one shows that a successful
attacker is also capable of solving a computational problem which is known
or believed to be hard. We say the security of the crypto-system is reduced to
the difficulty of the computational problem. Sometimes this is also phrased as
saying that the problem is the basis of the security of the system.

The crypto-systems presented in this chapter have one of the following
problems as their basis.

Problem 12.1.1 (Discrete Logarithm). For given discriminant ∆, and
O(∆)-ideals a and b find x ∈ N such that a ∼ bx if it exists. If ∆ > 0,
find in addition α ∈ K, the fractional field of O(∆), such that a = αbx.
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If in the previous problem, the discriminant is negative, or, if ∆ > 0, the
relative generator α is disregarded, then we speak of the Class group Discrete
Logarithm Problem (ClDLP). If b is chosen to equal O then one calls the
resulting problem the order problem. If ∆ > 0 and a is known to be principal,
the resulting problem is called principal ideal problem.

The following problem has its root in the famous key exchange protocol
proposed by Whitfield Diffie and Martin Hellman [DH76]. It is weaker than
the DL problem in the sense that anybody able to solve the DL problem is also
able to solve the Diffie-Hellman (DH) problem, with about the same effort.

Problem 12.1.2 (Class group Diffie-Hellman Problem). Let a discrim-
inant ∆ and a O(∆)-ideal a be given. For two powers aa and ab of a with
unknown exponents a and b coming from some large finite subset of Z, find
aab.

For the class group Discrete Logarithm and the Diffie-Hellman problem to
be difficult, it is necessary that the cardinality of the class group be sufficiently
large. Real quadratic orders with large discriminants have typically small class
groups, and large regulators. Thus for these orders, we need to formulate an
analogue to the Diffie-Hellman Problem which works in the infrastructure.

Problem 12.1.3 (Infrastructure Diffie-Hellman Problem). Let a dis-
criminant ∆ > 0 and a principal reduced O(∆)-ideal g be given. Denote the
fraction field of O(∆) by K. Let further δ > 1/2 log ∆ be given. For two
reduced ideals a and b for which such α, β ∈ K exist that

a = αga , b = βgb , |Log α| < δ , and |Log β| < δ

with unknown exponents a and b coming from some large finite subset of Z,
find reduced c for which such γ ∈ K exists that c = γgab, and |Log γ| < δ.

Another problem which is weaker than the DL problem is the Root Prob-
lem (RP).

Problem 12.1.4 (Class Group Root Problem). For given discriminant
∆, O(∆)-ideal a and exponent r ∈ N which is prime to the class number h∆,
find the O(∆)-ideal b for which a ∼ br.

An analogue to the Class Group Root Problem which operates in the
infrastructure of a real quadratic order can be formulated, but has not found
use as the basis of a cryptographic protocol. Hence we omit it here, and leave
it as an Exercise 12.5.1.

The reduction from Class Group Discrete Logarithm to Root Problem
proceeds as follows. Assume we are given an algorithm which solves instances
of the DL problem. We want to solve an instance of the root problem given
by ∆, a and r. Apply the DL algorithm to ∆, a−1 and a. We obtain some
q ∈ N such that aq+1 is principal. Write q + 1 = rkn with gcd(n, r) = 1. Then
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an is also principal since gcd(r, h∆) = 1. Let s be the inverse of r modulo n,
i.e., rs = tn + 1 with integral t. Set b = as. Then

br = (as)r = atn+1 ∼ a .

One can adapt Algorithm 11.6 in Chapter 11 which computes the class
group of an imaginary quadratic order to solve the discrete logarithm prob-
lem, cf. exercise 11.7.5, and hence also the Diffie-Hellman and root problems.
Basically, one adds argument and base of the discrete logarithm to the factor
base and computes the full relation lattice as before. This relation lattice con-
tains a vector which corresponds to the discrete logarithm relation ab−k = (1).
If one applies the improvements to these algorithms listed in section 11.6, then
the run-time of these algorithms is asymptotically in L|∆|[1/2,

√
9/8 + o(1)].

Note that the imaginary quadratic class group algorithm can be adapted
to solve the Root Problem more efficiently. The adaptation works as follows.
Compute the relation lattice for the factor base

F = {a} ∪ Fz = {a, p1, . . . , pf}

with cardinality f + 1 where Fz was defined in Section 11.3. This can be
done with algorithm relationLattice in time L|∆|[1/2, 2z + 1/(4z) + o(1)],
cf. Propositions 11.4.13 and 11.5.26. If the improvements mentioned in Sec-
tion 11.6 are employed, then this time bound drops to L|∆|[1/2, z + 1/(4z) +
o(1)]. Let A be the (f +1)×m-matrix containing all relations obtained. Com-
pute x ∈ Z

m such that

Ax ≡ (1, 0, . . . , 0)T mod r . (12.1)

If
Ax = (1 + k0r, k1r . . . , kfr)T , ki ∈ Z ,

then

a ∼ br with b = σ(a)k0

f∏
i=1

σ(pi)ki ,

If the matrix A is sparse which can be achieved by the methods
mentioned in Section 11.6, then the solution of 12.1 can be obtained in
quadratic time, using a method originally proposed by Douglas Wiedemann
[Wie86]. Thus the run-time bound for the linear algebra part of the algo-
rithm is L|∆|[1/2, 2z + o(1)]. Hence the total run-time can be bounded by
L|∆|[1/2,max(2z, z + 1/(4z)) + o(1)]. This is minimized for z = 1/2 leading
to the bound L|∆|[1/2, 1 + o(1)].

While the algorithms given here and in Chapter 11 are asymptotically fast,
in practice algorithms are used for which run-time bounds are not known. The
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most efficient of these algorithms is the Multiple Polynomial Quadratic Sieve
by Michael Jacobson [Jac99].

For ∆ < 0, he reports running times of less than an hour for the compu-
tation of the structure of class groups of random 40 digit discriminants, and
running (CPU) times of less than 10 days for special 80 digit discriminants
on a 296 MHz SUN UltraSPARC-II platform. The running time of his algo-
rithms can likely be improved using the optimized linear algebra techniques
of [GJS01].

For ∆ > 0, Jacobson et al. report in [JSW01] that using Jacobson’s MPQS,
the regulator of an order with 101-digit discriminant was computed in 3.8 years
of CPU time on 550 MHz Pentium III machines.

12.2 Cryptographic algorithms in imaginary-quadratic
orders

The intractable problems described in the previous section can be used as the
security basis for several cryptographic algorithms.

Since the Diffie-Hellman problem in the class group is intractable, the
Diffie Hellman key exchange protocol [DH76] and the Diffie Hellman inte-
grated encryption scheme DHIES [BR97], a simple extension of the ElGamal
encryption scheme [ElG85], can be implemented in this group yielding variants
called IQ-DH and IQ-IES.

We give a brief description of IQ-DH and IQ-IES. For a detailed descrip-
tion, see [Ham02].

Algorithm 12.1 IQ-DH (∆, g, c)
Parameters: Discriminant ∆ < 0, reduced ideal g, exponent bound c
Parties: Entities A and B
End state: Secret ideal c known to A and B

A chooses randomly a ∈ 1..c, and calculates the reduced ideal a in [ga].
A sends a to B.
B chooses randomly b ∈ 1..c, and calculates the reduced ideal b in [gb].
B sends b to A.
A calculates the reduced ideal c in [ba].
B calculates the reduced ideal c in [ab].

Both parties participating in a round of IQ-DH may use a public key-
derivation function to turn the common ideal c into a key for the symmetric
encryption function they intend to use.
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Algorithm 12.2 IQ-IES (∆, g, c, (E,D), genKey, MAC)
Parameters: Discriminant ∆ < 0, reduced ideal g, exponent bound c, secret-key en-

cryption scheme (E, D), key derivation function genKey, message authentication
code MAC

Parties: Sender A and recipient B
End state: Secret message m received by B

{Key generation}
B chooses randomly b ∈ 1..c, and calculates the reduced ideal b in [gb].
B publishes b, his public key. He keeps b as his private key.
{Encryption}
A obtains b and verifies that it was authentically published by B.
A chooses randomly a ∈ 1..c and computes the reduced ideals a in [ga], and c in
[ba].
A employs genKey to calculate the secret key pair (kEnc, kMAC) starting from c.
A encrypts message m yielding cipher text c ← E(m, kEnc), and computes the
message authentication code h ← MAC(c, kMAC).
A transmits (a, c, h) to B.
{Decryption}
B calculates the reduced ideal c in [ab].
B employs genKey to calculate the secret key pair (kEnc, kMAC) starting from c.
B computes the message authentication code h′ ← MAC(c, kMAC).
If h �= h′, then B rejects the message.
B decrypts c yielding the original message m ← D(c, kEnc).

The encryption algorithm IQ-IES uses a a message authentication code.
Message authentication codes are algorithms which, given some secret key,
assign bit strings to messages. If a sender wants to prevent the alteration
of a message during transport, then she applies a message authentication
code to the message using some secret key, and transmits the resulting bit-
string together with the message itself. The recipient of the message shares
knowledge of the secret key. He computes the message authentication code of
the received message, and compares it to the one he obtained together with the
message. If both coincide he is assured that the message was not altered on the
way.

A listing of IQ-IES can be found above.
The security proofs of IQ-DH, and IQ-IES carry directly over from the

known proofs for other variants of the Diffie Hellman key exchange, e.g., for
the Diffie-Hellman key exchange on elliptic curves, and the analysis of IES in
[ABR01].

We turn to digital signature schemes which work in class groups of imag-
inary quadratic orders. The DL-based signature scheme by Taher ElGamal
[ElG85] and the Digital Signature Algorithm DSA [DSS00] cannot be imple-
mented in imaginary quadratic class groups since they require the knowledge
of the group order. DSA can be modified, however, so as to avoid reliance
on the knowledge of the group order. Safuat Hamdy and Bodo Möller de-
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Algorithm 12.3 IQ-DSA (∆, g, c, d, h)
Parameters: Discriminant ∆ < 0, reduced ideal g, exponents bounds c and d, hash

function h
Parties: Signer A and Verifier B
End state: Authenticity of message m verified by B

{Key generation}
A chooses randomly a ∈ 1..c, and calculates the reduced ideal a in [ga].
A publishes a, her public key. She keeps a as her private key.
{Signature}
A chooses randomly k ∈ 1..d, and calculates the reduced ideal k in [gk].
A calculates s ← −ah(m, k) + k.
A transmits m together with her signature (k, s) to B.
{Verification}
B obtains a and verifies that it was authentically published as A’s public key.
B calculates the reduced ideal k

′ in [gs
a

h(m,k)].
B accepts m as authentically signed by A if k

′ = k.

scribed such a variant in [HM00a], and called it IQ-DSA. The disadvantage of
IQ-DSA compared to DSA is that it requires larger exponents and produces
larger signatures.

We give a brief description of IQ-DSA. Like most signature schemes, IQ-
DSA employs a hash function. Hash functions assign to any message a short
bit string called its hash value. It is supposed to be difficult both to find a
message which hashes to a given value—this property is called one-wayness—,
and to find two messages which have equal hash values. This last property
is usually called collision-freeness, although there certainly exists a pair of
messages both hashing to the same value provided the message space has
larger cardinality than the space of hash values.

A listing of IQ-DSA can be found above. The security proof of generalized
DSA by Guillaume Poupard and Jacques Stern [PS98] can be applied to IQ-
DSA to show that the security of IQ-DSA can be reduced to the DL problem
in the class group: Assume we consider any probability smaller than 1/N to
be negligible. Assume moreover that there is no algorithm that solves the
DL problem in the sub-group of O(∆) generated by g with non-negligible
probability. Choose c to be N2, choose d to be N5, and limit the number of
all signatures made with a given key to N . Then the success probability of
any forgery algorithm is negligible.

Another DSA variant called RDSA was suggested by Ingrid Biehl et al. in
[BBHM02]. A version of RDSA that uses exponents that are as small as DSA
exponents was broken in [FP03].

Since the root problem in imaginary quadratic class groups is intractable,
the Guillou-Quisquater signature scheme [GQ88] can be implemented in
those groups. This variant of the Guillou-Quisquater scheme is referred to as
IQ-GQ.
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Algorithm 12.4 IQ-GQ (∆, g, c, h)
Parameters: Discriminant ∆ < 0, reduced ideal g, exponent bound c
Parties: Signer A and Verifier B
End state: Authenticity of message m verified by B

{Key generation}
A chooses randomly a ∈ 1..c, and calculates the reduced ideal c in [ga].
A chooses randomly n ∈ 1..c, and calculates the reduced ideal n in [g−n].
A publishes (n, n), her public key. She keeps a as her private key.
{Signature for message m}
A chooses randomly k ∈ 1..c, and calculates the reduced ideal k in [gk].
A calculates the reduced ideal r in [kn].
A calculates s ← h(m, r), and the reduced ideal s in [kas].
A transmits m together with her signature (s, s).
{Verification}
B obtains (n, n) and verifies that it was authentically published as A’s public key.
B calculates the reduced ideal r

′ in [sn
n

s].
B accepts m as authentically signed by A if h(m, r′) = s.

If the hash function used in IQ-GQ is modeled as a function randomly
drawn from a large set of functions with the same domain and image1, IQ-GQ
can be reduced to the IQ root problem (see [HM00a] and [Ham02]).

In [Ham02] Hamdy reports about experimental results concerning IQ-DSA
and IQ-GQ. For example, for a 671-bit discriminant which guarantees a se-
curity comparable to 1024-Bit RSA generating a signature with IQ-GQ takes
139.06 ms and verifying a signature takes 93.74 ms on a 500MHz SunBlade
100. Hamdy offers a C-library with improved performance [Ham].

12.3 Cryptographic algorithms in real-quadratic orders

In this section we will show how the Infrastructure Diffie-Hellman Problem and
the Principal Ideal Problem can be used as the security basis for cryptographic
algorithms.

Let O be a real-quadratic order and g a principal reduced O-ideal. The
Diffie-Hellman problem in the group

〈
g
〉

is simple to solve by looking at the
norms of the ideals involved. If, however, we replace each gk by a reduced ideal
with small distance to it, then the problem transforms into the Infrastructure
Diffie-Hellman Problem. This problem is intractable provided the regulator of
O is sufficiently large.

This idea was used by Johannes Buchmann and Hugh Williams for their
proposal of an infrastructure variant of the Diffie-Hellman key exchange proto-
col (RQ-DH). We give a brief description of RQ-DH. For a detailed description,
see [BW90].

1 This proof technique is usually referred to as the Random Oracle Model
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Algorithm 12.5 RQ-DH (∆, d, c, ε)
Parameters: Discriminant ∆ > 0, basis distance d, exponent bound c, error tolerance

ε
Parties: Entities A and B
End state: Secret ideal e known to A and B

A chooses randomly a ∈ 1..c, and calculates a reduced ideal a which has a generator
α satisfying Log α − ad = δA with |δA| < (1/4) log ∆.

A sends a and rational δ̃A with |δ̃A − δA| < ε/c to B.
B chooses randomly b ∈ 1..c, and calculates a reduced ideal b which has a generator

β satisfying Log β − bd = δB with |δB | < (1/4) log ∆.
B calculates the reduced ideals dj for which relative generators βj exist such that

dj = βja
b with |Log βj + bδ̃A| < (1/4) log ∆.

if B finds j such that |Log βj + bδ̃A| < ε then
B sets e ← di and sB ← 0.

else
B sets sB ← 1

B sends b, rational δ̃B with |δ̃A − δA| < ε/c, and sB to A.
A calculates the reduced ideals ci for which relative generators αi exist such that

ci = αib
a with |Log αi + aδB | < (1/4) log ∆.

if sB = 0 then
A finds i such that |Log αi + aδ̃B | < 2ε, and sets e = ci.

else
if A finds i such that |Log αi + bδ̃B | < ε, then

A sets e ← ci and sA ← 0;
A transmits sA to B;
B finds j such that |Log βj + bδ̃A| < 2ε and sets e ← dj .

else
A finds i such that Log αi−1 + aδ̃B + ε < 0 < Log αi + aδ̃B − ε,
A sets e ← ci and sA ← 1;
A transmits sA to B;
B finds j such that Log βj−1 + bδ̃A + ε < 0 < Log βj + bδ̃A − ε;
B sets e ← dj .

As the starting point for the RQ-DH protocol we could either choose a
commonly known ideal g, or the length of one of its generators. For simplicity
one chooses to start from some arbitrary basis distance d instead, say d = 1.

The participants of the protocol choose secret exponents a and b, respec-
tively. Then they compute reduced ideals a = (α) and b = (β) which have
generators α and β of length approximately ad and bd. These ideals are trans-
mitted to the other side. Unfortunately, the ideals ab and ba need not have a
short relative generator, since

b Log α− aLog β = b(Log α− ad)− a(Log β − bd)

and each of the factors Log α−ad and Log β−bd may be as large as (1/4) log ∆.
It is therefore necessary to transmit these quantities alongside with a and b.
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Using these distances and working in analogy to the computation of the
cycle section in section 11.5.4, both participants end up with overlapping
sets of reduced ideals, each having generators of length approximately abd. It
remains to settle on one of these ideals as the common key.

One approach for this task is for one side to choose randomly one of the
ideals obtained, apply a one-way key-generation function to obtain a key for
some message authentication code and apply it to the ideal it transmits. The
other side can test this code with all candidate ideals as input for the key-
generation function in succession, and determine the correct one for which the
message authentication code verifies.

It is, however, also possible to limit the transmitted data required for
the determination of the common ideal from among the sets obtained to a
single bit sent by each side. The common ideal has a generator with length
either very close to abd, or as small as possible while being larger than abd.
Algorithm 12.3 shows the details of this determination.

A DH key exchange in an order with 768-bit discriminant can be performed
in 2 seconds CPU time on an 800 MHz Pentium III machine [JvdP02].

Real-quadratic ElGamal encryption can also be implemented based on
real quadratic Diffie-Hellman key exchange. Moreover, there is a variant of
the Fiat-Shamir signature protocol [FS87], called PIP-FS, which relies on the
intractability of the Principal Ideal Problem, and was proposed and analyzed
in [BMM00].

Choosing the discriminant of the underlying order for PIP-FS at the same
order of magnitude as is secure for crypto-systems in imaginary quadratic
class groups at a security level corresponding to 1024-bit RSA, PIP-FS can
be executed in about 3 seconds CPU time on a 300 MHz Pentium II. Key
generation takes less than a minute.

12.4 Open Problems

This overview shows that much has been done in quadratic field cryptography.
However, there are still many open problems.

Imaginary quadratic field cryptography is ready for practical use. Offered
are a Java implementation [NFP], and a C-library for IQ-cryptography [Ham].
It would be nice to see IQ-cryptography being used in real applications.

Real quadratic field cryptography is still too inefficient to be used in prac-
tice. Security of RQ schemes hinges on the right choice of the underlying order.
To increase security, the authors of [JSW01] suggest the use of orders with
discriminants of a particular form, since in these orders the application of the
currently fastest algorithm for the computation of the regulator is consider-
ably slower than in the average case. The record computations also given in
the paper give valuable data points for estimates of lower bounds on the size of
cryptographically secure discriminants. In general, however, a comprehensive
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analysis and, on its basis, a recommendation for the right choice of parameters
in RQ cryptography is still outstanding.

There are generalizations of quadratic field cryptography to arbitrary num-
ber fields. First ideas are described in [BP97], [MNP01] and [BBHM02]. A
very interesting aspect of general number field cryptography is the fact that
no attack is known that is sub-exponential in the field degree. This is due to
the fact that breaking crypto-systems in number fields of degree n requires
the computation of short vectors in n-dimensional lattices.

One possible set-up of number field cryptography is to use number fields
with small regulators and large discriminants. They have large class groups
and deciding equality in such class groups is easy. Therefore, the IQ-crypto-
algorithms can be implemented in such fields. However, when the field degree
is large, arithmetic in the class group is very inefficient. There is a big need
for optimization.

Also, the right choice of parameters is an open problem. In particular, it
is an interesting question how to generate infinite families of number fields
of very large degree with small regulators. It is in principle also possible to
use number fields with small class numbers and large regulators. Very little is
known about such applications.

Finally, it is an open question to what extent general number field cryp-
tography is resistant to quantum computer attacks. Discrete logarithms in the
imaginary quadratic class group can be computed in polynomial time using
standard techniques since there is a unique representation for each group el-
ement, see [Sho97]. Sean Hallgren has sketched in [Hal02] a polynomial time
quantum algorithm for the computation of the regulator of a real quadratic
order and the solution of the principal ideal problem (PIP) in it. His algorithm
was extended to higher degree fields by himself [Hal05] and Arthur Schmidt
and Ulrich Vollmer [SV05]. The run-time of their algorithms depend very
badly on the degree of the field. Ways to improve this dependence remain to
be studied.

12.5 Exercises

Exercise 12.5.1. Give an analogue to the Class Group Root Problem which
operates in the infrastructure of a real-quadratic order.

Exercise 12.5.2. Prove that both participants obtain the same ideal after
one round of the protocol given in Algorithm 12.3.
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Appendix

A.1 Vectors and matrices

We introduce a few general notions concerning vectors and matrices. Let S be
a set. By Sn we denote the set of all n-tuples of elements in M . An element v
of Sn is written as v = (v1, . . . , vn). Also, by S(m,n) we denote the set of all
matrices with entries from M which have m rows and n columns. If A ∈ S(m,n)

then we write A = (ai,j)1≤i≤m,1≤j≤n or simply A = (ai,j) where ai,j is the
entry in the ith row and the jth column of A. If A and B are matrices with
the same number of rows and with nA and nB columns, respectively, then
A ◦ B is the matrix whose first nA columns are the columns of A and whose
second nB columns are the columns of B. The matrix In is the unit matrix
with dimension n. Its diagonal entries are 1, all others 0.

Let R be a commutative ring with unit element. The product of matrices
over R is defined in the usual way. Let A ∈ R(m,n), A = (ai,j) and let v ∈ Rn,
v = (v1, . . . , vn). Then the product Av of the matrix A with the vector v is
defined as

A · v = Av =




n∑
j=1

a1,jvj , . . . ,
n∑

j=1

am,jvj


 .

The result is a vector in Rm. Also, if v ∈ Rm then the product vA of the
vector v with the matrix A is defined as

v ·A = vA =

(
n∑

i=1

ai,1vi, . . . ,

n∑
i=1

ai,nvi

)
.

The result is a vector in Rn.
If A ∈ R(n,n), then the determinant of A is denoted by detA, the trace of

A is denoted by TrA and the characteristic polynomial is denoted by cA(X). If
v1, . . . ,vn ∈ Rn then (v1, . . . ,vn) is identified with the matrix with columns
v1, . . . ,vn.

If v ∈ Z
l, v = (v1, . . . , vl), then we define the norms
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|v| = |v|2 =
( l∑

i=1

v2
i

)1/2
, and |v|∞ = max{ |vi| | i = 1, . . . , l } . (A.1)

The norm | |2 is called the Euclidean length of v. It is induced by the scalar
product

〈v,w〉 =
l∑

i=1

viwi

for vectors v = (v1, . . . , vl) and w = (w1, . . . , wl).

A.2 Action of groups on sets

Let S be a non-empty set and let G be a group. A left action of G on S is a
map

G× S → S , (g, s) �→ gs = g · s
which has the following properties.

1. If 1G is the neutral element in G then 1Gs = s for any s ∈ S.
2. For g, h ∈ G and s ∈ S we have g(hs) = (gh)s.

Suppose we have a left action of G on S as described above. Call two
elements s and t in S equivalent if there is a group element g such that t = gs.
It is easy to see that this is an equivalence relation on S. If s ∈ S, then the
equivalence class {gs : g ∈ G} is called the G-orbit of s. It is denoted by Gs.
The set S is a disjoint union of its G-orbits. The set of all G-orbits of S is
denoted by G\S.

A right action of G on S is a map

S ×G → S , (s, g) �→ sg = s · g

that satisfies the following properties.

1. If 1G is the neutral element in G then s1G = s for any s ∈ S.
2. For g, h and s ∈ S we have (sg)h = s(gh).

Suppose we have a right action of G on S as described above. The G-orbits
of S are defined in analogy to the G-orbits for a left action of G. The G-orbit
of s ∈ S is denoted by sG. The set of all G-orbits of S is denoted by G/S.

A.3 The lemma of Gauss

Definition A.3.1. The content of a polynomial f with integer coefficients is
the greatest common divisor of its coefficients. It is denoted by cont(f). The
polynomial f is called primitive if cont(f) = 1.
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The following statement is known as the Lemma of Gauss.

Lemma A.3.2. Let f, g ∈ Z[X], f, g �= 0. Then cont(fg) = cont(f) cont(g).

Proof. Write f = cont(f)f ′, g = cont(g)g′ with f ′, g′ ∈ Z[X]. Then f ′ and
g′ are primitive and fg = cont(f) cont(g)f ′g′. It suffices to prove that the
polynomial f ′g′ is primitive. If f ′ =

∑m
i=0 aiX

i, g′ =
∑n

j=0 bjX
j then f ′g′ =∑m+n

k=0 ckXk where ck =
∑

i+j=k aibj .
If f ′g′ is not primitive, then there exists a prime number q such that q | ck

for 0 ≤ k ≤ m + n. Let s be the least non negative integer with q � as.
Then s ≤ m because f ′ is primitive. Likewise, let t be the least non-negative
integer such that q � bt. Then t ≤ n because g′ is primitive. Now we have
cs+t = a0bs+t + . . . + as−1bt+1 + asbt + as+1bt−1 . . . + as+tb0, where ai = 0 for
i > m and bj = 0 for j > n. Because of the definition of s and t, every term
aibj in this sum is divisible by q except for asbt. But also cs+t is divisible by
q. This is a contradiction. �	

A.4 Lattices

Definition A.4.1. A lattice in R
n is a subset L = Zv1+Zv2+. . .+Zvk where

k ∈ Z≥0 and v1, . . . ,vk are elements of R
n which are linearly independent over

R. The sequence (v1, . . . ,vk) is called a basis of L. The elements of a lattice
are called lattice points.

Let L be a lattice in R
n. Since the elements of a basis of L are linearly

independent, each element of R
n has a unique representation as a linear com-

bination of the basis elements.

Proposition A.4.2. All bases of L have the same length.

Proof. If L has a basis of length k then k is the dimension of the subspace
generated by the elements of L. Hence k is an invariant of L. �	

The length k of the bases of L is called the dimension of L. We characterize
the set of all bases of L.

Theorem A.4.3. Let V = (v1, . . . ,vk) be a basis of L. Then the set of all
bases of L is

{
V U : U ∈ GL(k, Z)

}
.

Proof. Let W = (w1, . . . ,wk) be a basis of L. Then there is a matrix U ∈
Z

k,k such that W = V U . Likewise there is a matrix U ′ ∈ Z
k,k such that

V = WU ′. This implies V = WU ′ = V UU ′. Because of the uniqueness of
the representation of the lattice elements as linear combinations of the basis
elements in V we must have UU ′ = Ik. This shows that U ∈ GL(k, Z).

Conversely, let U ∈ GL(k, Z). Then the vectors in V U are linearly inde-
pendent. We must show that V U generates L over Z. So let v ∈ V . Then
v ∈ L if and only if there is x ∈ Z

k such that v = V x. This, in turn is true if
and only if v = V U(U−1x) and this concludes the proof. �	
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Example A.4.4. Let f = (a, b, c) be a positive definite form of discriminant ∆.
In the following way a two dimensional lattice in the plane can be constructed
such that the values of af are the lengths of the lattice vectors. We choose
the basis v = (a, 0), w = (b/2,

√
|∆|/2). Then |xv + yw|2 = (ax + (b/2)y)2 −

y2∆/4 = af(x, y).

We prove another characterization of lattices. For this purpose we need
the following geometric notion. If r is a non-negative real number and c ∈ R

n,
then the sphere with center c of radius r in R

n is the set
{
v ∈ R

n : |v − c| ≤ r
}

.

A subset S of R
n is called discrete if for every positive real number r the

sphere with center 0 and radius r contains only finitely many elements of S.

Theorem A.4.5. A subset L of R
n is a lattice in V if and only if L is a

discrete set of points and a subgroup of R
n.

For the proof, we require the notion of the Gram-Schmidt orthogonalization
of a lattice basis which is also important in its own right.

Definition A.4.6. Let L be a lattice in R
n with basis (v1, . . . ,vk) be a basis

of L. The vectors (v∗
1, . . . ,v

∗
k) defined by

v∗
1 = v1 , v∗

i = vi −
i−1∑
j=1

〈v∗
j ,vi〉

〈v∗
j ,v∗

j 〉
v∗

j for 1 < i ≤ k .

are called the Gram-Schmidt orthogonalization of (v1, . . . ,vk).

The vectors v∗
i , 1 ≤ i ≤ k are mutually orthogonal, i.e. for any 1 ≤ i < j ≤

k we have 〈v∗
i ,v∗

j 〉 = 0. Given a basis (v1, . . . ,vk), we can define the projection
πi on R

n orthogonal to the space Wi spanned by v1, . . . ,vi in terms of the
Gram-Schmidt orthogonalized basis

πi : R
n −→Wi : v �−→ v −

i−1∑
j=1

〈v∗
j ,v〉

〈v∗
j ,v∗

j 〉
v∗

j .

Proof (of Theorem A.4.5). Let L be a lattice in R
n. By definition, L is a

subgroup of R
n. We show that L is discrete. Let (v1, . . . ,vk) be a basis of L

and let (v∗
1, . . . ,v

∗
k) be its Gram-Schmidt-orthogonalization.

Let r ∈ R>0 and suppose that v ∈ L with |v| ≤ r. Write

v = x1v1 + . . . + xkvk, xi ∈ Z, 1 ≤ i ≤ k .

From the Cauchy-Schwarz inequality and from the fact that v∗
i is orthogonal

to v1, . . . ,vi−1 it follows that
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k∑
j=i

xj〈vj ,v∗
i 〉 = 〈v,v∗

i 〉 ≤ r|v∗
i |, 1 ≤ i ≤ k .

Therefore, there are only finitely many choices for xk and by induction we see
that there are only finitely many choices for all other xi. Hence, the number
of lattice points in the sphere centered at 0 with radius r is finite.

Conversely, assume that L is discrete and a subgroup R
n. We show that

L is a lattice by constructing a basis of L. This is done by induction. Let W
be the subspace of R

n generated by the elements of L over R. Let k be the
dimension of W .

For 1 ≤ i ≤ k we construct vectors vi ∈ L such that v1, . . . ,vi generates
an i-dimensional subspace Wi of W and such that L∩Wi is a lattice in W with
basis (v1, . . . ,vi). Then Wk = W and L = W ∩ L has the basis v1, . . . ,vk.

For v1 we choose a shortest non-zero vector in L. Such a vector exists
because L is discrete. It follows from the minimality of the length of v1 that
any other vector v in L with v = rv1, r ∈ R, must be an integer multiple of
v1. Hence W1 ∩ L is a one-dimensional lattice with basis v1.

Assume that i ≤ k and that v1, . . . ,vi−1 have already been constructed.
Then there are vectors in L whose projection orthogonal to Wi−1 is non-zero.
Among all those vectors choose one whose projection orthogonal to Wi−1

has minimal length and call it vi. Let (v∗
1, . . . ,v

∗
i ) be the Gram-Schmidt-

Orthogonalization of (v1, . . . ,vi). Let v be a vector in Wi ∩L. Then v can be
written as v = x1v1 + . . . + xivi with real coefficients xj , 1 ≤ j ≤ i. To show
that Wi ∩ L is a lattice with basis (v1, . . . ,vi) it suffices to prove that the
coefficients xi are integers. Since v−�xi�vi also belongs to L we may assume
that 0 ≤ xi < 1. Thus we have to show that x1, . . . , xi−1 are integers and that
xi = 0. The projection of v orthogonal to Wi−1 is of length xi|v∗

i | while the
projection of vi orthogonal to Wi−1 is of length |v∗

i |. The choice of vi implies
that xi = 0. Therefore v ∈ Wi−1 ∩ L which by the induction hypothesis is a
lattice with basis v1, . . . ,vi−1. This means that x1, . . . , xi−1 are integers. �	

As an application, we obtain a very simple characterization of sublattices
of L.

Definition A.4.7. A sublattice of L is a lattice which is contained in L.

Corollary A.4.8. A subset of L is a sublattice of L if and only if it is a
subgroup of L.

Proof. Let M be a subgroup of L. Then M is a subgroup of R
n. Also, by

Theorem A.4.5 L is a discrete subset of R
n. This implies that M is a discrete

subset of R
n. Therefore, M is a lattice by Theorem A.4.5. �	

A.5 Linear algebra over Z

We discuss a few fundamental algorithms for linear algebra problems over
the integers. We begin by explaining several simplified algorithms for square



294 A Appendix

matrices. The properties of state-of-the-art algorithms for arbitrary rectangu-
lar matrices are listed in Section A.5.5.

For Sections A.5.1 through A.5.4, we let n be a positive integer and B be
matrix in Z

(n,n).

A.5.1 Computing determinants

We explain an algorithm for computing the determinant of B. It proceeds as
follows: First a bound for the absolute value of the determinant is established.
Then the determinant is computed modulo many small primes whose products
exceeds the bound. And finally, the Chines Remainder Theorem is used to
piece the local data together.

Let b1, . . . ,bn be the column vectors of B. The value

H(B) =
n∏

i=1

|bi| (A.2)

is called the Hadamard bound of B.
The following proposition was first proved by Jacques Hadamard in 1893.

A proof can be found e.g. in [HJ85].

Proposition A.5.1. We have |det B| ≤ H(B).

Thus we determine first

c =
⌊
min

{
H(B),H(BT )

}⌋
. (A.3)

By Proposition A.5.1 we have

−c ≤ det B ≤ c . (A.4)

We then compute a set P of prime numbers such that
∏
p∈P

p ≥ c . (A.5)

This is done using the sieve of Erathostenes (see [BS96] p. 296). For each
prime p ∈ P we compute

dp = det B mod p . (A.6)

This can, for example, be done using Gaussian elimination. Then we determine
the absolute smallest solution of the simultaneous congruence

d ≡ dp (mod p) , p ∈ P . (A.7)

The determinant of B is d.
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Example A.5.2. Let

B =




1 2 3
4 −5 6
7 8 9


 .

We compute the value c from (A.3). We have H(B)2 = (1+16+49)(4+25+
64)(9+36+81) = 773388. We also have H(BT )2 = (1+4+9)(16+25+36)(49+
64+81) = 209132. Hence c = �

√
209132� = 457. We set P = 2, 3, 5, 7, 11. Then∏

p∈P p = 2310 > 2 ·457. Next we compute the determinant of B modulo each
prime in P . We find that detB ≡ 0 (mod 2), detB ≡ 0 (mod 3), det B ≡ 0
(mod 5), detB ≡ 1 (mod 7), detB ≡ 10 (mod 11). Chinese remaindering
tells us that det B = 120.

We use the running time estimate from [vG99] Theorem 5.12.

Proposition A.5.3. If the entries of B are bounded by C then the computa-
tion of det B requires time O

(
n4 log2(nC)(log2 n + (log log C)2)

)
.

A.5.2 Diagonally dominant matrices

Definition A.5.4. Let n ∈ N. A square matrix M ∈ C
(n,n), M =

(mi,j)1≤i,j≤n is called strictly diagonally dominant if |mj,j | >
∑n

i=1,i 	=j |mi,j |.

Lemma A.5.5. A strictly diagonally dominant complex matrix is non-
singular.

Proof. Let M = (mi,j) be strictly diagonally dominant. Assume M is singular,
and there exists v = (vi) with vM = 0. Let j be such that |vi| ≤ |vj | for all
i �= j. Then

vjmj,j +
∑
i	=j

vimi,j = 0

and
|vj | · |mj,j | ≤

∑
i	=j

|vi| · |mi,j | ≤
∑
i	=j

|vj | · |mi,j | < |vj | · |mj,j | .

This contradiction proves the lemma. �	

A.5.3 Hermite normal form

We define the Hermite normal form.

Definition A.5.6. A non-singular matrix H ∈ Z
n,n is in Hermite normal

form if H is an upper triangular matrix whose diagonal elements are posi-
tive and whose off diagonal elements are non-negative and smaller than the
diagonal element in the same row.
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Example A.5.7. The matrix

H =




3 1 1
0 2 1
0 0 1




is in Hermite normal form.
We show that B can be transformed into Hermite normal form by an

unimodular transformation.

Proposition A.5.8. There is a matrix H ∈ Z
(n,n) in Hermite normal form

and a matrix V ∈ GL(n, Z) such that BV = H. The matrix H is uniquely
determined by B.

Proof. We first prove the uniqueness. We will demonstrate the existence by
presenting an algorithm for computing the Hermite normal form.

Let T ∈ GL(n, Z) and let H = BT be in Hermite normal form. Then the
columns of H form a basis of the lattice L(B) in Z

n which is generated by
the columns of B. Let H = (hi,j . We have

hj,j = min
{

vj > 0 : there is (v1, . . . , vj , 0, . . . , 0) ∈ L
}

. (A.8)

Hence, hj,j is uniquely determined. The uniqueness of the diagonal elements
implies the uniqueness of the off-diagonal elements.

We prove the existence of the Hermite normal form by presenting an al-
gorithm for transforming B into its Hermite normal H. The algorithm is very
similar to Gaussian elimination. Initially, we set H = B. Denote the entries of
H by hi,j , 1 ≤ i, j ≤ n and denote the column vectors of H by (h1, . . . ,hn).
Starting in the lower right corner, we transform H into upper triangular form,
that is, we eliminate hi,j for i = n, n−1, . . . , 1 and j = i−1, . . . , 1. We explain
one elimination. Let i ∈ {1, . . . , } and j ∈ {1, . . . , i−1}. Assume that bi,j �= 0.
To eliminate bi,j we apply the extended euclidean algorithm xgcd to the pair
bi,j , bi,i. Let (g, x, y) be the result, i.e. g = gcd(bi,j , bi,i) and xbi,j + ybi,i = g.

Then the matrix

U =

(
bi,i/g x

−bi,j/g y

)
(A.9)

has determinant 1. We replace (bj ,bi) by (bj ,bi)U =
(
(bi,i/g)bj −

(bi,j/g)bi, xbj + ybi

)
. Then the ith entry of bj is zero. Also, the columns of

B still form a basis of L(B) because det U = 1. After the triangularization is
finished, we make the diagonal elements positive by multiplying the columns,
in which the diagonal element is negative, with −1. We also replace the
elements above the diagonal by the smallest non-negative residue modulo the
diagonal element in the same row. �	
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From the proof of uniqueness we immediately see that for any unimodular
T and any B ∈ Z

(n,n), the Hermite Normal Form of B and BT coincide.
Hence, this HNF is an invariant of the lattice L(B).

Corollary A.5.9. Let L be an n-dimensional lattice in Z
n. Then L has ex-

actly one basis in Hermite normal form which is called the HNF-basis of L.

Here is an example of a HNF computation.

Example A.5.10. We compute the HNF of the matrix

B =




385083 56286 26979
211248 30786 14712
24879 3624 1731


 .

We obtain the following elimination steps.

H =




385083 −113610 40017
211248 −8574 3042
24879 0 3


 .

H =



−331475898 −113610 40017
−25016058 −8574 3042

0 0 3


 .

H =




12 78 40017
0 6 3042
0 0 3


 .

Finally, the off diagonal elements are reduced modulo the diagonal elements.
We obtain.

H =




12 6 3
0 6 0
0 0 3


 .

In the above HNF-algorithm the intermediate entries can become very
large. For another instructive example see [HM91]. Therefore, we use the mod-
ification from [DKJ87]. In this modification, all computations are done modulo

d = |det B| . (A.10)

This is possible because of the following result.

Lemma A.5.11. The columns of dIn belong to the lattice L(B).

Proof. This follows from Cramer’s rule. �	
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Thus after each elimination step, we can subtract a suitable linear com-
bination of column vectors of dIn thereby ensuring that we never encounter
numbers larger than d2. Note that ths reduction modulo d corresponds to a
unimodular transformation of H ◦dIn which preserves the lattice L(H ◦dIn) =
L(B).

We modify our example.

Example A.5.12. We again compute the HNF of the matrix

B =




385083 56286 26979
211248 30786 14712
24879 3624 1731


 .

We have
d = det(B) = 216 .

Reducing B mod d we obtain

H =




171 6 195
0 66 24
39 0 3


 .

Then we obtain the following elimination steps.

H =




12 6 195
120 66 24
0 0 3


 .

H =




12 6 195
0 6 24
0 0 3


 .

We reduce the off diagonal elements modulo the diagonal elements and obtain
the HNF

H =




12 6 3
0 6 0
0 0 3


 .

We present the modular HNF algorithm formally on page 299.
We leave the proof of the correctness of this algorithm to the reader. Note

that hnfModular does not calculate a transformation matrix T with H = BT .
We analyze the complexity of hnfModular.

Proposition A.5.13. After computing the determinant of B and reducing
the entries of B modulo that determinant, algorithm hnfModular has running
time O

(
n3(log d)2

)
.



A.5 Linear algebra over Z 299

Algorithm A.1 eliminateRowModular (B, d, i)
Input: B ∈ Z

(n,n), d = det B, i ∈ {1, . . . , n}
Output: H ∈ Z

(n,n), such that L(H ◦ dIn) = L(B ◦ dIn) and the first i − 1 entries
in the ith row of H are zero

for (j ← i − 1, j ≥ 1, j ← j − 1) do
if hi,j �= 0 then

h ← hi.
(g, x, y) ← xgcd(hi,j , hi,i).
hj ← (hi,i/g)hj − (hi,j/g)h mod d.
hi ← xhj + yh mod d.

return H.

Algorithm A.2 reduceColumnsModDiagonalModular (H, d)
Input: B ∈ Z

(n,n) non-singular in upper triangular form with non-negative entries,
d ∈ Z>0

Output: H ∈ Z
(n,n), such that L(H ◦ dIn) is unchanged and 0 ≤ hi,j < hi,i,

1 ≤ i ≤ n, i < j ≤ n

for (i ← n − 1, i ≥ 1 , i ← i − 1) do
for (j = i + 1, j < n, j ← j + 1) do

m = �hi,j/hi,i�.
hj = hj − m · hi mod d.

return H.

Algorithm A.3 hnfModular (B)
Input: B ∈ Z

(n,n) non-singular
Output: The Hermite normal form H of B

d ← det B.
H ← B mod d.
for (i ← n, i ≥ 1, i ← i − 1) do

Permute the first i columns of H in such a way that hi,i �= 0.
eliminateRowModular(H, d, i).

reduceColumnsModDiagonalModular (H, d).
return H.

Proof. In eliminateRowModular on page 299 and reduceColumnsModDiago-
nalModular on page 299 the iteration proceeds over all n(n− 1) off-diagonal
entries of H. For each of these entries one or two linear combinations of
columns are computed. This leads to n3 operations with numbers of size
O(log d).

We see that it is the computation of the determinant of B which is the
expensive part in the modular computation of the HNF of B. Indeed, modern
algorithms compute the HNF directly, and read the determinant off it.
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A.5.4 Smith normal form

Next, we define the Smith normal form.

Definition A.5.14. A matrix S ∈ Z
(n,n) is in Smith normal form if S is a

diagonal matrix, S = diag(s1, . . . , sn), its diagonal elements are positive and
si divides si−1 for 1 < i ≤ n.

Proposition A.5.15. Let B be a non-singular n × n matrix. Then there is
a matrix S ∈ Z

(n,n) in Smith normal form, a matrix U ∈ Z
(n,n) which is

invertible mod det B and V ∈ GL(n, Z) such that BV = US. The matrix S is
uniquely determined by B.

The existence part of the statement we will prove constructively in the
remainder of this section. Uniqueness follows from the third claim of Propo-
sition 9.7.3 if we apply it to the finite group G = Z

n/L(B) where L(B) is
the subgroup of Z

n generated by the columns of B. Note that the proof of
Proposition 9.7.3 uses only the existence part of Proposition A.5.15.

We now present an algorithm for computing the Smith normal form. In this
algorithm we use eliminateColumnModular(T, S, d, i), shown below, which
eliminates the off-diagonal entries in the j-th column of S and updates the
transformation T . In this algorithm we denote the rows of matrix S by sj ,
and the columns of T by tj .

Algorithm A.4 eliminateColumnModular (T , S, d, j)
Input: T, S ∈ Z

(n,n), d ∈ Z>0, j ∈ {1, . . . , n}
Output: T, S ∈ Z

(n,n) such that L(TS ◦ dIn) is not changed and the first j − 1
entries in the jth column of S are zero

for (i ← j − 1, i ≥ 1, i ← i − 1) do
(d, x, y) ← xgcd(si,j , si,i).
s ← sj .
sj ← xs + ysi mod d.
si ← (si,j/d)s − (sj,j/d)si mod d.
t ← tj .
tj ← (−si,j/d)ti + (−sj,j/d)t mod d.
ti ← yti − xtj mod d.

return T, S

We also use eliminateRowAndColumnModular(T, P, d, i) which eliminates
the ith row and the ith column of P and updates the transformation T .

Proposition A.5.16. If the entries of the matrix S are in absolute value
bounded by d, then eliminateRowAndColumnModular (S, d, i) has running
time O

(
n2(log d)3

)
.
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Algorithm A.5 eliminateRowAndColumnModular (T, S, d, j)
Input: T, S ∈ Z

(n,n), d ∈ Z>0, j ∈ {1, . . . , n}
Output: T, S ∈ Z

(n,n) such that L(TS ◦ dIn) is not changed and the first j − 1
entries in the jth row and column of S are zero

repeat
eliminateColumnModular(T, S, d, j)
eliminateRowModular(T, S, d, j)

until all of the first j − 1 entries in the jth row and column of S are zero
return T, S

Algorithm A.6 snfModular (B)
Input: B ∈ Z

(n,n) non-singular
Output: The Smith normal form S of B and T ∈ Z

(n,n) non-singular mod det B
such that TS = BV for some V ∈ GL(n, Z)

d ← |det(B)|.
S ← B mod d.
T ← In.
for (i ← n, i ≥ 1, i ← i − 1) do

Permute the first i columns of S in such a way that si,i �= 0.
eliminateRowAndColumnModular(T, S, d, i).
while si,i � skl for some (k, l) ∈ {1, . . . , i − 1}2 do

si ← si + sk.
eliminateRowAndColumnModular(T, S, d, i).

return S.

Proof. The algorithm applies eliminateColumnModular after eliminateRow-
Modular. If in eliminateColumnModular the entry sj,j divides all entries si,j

for 1 ≤ i < j then the jth row of S is unchanged since the gcd representations
are sj,j = gcd(si,j , sj,j) = 0 · si,j + 1 · sj,j . So in this case, eliminateRowAnd-
ColumnModular terminates after the application of eliminateColumnModu-
lar. If in eliminateColumnModular the jth row of S is modified, then sj,j is
replaced by a proper divisor of sj,j . This can happen only O(log d) times. �	

Proposition A.5.17. After computing the determinant of B and reducing the
entries of B modulo that determinant, algorithm snfModular(B) has running
time O

(
n3(log d)3

)
.

Proof. By the same argument as in the proof of Proposition A.5.16, we
can establish that the sub-algorithms eliminateColumnModular and elimi-
nateRowModular are called no more than O(n · log d) times. As we have seen
before, each such call can be executed in time O(n2(log d)2). �	

Example A.5.18. We compute the SNF of the matrix
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B =




385083 56286 26979
211248 30786 14712
24879 3624 1731


 .

Initially, we have T = I3, S = B. After applying eliminateRowAndColumn-
Modular we obtain the following matrices

T =




1 0 65
0 1 8
0 0 1


 , S =




12 6 0
120 66 0
0 0 3


 ,

and

T =




1 1 65
0 1 8
0 0 1


 , S =




12 0 0
0 6 0
0 0 3


 .

A.5.5 Algorithms for rectangular matrices

We extend the notions of Hermite and Smith normal forms to rectangular
matrices, and list the complexity of fast algorithms for their computation. For
simplicity, we assume that all matrices have full rank.

We say that a rectangular matrix H ∈ Z
(n,m) with n ≤ m is in Hermite

normal form if H = H ′ ◦ 0 where H ′ ∈ Z
(n,n) is in Hermite normal form in

the sense of Definition A.5.6. We say that H is the Hermite normal form of
a given rectangular full-rank matrix B ∈ Z

(n,m) with n ≤ m if there exists
unimodular U ∈ Z

(m,m) such that H = BU . The matrix S is the Smith normal
form of B if S is the Smith normal form of H ′ where H = H ′ ◦ 0.

Proposition A.5.19 ([Sto00]). There are algorithms that compute given a
full-rank matrix B ∈ Z

(n,m) with n ≤ m its Hermite and Smith normal forms
in time O(n3mb2) where b is a bound on the size of the entries of B.

The given complexity will be improved if faster than standard matrix mul-
tiplication algorithms are employed. Another improvement is possible if one
knows in advance that the Hermite normal form of the given matrix has few
entries on the main diagonal which differ from 1, cf. [Vol03]. This improvement
uses fast algorithms for the solution of linear Diophantine systems which are
interesting in their own right.

For a matrix B ∈ Z
n,m we define L(B) to be the lattice generated by

the columns of B in Z
n, and LQ(B) = L(B) ⊗ Q to be the sub-vector space

generated by L(B) in Q
n.

Proposition A.5.20 ([MS99]). There is an algorithm that given a matrix
B ∈ Z

n,m and a column vector b ∈ LQ(B) computes minimal d ∈ N such that
db ∈ L(B) and a solution vector x ∈ Z

m for the system
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Bx = db

such that the size of the entries of x is in O(n(b + log m)). The algorithm
executes in time O (n2mb2). Here b is an upper bound for the size of the
entries of B and b.

A.6 Exercises

Exercise A.6.1. Suppose that L is a lattice in R
n and that v ∈ L is a non-

zero lattice point which is not an integer multiple of another lattice point.
Prove that there is a basis of L with first element v.

Exercise A.6.2. Let G be a group. Prove that the map G×G → G, (g, h) �→
gh defines an action of G on G. Determine the number of G-orbits with respect
to this decomposition.

Exercise A.6.3. Prove the correctness of algorithm hnfModular.

Exercise A.6.4. Generalization of hnfModular to rectangular matrices.

Exercise A.6.5. Non-modular HNF algorithm with transformation.
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[HM00b] Detlef Hühnlein and Johannes Merkle, An efficient NICE-Schnorr-type
cryptosystem, Practice and Theory in Public Key Cryptography, PKC
2000 (Hideki Imai and Yuliang Zheng, eds.), Lecture Notes in Computer
Science, vol. 1751, Springer-Verlag, 2000, pp. 14–27.
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